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PREFACE. 


The present work is intended as a sequel to our Elementary 
Algebra for Schools. The first few. chapters are devoted to 
a fuller discussion of Ratio, Proportion, Variation, and th^ 
Progressions, which in the former work were treated in An 
elementary manner ; and we have here introduced theorems 
and examples which are unsuitable for a first course of 
reading. • 

From this point the work covers ground for the most 
part new to the student, and enters upon subjects of special 
.importance ; thesej. we have endeavoured to treat minutely • 
and thoroughly, discussing both bookwbrk and examples 
with that fulness which we have always found necessary in 
.our experience as teachers. 

^ It has been our aim to discuss all the essentiar parts 
as completely as possible within the limits of a single 
volume, but in a few of the later phapters it has been ixn* 
possible to find room for more than an introductofy id&etch ; 
in all such cases our object has been to a suitable^ 

first course of reading, referring the student to special treaties 
for fuller information. ^ 

In the chapter on Permutations and CornMnations 
are much indebted to the Rev. W. A. Whitworth for per- 
mission to make use of some of the proofs given in his 
Choice and Chance. For many years we l^ave ^sed these 
proofs in our own tesiching, and we are convinced that this 
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part of Algebra is made far more intelligible to the beginner 
by a system of common sense reasoning from first principles 
than by the proofs usually found in algebraical text-books. 

The discussion of Convergency and Divergency of Series 
always presents great difficulty to the student on his first 
reading. The inherent difficulties of the subject are no 
doubt considerable, and these are increased by the place it 
has ordinarily occupied, and by the somewhat inadequate 
treatment it has hitherto received. Accordingly we have 
placed this section somewhat later than is usual; much 
thought has been bestowed on its general arrangement, and 
(Ki the selection of suitable examples to illustrate the text ; 
aild we have endeavoured to make it more interesting and 
intelligible by previously introducing a short chapter on 
Limiting Values and Vanishing Fractions. 

In the chapter on Summation of Series we have laid 
much stress on the Method of Differences*' and its wide and 
important applications. The basis of this method is a well- 
• Known formula in the Calculus of Finite Differences, which in 
the absence of a purely algebraical proof can hardly be con- 
sidered admissible in a treatise on Algebra. Tlio proof of the 
Finite Difference formula which we have given in Arts. 395, 
396, w^ believe to be new and original, and the development 
of the Difference Method from this formula has enabled us to 
introduce many interesting types of series which have hitherto 
been relegated to a much later stage in the student’s reading, 
have received able and material assistance in the 
chapter on Probability from the Bev, T. C. Simmons of 
\}hrist’s College, Brecon, and our warmest thanks a»e due 
him, both for his aid in criticising and improving the 
^ text, and for placing at our disposal several interestii^ an 
original problems. 

It is liardly possible to read any modern treatise oi 
Analyjp^ ^Conics or Solid Geometry without, some know 
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ledge of Determinants and their applications. We have 
there^^re given a brief elementary discussion of Determi- 
nants in Chapter xxxin,, in the hope that it may provide 
the student with a useful introductory course, and prepare 
‘ him for a more complete study of the subject 

The last chapter contains all the most useful propositions 
, in the Theory of Equations suitable for a first reading. The 
i; Theory of Equations follows so naturally on the study of 
Algebra that no apology is needed for here introducing pro- 
positions which usually find place in a separate treatise. In 
fact, a considerable part of Chapter xxxv. may be read 
with advantage at a much earlier stage, and nxay conveniently 
be studied before some tif the harder sections of previous 
chapters. 

It will be found that each chapter is as nearly as possible 
complete in itself, so that the o^'^\sr of their successic?h can 
bo varied at the discretion of tiie teacher ; but it. is recom- 
mended that all sections marked with an asterisk should be 
reserved for a second reading. • « 

In enumerating the sources from wffich we have derived 
■assistance in the preparation of this work, there is one book 
to "which it is difficult to say how far we are indebted. 
Todhunters Algebra for Schools and Colleges has been the 
recognised English text-book for so long that it is hardly 
lible that any one writing a teojt-book on Algebra at the 
present day should not be laTgely influenced by it. At the 
same time, though for many years Todhunters Algehni li^s 
been in constant use among our pupils, we have rarely 
adopted the order and arrangement there laid down; i?i 
imny chapters we have found it expedient to make frequent 
alternative proofs ; and we have always largely sup-^ 
i^lRnented the text by manuscript notes. These notes, 
^HHich now^ appear scattered throughout tb© piipsent work, 
l^Kre been C9ilected at different times during the las^ twenty 
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years, so that it is impossible to make definite acknowledge- 
^ ment in every case where assistance has been obtained from 
other writers* But speaking generally, our acknowledge- 
ments are chiefly due to the treatises of Schloinilch, Serret, 
and -Laurent; and among English writers, besides Todhunter^s 
Algebra, we have occasionally consulted the works of De 
Morgan, Colenso, Gross, and Chrystal. 

Tcf the Rev. J. Wolstenholme, L.Sc., Professor of Mathe- 
matics at the Royal Indian Engineering College, our thanks 
are due for his kindness in allowing us to select questions 
from his unique collection of problems ; and the consequent 
gain to our later chapters we gratefully acknowledge. 

‘ It remains for us to express our thanks to our colleagues 
and friends who have so largely assist^Ml us in reading and 
correcting the proof sheets ; in particular we arc indebted to 
the Sev. H. C. Watson of Clifton College for his kindness in 
revising the whole work, and for many valuable suggestions 
in every part of it. , 


May, 1887, 


H. S, HALL, 

S. R. KNIGH1\ 


PREFACE TO THE THIRD EDITION. 

In this edition the text and examples are substantially 
the same as in previous editions, but a few articles have 
bgen recast, and all the examples have been verified again. 
We hhve also added a collection of three hundred Miscel- 
^ kineous Examples which will bo found useful for advanced 
stiidents. These examples have been selected mainly biilT 
not exclusively from Scholarship or Senate House papers j 
•much care has been taken to illustrate every part oT tliq 
sufcject, and to fairly represent the principal University an<3 
0yil^ervice Examinations. 

1889. 
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HIGHEE ALGBBEA. 


CHAPTER I. 

KATIO. 


1. Definition. Ratio is tlie relation wliicli one quantity 

bears to another of tlie same kind, the comparison being made by 
considering what multiple, part, or parts, one quantity is of the 
other. • 

The ratio of J to 7? is usually written A : B. The quantities 
A and B are called the t4»rrti8 of the mtio. The first term is 
called the antecedent, tlie second term the consequent. 

• 

2. To find what multiple or part A i» of 7?, we divide A 
by B ] hence tlie ratio A : B may be measured by the fraction 
A 

, and we shall usually find it convenient to adopt this notation. 
B 


In order to compare two quantities they must be expnessejd in 
terms of the same unit. Thus the ratio of £2 to 15s. is measured 

, 2x20 8 

by the fraction .r— or . 

10 o 


Kote. a ratio expresses the number of times that one quantity ooft<^ 
tains another, and therefore every ratio is an abstract quantity, 

3. • Since by the laws of fractious, 
a nm 
h vib ’ 

• 

it follows that the ratio a : 5 is equal to the ratio ma i.m^} 
that is, the vcdm of a ratio remaim unaltered ^if tJm antecedevd 
and idis consequent are multiplied or divided the eame quantity. 

H. H. A, • ’ 1 
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4. Two or more ratios may be compared by redacing their 
equivalent fractions to a common denominator. Thus ^^uppose 

a : h and x t v two ratioa Now ? = i ~ ~ ; hence 

^ hhy y by 

the ratio a ; 6 is greater than, equal to, or less than the ratio 
X : y according as ay is greater than, equal to, or less than hx^ 

5. Tlie ratio of two fractions can be expressed as a ratio 

' of two integers Thus the ratio ^ ^ is measured by the 

a 

fraction or and is therefore equivalent to the ratio 

. d 

: he. 


6. If either, or both, of the terms of a ratio l>e a surd 
quantity, then no two integers can be found wliich will exactly 
measure their ratio. Thus tiie ratio : 1 cannot be exactly 
expressed by any two integers. 


7. Definition. If the ratio of any two quantities can 
expressed exactly by tlie ratio of two integers, the quantities 
Are said to be commensurable; otherwise, they are said to be 
incommensurable. * 


Although we cannot find two integers which will exactly 
measure the ratio of two incommensurable quantities, we can 
always find two integers whose ratio differs from that required 
by as sviall a quantity as we please. 


Thus 


^ 2-236068.. . 


559017. 


and therefore 


559017 , 559018 

4^1 OOOWO 1 000000 ’ 


so that the difference Ijetween the ratios 559017 ; 1000000 and 
♦^5 : 4 is less than *000001. By carrying the decimals further, a 
(joser approximation may be arrived at. * 


8, Definition. Ratios are compounded by multiplying to* 
► gether the fractions* which denote them; or by multiplying to- 
gether the antecedents for a new antecedent, and the consequents 
for a new consequent. 


gJExdtMiple. ^ Find the ratio oompounded of the three ratios 
T 2a : Bh, Bah t 6c®, e : a 



HAT£0. 


S *, 


. . i. 3« Sab c 
The reqniied ratios: ** fic* a 

• '* 

“"5<J * 

9. Definition, When the ratio a : 6 is compounded with 
itself the resulting ratio is and is called the duplicate ]:atio 

of a : 6. Similarly a* : 6® is called the triplicate ratip of a ih. 

Also is called the Sttbduplicate ratio of a : 6. 

Examples, (1) The duplicate ratio of 2a ; Bb is 4a^ : 

(2) The Bubduplicate ratio of 49 : 25 is 7 : 5. 

(3) The triplicate ratio of 2a; : 1 is : 1, 


10, Definition. A ratio is said to be a ratio of grecU^r 
itirquality, of less ineqitalttj/f or of equalliy^ according as flie 
antecedent is greater ilian^ less than^ or equal to the consequeniR 

11. A ratio of greater inequality is dimhiislted^ and a ratio of 

less inequality is vncreased^ hy adding tlie same quantity to both 
its terms, • 


Let r the ratio, and let be the new ratio formed by 
h h + x 

adding x to both its terms. ^ 

a a -hx ax^hx • 

Now Y - j == n\ X 

b b-^x b(b’^x) 

X (a — b) 

~b{bT^‘^ 

and a - 6 is positive or negative according as a is greater or 
less than b. 


Hence if a > 6, 


a a + x 
b ^ b-hx^ 


and if a <b, ^ < 

which proves tlie proposition. 


a-hx 








Similarly it can be proved that a ratio of gjpeaieff inequality 
is increased^ and a ratio of less inequality is diminished^ by taking 
tlie same quantity from both its terms, 

m 

12. When two or nmre ratios are equfil* mady useful pro- 
positions may be proved by introducing a single symbol to 
denote each of the equal ratios. 


1—2 
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BIQBSB ALOBBKA. 


The proof of the following important theorem will illustrate 
the method of procedure. . 


Jf 


a _ c e 
b "d"f" ’ 


eac& time ratios = 


(I 


pa^ + qc“ + re" + 


b" + qd" + li*" + 


1 



where p, q, r, n are any quantvties wliatemr. 


Let 

then 

\fhence 


t 


ace , 

a c = dky e --/k , . . . ; 
par^ph^k\ re** = r/' ; 

/>a* + g'c" + re" + ... pirk'' + qd!"!^ -f -h . . . 
+ ... + + ... 

( pa" + e/c" + re" + • • ^ c 

pb** + qd'*+r/''’r.,J b~^d^‘' 


* By giving different values to p, q, r, n many particular cases 
of this general proposition may be deduced ; or they may be 
proved independently by using the same method. For instance, 


if 


each of tliese ratios - 


i ^d~/~ 

a w- c -f fj + . . . 


b’^d+/+ ... 


a result of such frequent utility that the following verbal equi- 
valent should be noticed : WTien a series of fractiojis are equals 
^sach of them is equal to the sum of all the numerators divided by the 
gwm of all the denominators, 

Mxample 1. ^ ^ ^ » shew that 

a% + 2c®« - Sae^f_ ace 

~¥T2dy-^ 86/a ~ 


Let 

then 


a^bhf c^d>h% 


a 



1U.TI0. 


S 


o»6 + 3c*tf - Soe*/ _ + 24»/lfe» - »/»*» 

i^+Std^f-UP ~ M+2(iy-86/» 


m a c e 
=1*= r >: -» X 
b a f 


“Si/’ 


Example 2. If ~ | , prove that 


+ ^ ^ _ (4; + y 4»g)^ + (tl-f & + c)» 

a: + a y + & 2H-c “ jr4-y + 2 + a + 6+c 


Let - = ?=;“=/c,Bo that x^ah. y=bk. z=cki 
^ a h c » if > » 


a;® 4- fl* + a® (&® + 1) fl ^ 

a: + a "" ak+a ifc + 1 * 

4. y’ 1.^.^ + = (ft*+l)a (fc* + 1) 6 

ar + a y + b g + c /c+1 X + l ^4-1 

(&* (<t 4“ ft 4" t‘) 

if+I 

_ j^(a4-64-c)®4-(a4‘& + c)* 

“* jb(a4-&4-c)4-a4-fe4-c 

_ (ka 4- kb + jl*c)~ 4- (Sf + 4- c)“ 

“* (fca4- fc64- fcc) +a4'64'C 
_ (a;4-y4-g)^4>(g4-64“C)^ 
i+y4-^+a4-& + c ' * 


13. If ail equation is homogeneous with respect to certain 
quantities, we may for these quantities substitute in the equation 
any others proportional to them. For instance, the equation 

h^y 4- mxy^z + n'^z^ = 0 • 

is homogeneous in x, y, z* , Let a, jS, y be three quantities pm- 
portional to x, y, z respectively. ' • 


Put so that X = oAj, y = z-yk; 


then 
that is, 


-f majS^yk* + n/^yk* = 0, 

4- mafiPy + W)8*y* - 0 > 


an equation of the same form as the original ope, but with 
a, y in the places of a>, y, z respectively. 
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H. The following theorem is important. 

Jf ^ i b*’ r umqual Jraciityiis^ of which the de- 

nominators are all of the saine sign^ then thefraetion 
a, + a^ + a3+ ... ^ 

bj H-bj + bg + ... +bi 

lies in magnitude between ihe greatest and least of them. 

Suppose that all tlie denominators are positive. Let ^ l>e the 
least fraction, and denote it by Ar ; then 


b/~ ^ 


a - hb ^ ; 

. *. > kb^ ; 

a > kh ^ ; 


and so on ; 

^ .'.by addition, 

• a, + a, + + + > (^1 + ^9 + + + ; 

... 

6. + + 63 + +6, 6, 

Similarly we may prove thi^t 

• "*■ ^ 

6, + + 63 + +b^ bf 

where ^ is tlie greatest of the given fractions. 

^ In like manner the theorem may be proved when all the 
€enonfinators are negative. 

, • 15. The ready application of the general principle involved 

in* Art. 12 is of such great value in all branches of mathefhatics, 
that the student should be able to use it with some freedom in 
any particular case that may arise, without necessarily introducing 
*an auxiliary symbol. 


Bxamjplel!^ If 


^ y __ 


b+c-a c+a-6 a+b~c * 


nrovfi that ‘ S+Kt? -- £i5±lf) 

^ 2 {ax-^by+c^ 
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Each of the givm fraotirass 


B um of ptttneratore 
Bum of denominatorB 


«+&+<?**** 


( 1 ). 


Again, if we multiply both numerator and denominator of the three 
given fractions by y+«, a; + j/ respectively, 

, - «(!/ + *) «(a!+y) 

each fractions . 

_ sum of numer^r^ 

~ sum of denominators 

_ g(y+g) + y(. + a)+^(g+ y) . . 

2ax+2by+‘icz ' ' 

from (1) and (2), • 

^ ^ ^ (2/«i' ^)+y H-g) - t-gfj?+y) • 

a + h + c^ 2{ax + hy + cz) 


Example % 
prove that - 

We have 


If = 

l{mb + nc-la) 7n,{nc^la--'mh) n(te+t»b~nr) 

I _ fn ^ n 
{hij + cz -axj ~ y (cz-^ ax - by) z {aar+ by - cz) ’ 

X y z 

I m if 

7«i+ ?ic - /a ~ 7«j + la -- mb ~ to+mb - «c 



=two similar, expressions; 

ny-k-vu ^ _ vix~\-Jy 

a ^ h ^ c ' 

Multiply the first of these fractions above and below by a?, the geaondTby 
y, and the third by z\ then 

• 

ax by cz * 

* %lyt 

~ — • 

oy+cr— ewp 

a two similar expressiopB; e * 

, i w 

« (by 4- CB - «») ** y (cJB + a* - by ) *" j| (oa? 4- by^^TJ) ’ 
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16. If we have two equations oontainiiig three unknown 


quantities in the first degree, such as , 

+ 0 .( 1 ), 

+ + = 0 ( 2 ), 


we cannot solve these completely ; but by writing them in the 
form 





X V 

we can, by regarding - and - as the unknowns, solve in the 

• z z 

oiyiinary way and obtain 

2; “ - ajb^ * s * 

or, nfore symmetrically, 

_ ,, y ^ ^ /3V 

afi^ - ^ '* 

• It thus appeal’s that when we have two equations of the type 
represented by (1) artd (2) we may always by the above fonnula 
write down the ratios x :y :z in terms of the coefficients of the 
equations by the following rule : 

Write down the coefficients of x, y, % in order, beginning with 
those of ej ; and repeat tlief^e as in the diagram. 



• Multiply the coefficients across in the way indicated by the 
arrows, remem J>ering that in forming the products any one 
obtain^ by descending is positive, and any one obtained by 

^ascending is negative.* The three results 

* • 

are proportional to a;, y, js respectively. 

This is ccEUed the Buie of Orom lEidttpliial^ 
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ExarnpU 1. Find the ratioe otx ly : z from the equations 
^ 7ics=4y + 8^, 3z=12j; + lly« 

By transposition we have Ix-iy- 82=0, 

12;i; + lly- 32=0. 

Wiite down the coefficients, thus 

-4 -8 7 -4 

11 -3 12 11, 

whence we obtain the products 


that is, 

Example 2. 


1, (-8)xl2-(-3)x7, 7x11 

-12x(-4), 

100, -75, 125; 

X _ y _ z 

100 -75 125’ 


X y z 

4 " -3’"5' 

# 

'i ^ the equations 

• 

(lyX H- bji/ + Cj2 = 0 

(1). 

ttjjX + bjy + rg2=0 

(2), 

«8X+ b^y +Cj|2 = 0 

*(S). 


From (2) and (3), by cross multiplication, 

X y _ z 

denoting each of these ratios by A, by multiplying up, substituting in ft), 
and dividing out by A, we obtain ^ ^ is \ 

«i (Vs - ^3^2) + h (a2*’3 - V 2 ) = 

Tliis relation is called the elimiaant of the given equations. 


Example 3. Solve the equations * 

ax + hy + cz^O : (1), 

x+ y+ r=;0 (2), 

hex + cuy -^ahz:=^{h-c){c->a){a’-h) (8). 

From (1) and (2), by cross multiplication, • * • 


* y * I. 

a;=A(b-t*), 3/ = A(c-a), 2 = A(a-b). 
Substituting in (3), * 

A ibc(b-.r) + ra(c-a) + ab(a-.b)} = {6-c)(c-a)(a-&), • 

A { - (b-c) (c - a) (a - b)}«(b- c) (c y &) (a^ h); 
A=-l: 


nrhnnfso 



10 


HXGH£;a ALGEBBA* 


17. If in Art. 16 we put « 5 = 1, equations ( 1 ) and (2) Ijecome 

dyX + b^y 4* c, « 0^ * 

a^^-bjy-^e^-Q\ 


and (3) becomes 

X 

V. 


c,a, - c^a, 0,6, - a, 6, ’ 


or 


a,*,-",*', ' 


-*-• fl/= * * * 

I, i y- - 


Hence any two simultaneous equations involving two un- 
knowns ill the first degree may be solved by the rule of cross 

multiplication. 

« 

JExcmiple. Solve 5a; - 3i/ ~ 1 = 0, a: 4- 2^^ =: 12. 

By transpoflilion, 5a; - 3y - 1=0, 

a; 4 2^-12=0; 

• . - y — ^ . 

**' 8642 ^ -1 + 60 “"10 + 3’ 

^ 38 69 

whence ^“ 13 * ^~i3‘ 




EXAMPLES. L 


1. Find the ratio compounded of 

(1) the ratio 2a : 36, and the duplicate ratio of 96^ : ah, 

(2) the subduplicate ratio of 64 : 9, and the ratio 27 : 56. 

2a a/6cp® 

^3) the duplicate ratio of -g- : - , and the ratio 3a.r : 26y. 

2 . If ^4-7 : 2 (a: 4- 14) in the duplicate ratio of 5 : 8, find a?. 

I 

• 3. Find two numbers in the ratio of 7 : 12 so that the greater 
exceeck the less hy 275. 

' 4 . . What number ihust Ije added to each term of the ratio 5 : 37 

to jpake it equal to 1 : 31 

5. If ^ :* y=3‘; 4, find the ratio of 7 j 7— 4y : 3.r 4y. 

A If 15 fp^ -y®) « 7^, find the ratio of x i y. 
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7.. If 
prove that 


a e e 
f' 

2a<6*+3a*«*-i>«y 

26«'+36y*-5/s -j4- 


8, If ? = - = ^ , iirove that % ia equal to 
o c u 




i6 + ^c2+a3c2 


9. If 

.shew thnt 


^ 


^r-p r-\-p-~q p-\‘q-r^ 
(q - r) x-h(r -p)y + CP - ff) 


10. If — — — = - , find the ratios of .r : y : 

.v-s z ^ 


11, If 
shew that 

12. If 


y+g 


24-.V 


•i?+y 


jo6 + ^c pc+5^a pa-^qh^ 
g^y+ y+g ) ^ (^+c) .y- f>(c-fg)y’f (a-h&)g 
a + i+i? 

f =^=:i 

a 6 c’ 


shew that I ( a;+y+ r?»+( a4-6 + c )^ 

snew tnat + y + 6» + “ (a:+y -TijH (« + 6 + c)* ' 


13. If 

shew that 


2y 4- 2g ~.r 4- 2.^? —y 2j?4-2y-»g 

a 6 c ’ 


26+2o-a 2c + 2a~6 2a4*26-c* 

(c6*+ 6*+ c*) (.r*4-y®+g*) *= (cu'+^y + eg)*, 

.r : a—y : b=z : c. 

15, If / (my + - iv) == m (nz + 4i? - wy ) = n (lx + my - jw), 

proT^ 


14. If 

shew that 


y+z -x 
I ' 


, fjt£r5f = .ty+y -g 
m w 


16. Shew that the eliminant of * 

cwr4*<y + 6g«0, cr4-6y4-ag«0, Sc4-ay-h<w«=0, 

is ^ g, 

17. Eliminate y, z from the equations 

aa? + Ay-hyg=^ 0 , kv+by-{-fz^Oy ffx-hfy+oS«s^O, 
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18. If 

shew that 


x^cy^-hz^ y^az+cx^ «=Ar+ay, 
.r® _ 3^ _ 


19. Given that a (y + 2) = x\ 6 (2 + x) <? (.r + y) » s, 

prove that he + ca + a6 + 2a6c — 1 . 


Solve the following equations : 

20. 3.r-4^ + 72= 0, 

2.v-y-2s=: 0, 

22. 7^2-}-32Ji'=4ry, 

21^2- 320?= 4.ry, 

X 4" iy 4“ 82 = 19. 


24. If 




Ja — s/h s/h~^/c — 


21. .r + »/= 2, 

ar-2//+17:== 0, 
.'r34-3y» + 223==167. 

23. 3a,-2-2y4-52^«0, 

7.t‘2-3/-1522==0, 
5:r— 4y + 72=6. 

- 0 , 


I 


I m 


shew that 


- 0 , 


(a — 6) (c — %/a/>) {h — c) {a - fs/ he) (c -«)(/>- V^w?) 


Solve the equations f 

25. a.t'-h?>y4-f?2=r0, 
hex 4- cay + ahz ~ 0, 

ayz + al>e {a\v + b^y + c^z) «= Q. 

26. * ax-{-hy + cz=^a^X'{-h^y-^c^z:=:0, 

x+y+z + {b-c)(c-a) (a- b) ==0, 


27. If 

T^fifve ijiat 

. 28. If 

prove that 

( 1 ) 

» ( 2 ) 


"i.y+*)=^. z>(*+^)=y, «(.r+y)=«, 

a (1 - 60) b{l -ca)‘~ c{l- ab) * 
aT+/;y+5’i;=0, ^a? + ^+^=0, gx-\-fy+cs=Q, 

be -/* ~ ca ~ ab-h- ' 

(V - A(o« - (a* - A»)= (/gr - cA) (grA-a/) (A/_ 



CHAPTER II. 


PROPORTION. 


18. Definition. When two ratios are equal, the four 
quantities composing them are said to be proportionals* Th^ 

^ then a, 6, c, d are proportionals. This is expressed hy 
b d 

saying that a is to & as c is to c?, and the proportion is written 
a : b :: c : d; 

or a : b~c : d> * 

The terms a and d are called the extremes^ h and c the imam* 


19, If four quantities are in proportiony tJte product of tl(p 
extremes is equals to the product of the means. ^ 

Let a, by Cy d Ik? the proportionals. 

tA C 

Then by definition r I 

0 d - 

whence ad = hc, • 

Hence if any three terms of a proportion are giveai, the 
fourth may be found. Thus if a, c, d are gi\’en, then 6 = ^ . 

Conversely, if there are any four quantities, a, by Cy ^y suclf 
that ad = be, tlien a, 6, c, d are proportionals ; a and d being th% 
extremes, b and c the means ; or \icc versd. 


20. Definition. Quantities are said to be in continued 
proportion ■w'hen the first is to the second, as the second is. 
to the third, as the third to the fourth; and so on, Thus 

a, h, Cy dy are in continued proportion wheij • * 

a b c 
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If three quantities a, 6, c are iu continued proportion, then 

aib^bie; 

ac^b\ [Art 18.] 

In this case b is said to be a mean proportional between a and 
c ; and c is said to be a third proportional to a and b. 


21. 1/ three quantUies are proportionah the first is io the 

third in the duplicate ratio qf the first to the second, 

h 

c' 


Let tlie three quantities be «, />, c j then - - * 
Now 


a 

c 


a b 

X- 
b C 


a a 

tha^ is, a xc — or : V, 

It will l)e seen that this proposition is the same as the definition 
of duplicate ratio given in Euclid, Book v. 


22, If a : ^ r <• : d and e :f—g ih^ then will ae eg \ dh. 
For 


a c - e 
rr = ~ and 
b d 


/ h> 


ae eg 

* * ^ 


or 


ae \ bf~cgx dh. 


Cor. If a : b-c i d^ 

*and * b \x^d \ y, 

then a : X - c : y. ^ 

m 

This is the thcprein known as ex mqtiali in Geometry, 

23. If four quantities a, 6, c, d form a proportion, many 
(^her proportions may be deduced by the properties of fractions. 
The result# of these operations are very useful, and some of 
them are often quoted by the annexed names borrowed from 
Geometiy, * 



tJbiirrRi^ f!" ?t’rf ha 15 

{ImuTtendol] 


For j =^; therefore £ = 
h d 


that is 
or 


a € 

h : a — d : c. 


(2) li a :h-o : d, then a : e = b : d. [Aliemando.] 

ad he 

For ad =^he\ therefore ^ ^ > 

. a h 

thatifi, - = 5; 

or a : c = 6 : rf, • 

( 3 ) If a :h~^c \ dj then d + b i b^c + d : d, [CiymponmdbJ] 

For 7 == ^ ; therefore ~ + 1 = -. + 1 ; 
h d 0 a 

a-hb e + d 

or a-^'b : b :=€ + d : d, 

( 4 ) If a ; 6 = c : J, then a--b : b = c-d : d, [Diindefido.l 

For r ; therefore - -1 1 * 

bd b d 


that is 


tf-6 _c-d 
^’■ih1.o^c-d;d. 


that 
or 

( 5 ) li a \ b^c \ d, then a^b : a-b^c + d : c - d 
tt’rb c-^d 

’6 ^ *• 

a^b • 

a + b cj^d . ^ 

a^-b c-d^^ ^ ^ 

or a + 6 : a-6 = c + €? ; <?-€?. 

I This proposition is usually quoted as ComponertUo and IHm- 
\iimdo, 

I Several other proportions may be proved in a similar way. 


For by ( 3 ) 
and Ijy ( 4 ) 

*•. by division, 
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24. The results of the pi^eceding article are the algebraicat 
equivalents of some of the propositions in the fifth book ot Euclid, 
and the student is advised to make himself familiar with them 
in their verbal form. For example, dvvidmdo may be quoted as 
follows : 

When there are four 2y^oportionah^ tihe exce^is of the fir»t ahrm 
the second is to the second^ as the excess of th>e tJdrd above tlte 
fourth is to idle fourth 

25. We shall now compare the algebraical delinition of piH>- 
portion with that given in Euclid. 

Euclid’s definition is as follows : 

Four quantities arc said to be proportionals when if any equi- 
ffvudtiples whatever 1^ taken of the fir^t and third, and also any 
equimultiples whatever of the second and fourth, the multiple of 
the third is greater than, equal to, or less than the multiple of the 
fourth, according as the multiple of the first is gn^ater than, equal 
to, or less than the multiple of the second. 

In algebraical symbols the definition may l>e thus stated : 

Pour quantities a, 5, c, d are in proportion when pc^ qd 

a^Lscording as ;pa ^ p and q l)eing any positive integers whatever. 

« 

I. To deduce the geometrical definition of proportion from 
the algebraical definition. 

Since ^ i- by multiplying Ijoth sides by we obtiiiii 

pa pc 
qb qd ^ 

hence, from the properties of fractions, 

* * pc ^ qd according as pai qh 

which piwes tlie proposition. « 

IL To deduce the algebraical definition of proportion from 
^ the geometrical definition. 

m (^iven tliat pc^ qd according as pa ^ qh, to prove 

a c 



MtopomoN, 


lY 


If ~ is not equal to ^ ^ one of them must be the greater. 


Suppose g > ^hen it i«dll be possible to find some fraction ^ 
which lies between them, ^ and p being positive integers. 


Hence 

a q 

b^P 

0). 

and 



d p 

(2> 

From (1) 

pa >qb\ 


from (2) 

pc <.qd\ 


and these contradict the hypothesis. 



Therefore ?and ^ are not u^iequal ; tliat is ^ which profes 

the proposition. 


26. It should be noticed that the geometrical definition d pro- 
portion deals with concrete magnitudes, such as lines or areas, 
represented geometrically but not referred to any common unit 
of measurement. So that Euclid's definition is applicable to in- 
commensurable as well as to commensurable quantities ; whereas 
the algebraical definition, strictly speakings applies only to com- 
mensurable quantities, since it tacitly assumes that a is the same 
determinate multiple, part, or parts, of 6 that c is of </. But the 
proofs wliich have been given 'for oonlmensurable quantities will 
still be true for incommensurables, since the ratio of two incom- 
mensurables can always bo made to diflfer from the ratib of two 
integers hy less than any assignable quantity. This has been 
shewn in Art. 7 ; it may also be proved more generally as in the 
next article. 


27. ^Suppose that a and h are incommensurable; ditide 9 
into m equal parts each equal to so that h = where ^ is « 
positive integer. Also suppose p is contained in a more than n 
times and less than + 1 times; 


then 


; that is, 


a np - 

> and <- 

h mfi mp 

T lies between ~ and 
6 m m 


'’00 that ^ differs from ^ & quantity less than 

VUM.JL 


1 


Xnd since we 
• 2^ 
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caoi choose (our unit of measurement) as small as we please, m can 

be made as great as we please. Hence i eati be made m small 

as we please, and two integers n and m can l>e found whose ratio 
will express that of a and b to any required degree of accuracy. 


28. The propositions proved in Art. 23 are often useful in 
solving problems. In particular, the solution of eerttiin equa- 
tions is greatly facilitated by a skilful use of the operations com- 
ponendo and dividendo. 


Example 1. 

If (2ma + 6m6 + 8fic + %nd) (2wia - - Sm + Ond) 

= (2wa - Qmb 4- 8nc - ^na) (2ma + Gini - 8nc - 2?ki), 
j^ore that a, 6, c, d are proportionals. 

We have -f + Bnc 4- 9nd _ Sma 4 - 6 mft - Snc - 9nd 

2ma - 6mb 4 - 8»c - 9«d 2ma-6inb ~ + 9nd ’ 

.% oomponendo and dividendo, 

2 (2im 4 - 3nc} ^ 2 (2jm - 3w<?) 
t 2 (6mb 4- ~ 2 (6m6 - 9nd) * 


Alternando, 


2wa 4* 3nc _ Cmb 4- 9nd 
2via - ^ ~ 6mb - Ond ’ 
Again, componendo and dividendo, 

ima ^ I2mb ^ 

, 671c ““ ' 


whence 


a 


or 


a : l#==c : d. 


Example 2. Solve the equation 

^ar4- i4-is /-c - 1 Ar - 1 
Jx-^l-Jx^i 2 
We have, componendo and dividendo, 

\/j + I _ 4a;4-l ^ 

•T + l 16 «* 4 * 8x4*1 
‘'•x-l“l6a^-24x4*»’ 
Again, componendo and dividendo, 

• 2x_ 82x2 -.16x4- 10 

• 2 ' 82x- 8 ’ 

16x2 - 8x 4- 5 
- " ’ 

16x«-4x=16x®-*8x + 6; 
5 

X3»7. 


whence 
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EXAMPLES, n. 

1. * Find tie fourth proportional to 3, 5, 27. 

2. Find the mean proportional between 

(1) 6 imd 24, ^ (2) and 

3. Find the third proportional to ^ and . 

It a \ h^c \ dy prove that 

4. ac^ : l)hi-\‘hd^=^{a+cf ; 

5. pa^ 4 — qj^ = pc^ + qd^ .* pc^ - qdK 

6. a-c : h- d=^f^a^ + (^ : *sll^')rdK 

7. : ^hd+j. 

If a, 6, c, c/ are in continued proportion, prove lhat 

8. (I : h+d=^(P^ : 

a 2a + Sd : 3a-4d^2a^ + Sb^ : 3a3-463. 

10. {d^ + + C-) (6^ 4* c* + = {(ih + ftc + cdy, 

11. If 6 is a mean proix)rtional between a and c, prove that 

12. if a : b=^c : dy and e : : hy prove that 

ae+hf i ae — bf^ c(/+dh : eg — dh. 

Solve tho equations ; 

2j,^-3j72+.r+l _ar3-a*2+5.?:-13 
x-l ” 3jr3 - ;r2 - 6.r + 13 ' 

14. 3;r*4".r2-2.r~3 5^4-2 J7®- 7^+3 

15 • + ?>) __ (m4-7i).r4-«4-c 

(m-n)x-(a-hb)'^ (m-7i)x-i‘a-c‘ 

Id. If a, 5, c, d are proportionals, prove th|it 

a I 

17. If a, b, c, d, e are in continued proportion, prore^thai 
(a6+6c+af+<fc)*=(a*+6*+o*+d*) (6*+«»+d*+«*). 

n £1 
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go 


18. If the work done by .t? - 1 men in .r-f 1 days is to the work done 
by 2 men in .r - 1 days in the ratio of 9 : 10, Snd or. 

19. Find four proportionala such that the sum of the extremes is 
21, the sum of the means 19, and the sum of the squares of all four 
numbers is 442. 

20. Two casks J and B were filled with two kinds of sherry, mixed 
in the cask A in the ratio of 2 : 7, and in the cask B in the ratio of 
1 ; 5, What quantity must be taken from each to fonn a mixture 
which shall consist of 2 gallons of one kind and 9 gallons of the other ? 

21. Nine gallons are drawn from a cask full of wine; it is then 
filled with water, then nine gallons of the mixture are drawn, and the 
cask is again filM with water. If the quantity of wine now in the cask 
be to the quantity of water in it as 16 to 9, how znuch does the cask 
hold? 

22. If four positive quantities are in continued prot>ortion, shew 
that the diderence between the hrst azid last is at least three times as 
great as the difference between the other two. 

23. In England the poimlation increased 16*9 per cent. l)otween 
1871 and 1881 ; if the town population increased 18 i>er cent, and the 
country p(>pulation 4 per cent., oomx)are the tw^ui and country pox>ula- 
tious in 1871. 

24. In a certain coiuitry the cousumj^tion of ttxi is five times the 
cOnsumx)tion of coffee. If a \y^r cent, more tea and h |)er cent more 
cofiee w*ere consumed, the aggregate amount consumed would be 7c per 
cent more ; but if b j)er cent nzorc tea and a |>er cent more coffee 
were consumed, the aggiegate amount consumed would be 3c i>er cent, 
more : compare a and b, 

25. Brass is an alloy of copper and zinc ; bronze is an alloy 
containirilg 80 per cent of copper, 4 of zinc, and 16 of tin. A fused 
mass of brass and bronze is found to contain 74 per cent of co^zpor, 16 
of zinc, and 10 of tin : hud the ratio of cox)per to zinc in the comjx^sition 
dT brass, 

• 26. A crew can row a certain course uiz streaimiii 64 minutes: 
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VARtATrON. 

29. Definition. One quantity A is said to vary dtoctly 

as another B, when the two quantities depend upon each other in 
such a manner tliat if B is changed, A is changed {71 Uie mim 
ratio. ^ 

Note. The word directly is often omitted, and A is said to vary 
as B. 

For instance : if a train moving at a unifonn rate t^veis 
40 miles in 60 minutes, it will travel 20 miles in 30^ninutes, 
80 miles in 120 minutes, and so on* the distance in eji»ch case 
being increased or diminished in the same ratio as the time. 
This is expressed by saying that when the velocity is unifoi^n 
ths distance is 2 ^'f*<?poriional to the time, or Jhe dUUmce varies as 
the time. 

30. The symbol a is used to denote variation; so that 
A cc B is read ^^A varies as .5.” 

31. If A varies os B, tfum A is equal to B mtdtiplied by sotm 
constant quomtity. 

For suppose that a^, a,, 6,, ^a-** corresponding 

values of A and B. 

Then, by definition, — = ^; and so on, * 

each being equal to . 

K K K 

^ any value of A . , , 

Hence r, — is always th^ same : 

the corresponding value of ^ 

A 

that is, -= - m, where m is constant. 

Js 
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If any i>jur of corresponding values of A and are known, 
tbo constant »» can be determined. For instance, if - 3 when 
Zf=12, 

■Vre have 3 - x 12 ; 

m - J, 

and ^ = 1 /A 


32. Definition. One quantity A i.s said to vary inversely 
as another B, when A varies directly as the reciprocal of B. 

lit 

Thus if A varies inversely as B, yl = ^ , Avherc is constiint. 

The followinpf is an illustration of inverse variation : If G men 
cK> a certain work in 8 liours, 12 men would do the same work in 
4 Jiours, 2 men in 2 1 hours ; and so on. Thus it appears that 
when the nunilx*r of men is inci'easecl, tlie time is p»’oportionately 
decreased; and vice-vers&. 


JE^nmple 1. The cube root of ,r varies inversely as the square of y; if 
r=8 when y=3, find x when ^ = 1^. 

By supposition » '^'here ni U constant. 

^ Putting «=! 8, y = 3, we have ^ ~ , 

« 

w= 18 , 

y“ 


9bnd 


beuoe, by putting = ~ , we obtain a; =512. 


Example 2. The square of the time of a planet’s revolution varies as 
the cube of its distance from the Sun ; find the time of Venus* reyalution, 
[iHsuraing the distances of the BaHh and Venus from the Sun to be Ol-} and 
^ millions of miles respectively. , ^ 

Let P be the periodic time measured in days, B the distance in millions 
f)f miles; we have P^qcI>\ 

Dr 

where h is some constant. 

866 X 365 = X 91i x 9U x 91 J, 

4x4x4 


For the Earth, 
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PorVeatiB, 66 x 66 x 66; 

whence P*=4 x 66 x . /??f ^ 

V 865 

=264 X approximately, 

=264 X *85 
= 2244. 

Hence the time of revolntion is neasly 22 ^ days. 

33. Definition. One quantity is said to vary jointly as « 
number of others, when it varies directly as their product. 

Thus A varies jointly as B and (7, when A = inBO. For in 
stance, the interest on a sum of money varies jointly as* th< 
principal, the time, and the rate per cent. 

34. Definition. A is said to vary directly as B and in 

B 

versely as (7, when A varies as ^ . 

35. Jf A. varies as B when C is constant, and A varies as C 
when B is constant, then will A vary as BC whsn both B and C 
vary. 

The variation of A depends partly on that of B and partly on 
that of C, Suppose these latter variations to take place se|>a- 
rately, each in its turn producing its owit effect on A ; also let 
a, b, c be certain simultaneous values o£ A, B, C, 

1. Lei C be constant while B changes to b\ then A must 
undergo a partial change and will assume some intermediate value 
a\ where • 

A B 


2. Let B he constant, that is, let it retain its value h, while C 
changes to c ; *then A must complete its change and pass front i;t® 
intermediate value a' to its £nal value a, where 

• - = - (2),. 

a c ' ' 

IVo»(.)„.d(2) . 

that is, .BC, 


ii varies as BC^ 
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&6. The following arc illuBtrations of the theorem proved in 
the last article. 

The amount of work done by a given nunAer mm varies 
V directly as the number of days they work, and the amount of 
work done in a givm time varies directly as the number of men ; 
therefore when the number of days and the numlier of men are 
both variable, the amount of work will vary as the product of 
the number of men and the number of days. 

Again, in Geometry the area of a triangle varies directly as 
its base when the height is constant, and directly as the Jieight 
when the l)ase is constant; and when both the height and Imse 
are variable, the area varies as the product of the nmnlKjrs 
representing the height and the base. 


' Example. The volume of a right circular cone varies as the square of the 
radius of the base when the height is constant, and as the height when the 
base is constant. If the radius of the base is 7 ffiet and the height 15 feet, 
the volume is 770 cubic feet ; find the height of a cone whose volume is 132 
cubic feet and which stands on a base whose radius is 3 feet. 




h and r denote respectively tho height and radius of the base 
measured in feet; also let V be the volume in cubic feet. 

Then V=:mr^ht where m is constant. 

By supposition, 770 = ?» x 7“ x 15 ; 


whence 


21 ’ 

22 


by substituting K= 132, r=3, we get 


182= 


21 


X 2 X ; 


whence /i=14; 

and therefore the height is 14 feet. 


• *37.* The proposition of Art 35 can easily be extended to the 
<^e in which the variation of A depends upon tliat of more than 
two variables. Further, the variations may be either direct or 
inverse. The principle is interesting because of its frequent oc- 
currence in Pliysical Science. For example, in the theoiy of 
gasps it is found by ^periment that the pressure {p) of a gas 
varies as the “absolute temperature” (f) when its volume (t?) is 
ooifttant, anda that^ the pressure varies inversely as the volume 
when the temperature is constant ; that is 

• p oc tf when v is constant ; 
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and 


p ac 


- , when t is constant. 

V 


'Prom these results we should expect that, when both t and v are 
Invariable, we should have the formula 


pec or pv^kt, where k is constant ; 


and by actual experiment this is found to be tlie case. 

Kxample. The duration of a railway journey varies directly as the 
distance and inversely as the velocity; the velocity varies directly as the 
square root of the quantity of coal used per mile, and inversely as the 
munber of carriages in the train. In a journey of 25 miles in half an hour 
with 18 carriages 10 cwt. of coal is required ; how much coal will* be 
consumed in a journey of 21 miles in 28 minutes with 16 carriages? 

Let / be the time expressed in hours, • 

d the dikance in miles, 

V the velocity in miles per hour, 
q the quantity of coal in cwt., 
c the number of carriages. 


Wo have 
and 
whence 


ked 


d 

t zc - f 
V 

vac — , 
c 

. cd 
toe - 

‘J<1 


or t =— r - 1 where k is constant. 

'Ju 

Substituting the values given, we have 

l_^18x25 

” JlO ’ 


that is, 


* = 5? 


s/io 


25 X 36 ' 


Hence 


,,/l0 . cd 
‘“2^x36 Vj’ 


Substituting now tlie values ot t, c,d given in the second part ot the* 
questioi^ we liave 





28 ,yi0xl6x21_ 

60“~26 x 36 ^^^ ’ 
_^/iOx 16x21 _4 
^ ”“16x20 ' 


Hence the quantity of coal is 6|cwt. 
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EXAHPLES. m. 


1. If X varies as y, and x^8 when 5^* 15, find x when ye* 10. 

2. If P varies inversely as Q, and P=7 when §=*3, find P when 

3. If the square of x varies as the cube of y, and ^=3 when y =4, 
find the value of y when .v=-i 

3 10 

4. A varies as B and (7 jointly; if ^--2 when and , 

D 2 ^ 

find € when A =54 and B=3. 

5. If A varies as and B varies as ( 7 , then A±,B and AB will 
each vary as 0, 

C 

• 6. If varies as BC^ then B varies inversely as ^ . 

• . 2 

7. P varies directly as Q and inversely as R ; also P—5 when 

o 

§ and ii = ^ ; find § when P=V48 and iJ=V'75. 


8 .,- Jf X varies as y, prove that varies as x^ - y‘i 


! If y varies as the sum of two quantities, of which one varies 
y 6B X and the other inversely as x ; and if y = C when x=4f and 
=3J when a?— 3; find the equation between x and y. 


10. If y is equal to the sum of two quantities one of which varies 
as directly, and the other as x^ inversely; and if y= 19 \rhen x=2, or 
3 ; find y in terms of x. 


11. If A varies directly as the square root ^ B fthd inversely as 
the cube of (7, and if -4 *=3 when Ps=256 and (7=2, find B when ^1=24 

and (7=5 . 

12/ Given that x +y varies as , and that x-y varies as ^ - 

z , ^ g ’’ 

^fiXid the relation between x and z, provided that z=2 when a?=3 and 

^y»i. 

13. If A varies as B and C jointly, while B varies os JA and C 
varies inversely as A^ shew that A varies as P, ‘ * 


14. If y varies as the sum of three quantities of which the first is 
constant, the second vjries as x, Mid the third as x ^ ; and if y =0 when 
• x=l, y=I when ^=2, and y=4 when a?=3; find y when ^=7. 

• 1^5. When a |)ody falls from rest its distance from the starting 
mint varies as the i^uare of the time it has been falling : if a body ^lls 
ibioiMh 402jfeet in 5 seconds, how far does it fall in 10 secWs? 
iJsp fiow for does it fall in the IC^ second f 
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16 . Givdii that the volume of a sphere varies as the cube of its 
radius, and that when the radius is ^ feet the volume is 179| cubic 
feet, fiiid the volume when the radius is 1 foot 9 inchesu 

17. The weight of a circular disc varies as the square of the radius 
when the thickness remains the same ; it also varies as the thickness 
when the radius remains the same. Two discs have their thicknesses 
ill the ratio of 9 ; 8 ; find the ratio of their radii if the weight of the 
first is twice that of the second. 

At a certain regatta the number of races on each day varied 
jointly as the numlw of days from the beginning and end of the regatta 
up to and including the day in question. On three successive day» 
there were resi>ectively 6, 5 and 3 races. Which days were these, and 
how long did the regatta last ? 

Ij9,' The price of a diamond varies as the squaie of its weight, 
^Thifee rings of equal weight, each coifiposed of a diamond set in gold* 
have values £b^ £c, the diamonds in them weighing 3, 4, 5 carats 
respectively. Shew' that the value of a diamond of one carat is 

the cost of workmanship being the same for each ring. * 

20 . Two persons are awarded pensions in j)roportion to the square 
roct of the number of years the^ have served. Ono has served 9 years 
longer than the other and receives a pension greater by £50. If the 
length of service of the first had exceeded that of the second by d^yeang 
their pensions would have lieen in the projiortion of 9 ; 8. How long 
had they served and wliat were their res^jective ^nsions? 

21 . The attraction of a ]>lanct on its satellites varies directly as 

the mass (M)of the pliuiet, and inversely as the square of the distance 
(D); also the square of a satellite’s time of revolution varies directly 
as the distance and lUVemely as the force of attraction. If t^y 

and wig, are simultaneous values of My />, T respectively, prove 
that 

Hence find the time of revolution of that moon of Jupiter whoife # 
distance is to the distance of our Moon as 35 : 31, having given 
that the mass of Jupiter is 343 times th 't of the Earth, and that the ^ 
Moon’s ^period is 27*32 days. 

22 . The consumption of coal by a locomotive variq^ as the square 

of the velocity; when the s^ed is 16 miles an hour the consumption of 
coal per hour is 2 tons ; if the price of coal be I0s.^r ton, and the other - 
expenses of the engine be 1 la 3d. an hour, find theleast cost of a journey 
oflOOmUes. , • * 



CHAPTER IV. 


ARITHMETICAL PROGRESSION. 

38. Definition. Quantities am said to be iii Aiitlimetical 
Progression when they increase or decrease by a coriimoth dif- 
ference. 

Thus e#ich of tlie following series forms an Arithmetical 
Progression : 

3, 7, 11, lo, 

• 8 , 2 , - 4 , - 10 , 

rt, a + d, a -f 2c?, a + 3(Z, 

The common difference is found by subtracting any term of 
ithe series from that which foUows it. In fche first of the above 
examples the common difference is 4 : in the second ib is - 6 ; in 
the third it is d, 

39. If we examine the series 

a + r?, ct + 2c/, a + 3c/, . . . 

we notice that in any term the coejfficwnt of d is always less hy one 
than the number of th^ term in the series. 

Thus the 3*^ term is a + %l ; 

term is 5c/ ; 

20 *'' term is a + lOd j 

^ and, generally, the 7 ?*'' term is a + (p - \)d. 

If w be the number of terms, and if I denote the last, or 
n**' term, we have l^a-^ (n-\)d. 

40. To find the sum of a number <f terms in Arithmetical 
^Progresdork, , 

Let a denote the first term, d the common difference, and n 
tlie numbed of terms. Also let I denote the last term, and s 
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the required sum ; then 

S = U + (u + C?)4-j^flf4* 4* 2d) + — d) + ? ^ 

and, by writing the series in the reverse order, 

^ — d) 4* — 2d) + . . . 4^ {Of + 2d) 4* {ci +■ d) 4^ tt. 

Adding together these two series, 

2i# - (a 4- /) 4- (a 4- ^) + (a 4- /) + . . . to n tenns 


= w (a 4' /), 

••• *=f(« + i) : (1); 

and lr^a + {n-\)d ^ (2), * 

s = |{2a + («-l)J}. (3). ' 


41. In the last article we have three useful formula) ^1), 
(2), (3) ; in esMih of these any one of the letters may denote 
the unknown quantity when the three others are known. For 
instance, in (1) if we substitute given values for s, n, I, we obtain 
an equation for finding a ; and similarly in the other formulm^ 
But it is necessary to guard against a too nie^hanical use of these 
general forniulse, and it will oftt*n be found better to solve simple 
questions by a mental ratlier than by an actual reference to the 
requisite formula. 

Example 1. Find the sum of the aeries 6|, 8, to 17 terms. 

Here the common difference is IJ; hence from (3), , * 

the sum = |2 x ^ 4'lOx IJ | 

..^(U+20) 

_17x31 
"" 2 
=:288J. 

Example % The first term of a series is 5, the last Id, and the sum 
400 ; find the number of terms, and the common difference. 

If n be the number of terms, then from (1) 

400=|(5+45); 
flsaelfi. 


irbaime 
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If rf be the common difiorence 

46 = the 16*^ term = 5 + 15d ; 
whence d=2§. 

42. If any two terms of an Arithmetical Progression bo 
given, the series can be conipletely determined \ for the data 
furnish two simultaneous ecjuations, the solution of which will 
give the first term and the common difiereaice. 

Example* The 64“* and 4“* terms of an A. P. are - Cl and C4 ; find the 
23^^ term. 

If a be the first term, and d the common difference, 

- 61 = the 64“* term = a + 53d ; 
and 64 = the 4*“ term = a + 3d ; 

whence we obtain d= - 1 , a= 71§ ; 

and the 23*^ term = a + 22d = IC^. 

43. Definition, ^^hen three quantities ai’e in Arithmetical 
P^gression the middle one is said to be the arithmetic mean of 
the other two. 

Thus a is the arithmetic mean between a — d and a -i- d* 


• 44. To find ifie arithmetic mean between two given qaantitiee. 

Let a and h be* the two quantities ; A the arithmetic mean. 
Then since «, A, 6 are in A.P. we must have 

A -- A — a, 

each being equal to the common difference ; 


whence 


. a + 5 


45, Between two given quantities it is always possible to 
Jnsert any number of tenns such that the whole series thus 
for&ed shall be in A. P . ; and by an extension of the definition in 
Art, 43, the terms thus inserted are called the cmthmetic meam* 


Exartiple* Insert 20 arithmetic means between 4 and 67. ^ 

Including tlie extremes, the number of terms will be 22 ; so that we hare 
to find a series of 22 t^s in A.P., of which 4 is the first and 67 the last. 

d be the common difference ; 
then • • 67=Bthe 22“* term=:4+21d; 

when<t|4-d^ ftz^d the series is 4, 7, 10, 61, 64, 67 ; 

and the required means are 7, 10, 18,.... ..58, 71, 64. 
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46. To imert a gweti number of arUhnietic means between 
two given quantities. 

Let a and h be the given quantities, n the number of means. 

Including the extremes the number of terms will be w + 2 ; 
so that we liave to find a series of n + 2 terms in A.P., of which 
a is the first, and b is the last. 

Let d be tlie common difierence ; 
then h = the {ti + 2)*^ term 

-= a + (n + 1 ) </ ; 

1 , b — a 


whence 


n-f r 


aiid tlie required means are 

6— a 2 (6 -a) n(h’-a) 

a 4 - r , a + — — L"' , a + — ^ ^ . 

n+l' n+l w+1 

Kxample 1. The sum of three numbers in A.P. is 27, and the sun? of 
their squares is 293 ; find them. 

Let a he the middle number, d the common difference ; then the three 
numbers are a ~ d, n, a + d. 

Hence n -d + a + a + d = 27; ^ 

whence =-9, and the three numbers are' 9 - d, 9, 94-W. 

(9-d)2+81 + (9 + d)2=:293; 
whence d=i5; 

and the numbers are 1, 9, 14. 

Example 2. Find the sum of the first p terms of the series who^ 
«*'• term is *dn - 1. 

By putting n=lt and respectively, we obtain 

first term = 2, last term = 3p - 1 ; 

sum=^ (2 + Sp - 1) =1 {9p + 1). 


EXAMPLES, ry.a. 

1. Sum to 20 terms. 

2. Sum 49, 44, 39,... to 17 terms. 

3. Sumj, g, to 10 terms. 
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4. Sum S, “ , to n terms. 

5. Sum 3'75, 3*5, 3*25,.., to 16 terms. 

6. Sum -7^, -7, - 6 J,... to 24 terms. 

7. Sum 1*3, -3*1, “7*5,... to 10 terms. 

6 12 

8. Sum , 3 V3, • to ^0 terms. 

9. Sum ^ to 25 terms. 

10. Sum a - 36, 2a - 56, 3a - 76,. .. to 40 terms. 

11. Sum 2a - 6, 4a - 36, 6a — 56,. . . to 7i terms. 

12 . Sum , a, to 21 tem4. 

13. Insert 19 arithmetic means between ^ and - 9|. 

^ 14 . Insert 17 arithmetic means between 3^ and ~ 41 J. 

15 . Insert 18 arithmetic means between - 35.r and 3.v. 

16. Insert x arithmetic means Ix^tween and 1.'^ 

• 17 . Find the sum of the first n odd numbers. 

18 . In an A. P. ^lie first term is 2, the last term 29, the sum 155; 
find the difference. 

19. Tlie sum of 15 terms of an A. P, is 600, and the common differ- 
eime is 5 ; find the first term. 

20* The third term of an A. P. is 18, and the seventh term is 30 ; 
find the sum of 17 terms. 


21 . The sum of three numbers in A. P, is 27, and their product is 
504; find them. 


* The sum of three numbers in A. P. is 12, and the sum of their 

cubes is 408 ; find them. 

23 . Find the sum of 15 terms of the series whose term is 4«.+ 1. 


21 

25 . 

26 . 


Find jibe sum of 35 terms of the series whose jt/** term is ^-1-2, 


Find the sum of p terms of the series whoso term is “ + 6. 

Fmd thi sum of n terms of the series 
3 6aa-5 
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47. In an Arithmetical Progression when «, a, d are given, 
to determine the values of n we have the quadratic . equation 

when both rOots are positive and integi’al there is no difficulty 
in interpreting the result corresponding to each. In some cases 
a ^liitable interpretation can be given for a negative value of ft. 

Example, How many terms of the series -9, -6, -3,... must be 
taken that the sum may be 66 ? 

Here 5 {-18 +j(n- 1) 3} =66 ; 

a k 

that is, ■ ^ In - 44 = 0, 

or (n- 11) (w + 4)=0; 

^ »=llor-4. 

If we take 11 terms of the series, we havo 

- 0, 6, - 3, 0, 8, 6, 9, 12, 15, 18, 21 ; 

the sum of which is 66. / 

ir^o Tjgin at the la»t of those terms and count hacktoards four terms, the 
sum is also 06 ; and thus, although the negative, solution does not dir^lyn 
answer tlio question proposed, we are enabled to give it^in intelligible meaning, 
and we see that it answers a question closely connected with that to whi^ 
the positive solution applies. 

48. We can justify this interpretation in the general case in 
the following way. 

The equation to determine n is 

^ 4 - (2a - 1 /) w ~ 2s = 0 (i). 

.’Since in the case under discussion the roots of this equation l^^va 
apposite signs, let us denote them by and The last 

term of the series corresponding to is * 

if we begin at this term and count backwards, %he common 
difference must be denoted by - d, and the sum of terms is 

^ {2 (« + + («, - 1) (- d) } , 

and we shall shew that tliis is equal to s, 

H. H. A. 


3 





S4 


For the expression «= ^2a + (2%^ - - 1) cfj 

== i ^2an^ + 2n^n^d - (w^, + 1 ) rij 

- ^ ^2n^n^fi - - 2a -~d, n^)| 

= J(45-2.)-., 


since -9^ satisfies V (2a - n - 2« = 0, and ~ w,7ij, is the 
product of the I’oots of tiiis equation. 

49. When the value of n is fra<ctioiial there is no exact num- 
ber of terms wJiich corresponds to such a solution. 

Example. How many terms of the series 26, 21, 16,... must be tijken to 
amount to 71 ? 


c Here 


|{62 + (n-l){-6)} = 7rfi 


that is, 
or 


tt 


6na-67»+ 148 = 0, 
(n -4) (6n -87)=0; 
n=4or7lf. 


Thus the number c< terms is 4. It will be found that the sum of 7 terms 
is greater, while the sum of 8 terms is less than 74. 


50. We add some Miscellaneous Examples. 


Exaniple 1, The sums of ii terms of two arithmetic series are in the 
ratio otln + l : 4n-f-27; find the ratio of their 11^** terms. 


Let the first term and common difference of the two series he dj and 
Oa, dg respectively. 


We have 


2tfjj + (n - 1) d, 4w-f 27 ' 


Now we have to find the value of ; hence, by putting n=21, w© 

obtain • 

^ 2ai + 20di_148_4 

2a2 + 20d8“lli'^8’ 
thus the required ratiS is 4 : 8. 


^ Exaftip^ 2, It Sfj, Sp,,.S^ are the sums of n terms of arithmetic 
fieries whose first terms are 1, 2, 3, 4,... and whose common differences are 
si, fi, 5, 7,... , find the value of 


4 i" JSg "f . . . + 
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mhftve s,=|{a+(l.-l)}=^i^^ 

s,=f {2i> + («-l)(%>-l)}=|{{2i«-l)«+ll: 

the required BUin = ^ { (ri + 1) + (3n -f 1) + (2^ - 1 . w -f- J)} 

= ^ {(w+3n + 6»+ . n)-\rp} 

= ?{n(l + 3 + 5+...27rT)+y} 

= |(“P®+J') 


vX 

EXAMPLES. ly.b.’ 


1, Given a= - 2, — 4 and 5= 160, find n. 

2, How many terms of the series 12, 16, 20,... must be taken to 

make 208? * • 

3, In an A. P* the third te/m is four times the first term, and the 
sixth term is 17 ; find the series. 

4, The 2"^ SI"*, and h*st tonns of an A. P. are 7|, ^and -GJ 

respectively ; find the first term and the number of terms, • * • 

6. The 4*^ 42"“, and last terms of an A. P, are 0, -96 and - 125# 
respectively ; find the first term and the number of terms. 

6. A man arranges to pay off a debt of £3600 by 40 annual 

instalments which form aii arithmetic series. When 30 of the in^l- 
ments are paid he dies leaving a third of the debt unpaid ; find the 
value of the first instalment. * 

7. Between two numbers whose sum is 2^ an ev<^i number ff 
arithmetic means is inserted; the sum of these mlims exceeds their 
number by unity ; how many means are there ? £ 

8. The sum of n terms of the series 2, 6, 8,,.. is 960* find 



HIGHEU ALGEBIIA. 


9. Sum the series > .r— » ... ion terms, 

10. If the sum of 7 terms is 49, and the sum of 17 terms is 289, 
hud the sum of n terms. 

11. If the p^\ r*^ terms of an A. P. are a, &, c respectively, show 

that {q-r)a+{r-p)h-i {p-q) c=0, 

12. The sum of p terms of an A. P. is q, and the sum of q toims is 
p ; find the sum of p-iq terms. 

13. The sum of four integers in A. P. is 24, and their product is 
945; find them. 

14 . Divide 20 into four parts which are in A. P., and such that the 
pi*oduct of the first and fourth is to the product of the secoiid and third 
in the ratio of 2 to 3. 

15. Thejp^*' term of an A. P. is q, and the term is p; find the 

term. 

16. How many terms of the series 9, 12, 15,... must be taken to 
make 306 1 

If the sura of a terms of an A. P. is 2a4’3a2, find the term. 

18. If the sum of m terms of an A, P. is to the sum of n terms as 

to n\ shew that the term is to the term as 2/a - 1 is to 2a ~ 1. 

* 19, ^ove that the sum of an odd number of terms in A. P. is eqnal 

to the middle term muitiplied by the nural^r of terms. 

20. If #== a (5a - 3) for all values of a, find the term. 

21. The number of terms in an A. P. is even ; the sum of the ofld 
terms is 24, of the even teims 30, and the last term exceeds the first by 
lOJ : fiud the number of terms. ^ 

22. There are two sets of numbers each consisting of 3 terms in A. P. 
j^ud the sum of each set is 15, The common differences of the first sot 
is greater by 1 than the common difierence of the second set, and the 
product of the first set is to the product of the second set as 7 to 6 : find 
the numbers. 

23. Find the relation between .v and y in order that the mean 

between ^ and 2y may be the same m tho moan between and y 
n means being inaertai in each case. ^ 

, 24 . If the sum of an A. P. is the same fur p as for q terms, sh ew 
that its sum for p-^q forms is zero. 
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GEOMETRICAL PROGRESSION. 

51. Definition. Quantities are said to be in Qeomelalcal 
Progression when they increase dr decrease by a constan^/t factor. 

Thus each of the following series forms a Geometrical Pro- 
gression : 

3, 6, 12, 24, 

1 .1 _i 

3’ 9’ 27’ 

a, ar, ar*, ar®, 

The constant factor is also called the common ratioy and it is 
found by dividing any terra by that which immediately precedes 
it. In the first of the above exatraples the cprauion ratio is 2 ; in 

the second it is - ~ ; in the third it is 
o 

52. If we examine the series 

a, or, ar®, ar®, 

we notice that in any term tlw index of v is always less hy one 
tJmn idie number of the term in the series. 

Thtis the 3*^ terra is ; 

the 6**^ term is ar^] 

^ the 20^ terra is 

and, generally, the term is ar**"*. 

If w be the number of terras, and if I denote the last, or »*** 
terra, we have l^ar*’'\ • 

v' , , • 

j 53. Definition. When three quantities are in Cleometrical 
Progression the middle one is called the geomotric mean between 
lihe othar two. * 
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To Jind the geometric mean between two given quantities. 

Let a and b be the two quantities ; G the geometric mean. 
Then since a, (?, h are in G. P. , 

h G 
G~ a ^ 

each being equal to the common ratio ; 

whence G = Jab. 

54. To insert a given number of geometric means between 
tvx> given quantities. 

Let a and b be the given quantities, n the number of means. 

In all there will be -f 2 terms ; so that we have to find a 
series of w + 2 terras in G. P., of which a is the first and b the last. 

tet r be the corainon ratio ; 

then b = the (n + 2)^*^ term 



Hence the required incans are <Tr, ar®,. * where r has the 
value found in (1). 

Example, Insert 4 geometric mcatiB between 100 and 5. 

• * have to find 6 terms in G. P. of which ICO is the first, and 5 the 
^sixth. 

w 

Let r be tlie common ratio ; 

then 5 ^ the sixth tnnn 
= lC0f»; 
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55, To Jmd the sum of a mmiber qf terms in (}eometr%eal 
Froqression. 

Let a be the first term, r the common ratio, n the number of 
terms, and s the sum required. Then 

~ a + ar + ar® + + or"”* + ; 

multiplying every term by r, we have 

rs - a/r + ar® + + + ar". 

Hence by subtraction, 

rs'-s^ar’* -- a \ 


mr 

Changing the signs in numerator and denominator, 


( 1 ). 


1 -r 



Notk, It "wfil be found convenient to remember both forms ^ven above 
for «, using (2) in all cases except when r is positive and greater than 1. 

Binoc the formula (1) may be written 


8 

a form which is sometimes useful. 


rl~a 

T-TT’ 


1 2 s 

Example. Sum the series ^ 2 7 terms. 

The common ratio = - g ; hence by formula (2) 



2 


2 

m 
% • 


ibe sum 
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56. Consider the series 1, ^ , 


The sura to n terms 



1 

ha ) 


1 

2*’ 




From this result it appears that however many terras be 
taken the sum of tlie above series is always less than 2. Also we 
see that, by making n sufficiently large, we can make the fraction 


1 

2"^ 


as small as we please. 


Thus by taking a sufficient number 


of t)enns the sum can be made to difl’er by as little as we please 
from 2. 

*In the next article a more general case is disciissed. 

57. From Art. 55 we have a -= ^ 

1 -r 


• a ar" 

* ~ 1 — r 1 - r ’ 

Suppose r is a proper fraction; then the greater tlie value of 

or" 

w the smaller is the value of r", and consequently of = ; and 

1 — T 

therefose by making n sufficiently large, we can make the sura of 
n terms of the series differ from by as small a quantity as 


^ result is usually stated thus ; the mm of mi infinite 

0 iuwlbeT of terms of a decreasing Qeometrieal Progression is ; 

1 — r 

or more briefly, the mm to infinity is . 

« ‘ 1 — r 

Example 1. Find tl^-ee numbers in G. P. whose stun is 19, and whose 
* product is 216. 

* Denote the^numbers by-, a, ar; then.-xax(ir=216; hcnoe,,a=;6, and 

T T 

the numbers ajpe - , 6, 6?'. 

T 
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® + 6+6r=:19; 

T 

- 6-13r+6r“=0; 

8 2 

whence 

Thus the numbers are 4, 6, 9. 

Example 2. The sum of an infinite number of terms in G. P, is 15, and 
the sum of their squares is 46 ; find the series. 

Let a denote the first term, r the common ratio ; then the sura of »the 
terms is — and the sum of their squares is j . 


Hence 

“ - 1- 



(1), 


. — ^=45 

1 ~r2 

(2). 

Dividing (2) by (1 ) 

1 + r 

(S). 

and from (1) and (8) 

l + '‘_r,. 


whence and therefore a-o. 


Thus the scries is 5, 

10 20 

8"’ 9 

• 



EXAMPLES. V.a. 


1 oils 

1. biun^.g, g.. 

.. to 7 terms. 


2. Sum -2, 2J, 

t6 6 teims. 


3. Sum|, 1^, 3,. 

.. to 8 terms. 


4, Sum 2, ”4, 8,. 

, , to 10 terms. 


6. Sum 16^2, 6*4, 1*8,... to 7 tenns. 


9. Sum 1, 5, 26,.. 

. to p terms. 


7. Sum 3, -4,^ 

,... to 2>i terms; • 


8. Sum 1, VS) 3,. 

,, to 12 terms. 



1 8 

9, Sum > “2, ^ 7 terms. 
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11 3 

10. Stun ^ 7 terms. 

4 

11. Insert 3 geometric means between 2| and ^ . 

iJ 

12. Insert 5 geometric means l)otwoen 3jj and 40^. 

• *7 

13. Insert 6 geometric means between 14 and - — . 

Sum the following series to infinity : 

14. -1, g,... 15. -45, -OIS, -OOOS,... 

16. ieC6, -I’ll, -74,... 17. 3->, 3-», 3-3... 

18. 3, V3, 1,... 19. 7, V42, 6,... 

20. The sum of the first 6 terms of a O. V. is 0 times the sum of 
the first 3 terms ; find the common ratio. 

21. The fifth term of a G. P. is 81, and the second term is 24 ; find 
the series. 

•22. The sum of a G. P. whoso common ratio is 3 is 728, and the 
last term is 486 ; find the first term. 

23. In a G. P. the first term is 7, the last term 448, and the sum 
889 ; find the common ratio. 

• 24. The sum of three numbers in G, P. is 38, and their product is 

1728; find them. • 

25. The continued product of throe numbers in G. P. is 216, aiid 
the sum of the product of them in pairs is 156 ; find the numbers. 

26. If & denote the sum of the series + ... »w/, and 

Up the sum ojf the series 1 ... ad inf, ^ prove that 

Sp "H Jfj, = 2/Sj{p. 

27. If they**, terms of a G. P. l)e 5, c respectively, prove 

that 

• 428 . The sum of an infinite number of terms of a 0. P. is 4, and the 
sum of their cubes is 192 ; find the series. 

58. Recurring decimals furnish a good illustration of infinite 
Geometrical Progressions. * 

Example, f'ind the value of *42&. 

»4SS=: *42^2823 

4 28 23 

"*io'^ioob“*"io66oo“‘’ 

4 23 28 
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43 ^ 


tliatiB, 


4 

23 



102 

4 2 ^ 

1 


It 

4 

23 

100 

“ 10 ‘‘“ 103 * 

4 23 

“10 **‘990 

99 


+ ■*/w+ - 


^ 990 * 

which agrees with the value found by the usual arithmetical rule. 


59. Tlie general rule for reducing any recurring decmal to 
a vulgar fraction may be proved by the method employed in the 
last example ; but it is easier to proceed as follows. 

To find the value of a recurring decimal, * 

Let F denote the figures which do not recur, and suppose 
them p in number; let Q denote the recurring period consisting of 
q figures ; let D denote the value of the recurring decimal ; then 

F^FQQQ ; • 



and X PQ'QQQ ; 

therefore, by subtraction, - lO**) D = PQ - P ; 
that is, 

Now 10* — 1 is a number consisting of q nines ; therefore the 
denominnitor consists of q nines followed by p ciphers. Hence 
we have the following rule for reducing a recurring decimal to a 
vulgar fraction : ^ 

For the numerator subPrvMst the integral number comisting of 
the nonrecurring figures from the iniegrod number consisting of 
the nonrecurring and recuning figures ; for the dcTtoniifiator take 
a number consisting of as many nines as there are rec/urring figures 
follomd by as momy ciphers as there are nan-r^urring figures. 
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60. To find the mm qfn terms of the series 

a, (a + d) r, (a + 2d) r*, (a + 3d) r", 

in which each term is the product of corresponding terms in an 
arithmetic and geometric series. 

Denote the sum by S ; then 
S^a^{a^d)r + {a-{‘2d)r^+ ... + 

rS=^ ar + (a4-(;?)r^+,..4-(a+^i— 2r:/)r"~''-f (rt+w — tt^)r*'. 

By subtraction, 

a9(1 — r)~a + {d/r + dr^ + . . . + (/?*”“’) - (a -i- 7^ — 1 d) r” 

■-a+ — — - — _ (rt + w - U/) r ; 

a dr (1 - 7*"“‘) (a 4 w — Id) r" 

+ — (r-4)*” " l-r 

^ CoK. Write 6* in tlie fonn 

a _ dr dr*" {a + n^ 1g?) r” 

1 ~-r (1 - ry ~ (T^ \-r ’ 

. then if r<l, \pe can make r” as small as we ploiise by taking n 
suificiently great. In this case, assuming that all the terms which 
involve r“ can he made so small that they may be neglected^ we 

obtain 2 '** ^ ■+’ ^ infinity. We shall refer 

to this point again in Chap. XXL 

In summing to infinity series of this class it is usually l)est to 
proceed as in the following example. 

MxampU 1. If j:< 1, Bum the series 

• 1 4- 2a; 4 3ir2 4 4a:* 4 to infinity. 

Let = l 4 2a;43a;®44a;*4 ; 

xS=i a; 4 2a;® 4 Sr* 4 ; 

*•. 5 (l-a:)s=l4a;4a;*4a;®4. 
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Example 2. Sum the seriee l + ^ + terms. 


, 4 7 10. 3»-2 

.S-l + g + g2+ 58+--“-+ 5H-I ! 


1 

4 7 

Hn - 0 

3a -*2 

6 + 

511 + 53 + 

+ 5'*-* 


-s 

3 3 


8 n. - 2 

+ 5 ^+ 6 -' 

+ + 



1 

1 1 

\ Bn-2 

^ + 6 

(^ + 6 + 
1-J 

5-‘'+ + 6 '-> 

0 5" 

^+1- 

5« 1 

Bn - 2 



5’* “ 


. 3 i 

^ 1 ' 

\ 3a - 2 


7 12b + 7. 

i 4 . 5“ ’ 

35 12n+7 

16 “16. 6»->' 

/ “ 5«” 



EXAMPLES. b. 

1, Sum 1 4- 4- 3a^ 4- 4a^ 4- . . . to terms. 

2. Sum 1 +? + +^4 + ^+- to infinity. 

5. Sum 1 4- 3 j 7 4- 5*^2 4* 4- ... to infinity. 

2 3 4 

4, Sum 1 +2 4- 22 + 23"^ • •• to 7i terms. 

3 5 7 

6. Sum 1+^ + -r + 3 + ... to infinity. 

2 4 o 

6. 6um 1 4- 3 a? + 4- lOa?^ 4- , . . to infinity. 

7. Prove that the {n 4 1)*** term of a G. P., of which Jbhe fimt term 
is a and the third toim b, is equal to the (2n4‘l]^** term of a G. P. of 
which the first term is a and the fifth term 0* 

8. The sum of 2?t terms of a G. P. whose first term is 0 and com- • 

men ratio r is equal to the sum of n of a G. P. wliose first term is b AfUd 
common ratio r\ Prove that b is ecmal to the sum of the first two 
terms of the first series. * 
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9* Find the sum of the infinite series 
T and h l>eing proper fractions, 

10. The sum of three niimbei*s in Cl. P. is 70; if the two extremes 
bo multiplied each by 4, and the mean by 5, the pnxiucts are in A. P. ; 
find the numbers. 

11. The first two terms of an infinite G. P. arc together equal to 5, 
and every term is 3 times the sum of all the terms that follow it ; find 
the series. 

Sum the following series : 

12. X + a, + 2a, .r* + 3a. . . to n terms. 

13. X {x + y) + x^ {x^ + ^ +y^) + . . . to 71 Uirnis. 

14. a-H^, 3a-^, 5a + ^4-... to 2^? terms. 

16. I + 1 + I + 1 + I + 1+ ... to u.fiuity. 

16. I - ^2 + fz - fi + Yi- fe + - ^ inanity. < 

17. If a, ft, c, d bo in G. P., prove that 

(ft - cf + (c* - a)2 + (d: bf ^ {a - dy^. 

18. If the arithi&tic mean between ir and ft is twice as gi’oat as the 
geometric moan, shew that a : ft=24*\/3 : 2- ^3. 

19. . Find the sum of n terms of the series the term of whhdi is 

(2r+l)2^ 

t 

20. Find the sum of 2/i terms of a scries of whicli every oven term 
is a times the term before it, and every odd term c times thf^ term 
before it, the first term being unity. 

21. If Sn denote the sum of n terms of a G. P. whose first term is 
• a^and common ratio r, find the sum of aS^i, /S' 3, AS'5,...AS^2n-i* 

22. If aS^i, /Si}, S^y.»,Sp are the sums of infinite geometric series, 
whose first terms are 1, 2, 3,...jt>, and whoso common ratios arg 

• 1,5, respectively, 

pi’ove that + aS^ + AS'g + . . . + aS^^ !=-| + 3). 

23. jir < 1 and positive, and m is a |.)ositive integer, shew that 

(2m + 1 ) ( 1 - r) < 1 - + 1. 

Hence shew that 7/ 7’** is indefinitely small when n is indefinitely great. 



CHAPTER VL 


HAUMONICAL PllOGRESSION. THEOREMS CONNECTED WITH 
THE PROGRESSIONS. 


61. DefiniiI.^^. Three quantities a, b, c are said to bo in 

Harmonical Progression when ? ^ . 

c b^c 

Any number of quantities are said to be in Harmouiflteil 
Pi-ogression when every three consecutive terms are in Har* 
luonical Progression. 

62. T/ie reciprocals of quantities in lla/mionical Progression^ 

are in Arithmetical Progression. • 

By definition, if a, 6, c are in Harmonical Progression, 

a a '-’h 

a{h — c) ~c{a^h)f 
dividing every term by aic, 

1 ^1 
c h ~ b a* 

which proves the proposition. 

o 

63. Harmonical properties are chiefly interesting because 

of importance in Geometry and in the Theory of Sound : 
in A^bra the proposition just proved is the only one of any 
importance. There is no general formula for the sum of any# 
number of quantities in Harmonical Progression. Questions in 
BL P. are generally solved by inverting the tem% and making use 
of the properties of the corresponding A. P. * 
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64, To find the harmonic vnecvn between two given qvmUUieB^ 

Let, a, 6 be the Wo quantities, H their hannonic mean; 

then i ~ ^ are in A. P. ; 

a 11 u 

1 1^1 1 
• • // a h~'U' 


ir h' 


1 1 

b 

a 4- 0 


Example. Insert 40 harmonic means between 7 and - . 

Here 6 is the 42"‘‘ term of an A. P. whoso * - *> ^ • l^t d bo the 


common difference ; then 


to infinity, 


6 = -^ + 41d; ^ 




' Thus the aritiunetic means arc 
7 

monio means are 8J, . 


2 3 

7* 7’' 


41 


and therefore the bar- 


65. li Af G, Jf he the arithiiietK*, gcoinctric, and liarmonio 
means between a and Z>, wo have proved 



- a + b 

2- 

(!)• 

t 

G — Jab 

(2). 


7/=^, 

a+6 

(3)- 

Therefore 

a + b 2ah , 

All -- — . - ■ - . ~ ah^G^ \ 

2 a + b 


that is, G is tJie geometric mean between A and //. 

« 

From these results we see that 



j * ^ a + b ,-r a + b- 2 Jab 



(Ja - Jh\* . 

"V V2~ / ' 




HAUMONICAL PROGRESSION. 


which is positive if a and b are positive ; therefore A&s arithmetic 
fman of any two positive quantities is gf^ter than their geomet^c 


Also from the equation we see that G is inter- 

mediate in value between A and //; and it has been proved that 
A > therefore G>H; that is, i/wj arithmetie^ geometric^ and 
' hcmrwnic means between any two positive quaniities are in descending 
order of magnitude, 

66. Miscellaneous questions in the Progressions afiord scope 
for skill and ingenuity, the solution being often neatly effect^ 
by some special artifice. The student will find the following 
hints useful. 

1. If the same quantity be added to, or subtracted from, all 
resulting terms will form an A.P. with 
before. [Art. 38.1 

Harmonical Progression when ~ - 

r divided by 



same quantity, the resulting 
same common ratio as before. [Art. 51.] 

4. Tf a, hf c, d... are in G.P., they are also in oonCinjied pro- 
2 )ortiony since, by definition, 

a b c 1 

b c d ~r‘ * 

Conversely, a series of quantities in contj|nued proportion may 
be represented by x, xr, xr\ ^ 

Kxample 1. If arc in A.P., show that & + c, c + a, a + are* 

iuH.r. 

By adding ah + oe^ he to each term, we see that 

a&H-ac-f-tc, 6®+^a + 5c-f-ac, c*+ca-t-c&+a6 are in A.P.; 
that is (a -I- (a + c), + c) (6 + a), {c + a} (c + h) are in k?V. 

, dividing each term by (a + 6) (6 4-c) (c + a), 


/> + <?* <?+«’ a+h 


are in A. P. ; 


that ts^ 

H. A, 


6+c, c+a, a + & are in H.P 
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Example 2. If I the laBt term, d the common difference, and s the sum 
of n terms of an A. P. be connected by the equation 8d«= (<i + 2q*, prove that 

d=:2a. 

Since the given relation is true for any number of terms, put n = 1 ; then 

a=:l—s. 

Hence by substitution, Sad = (d + 2a) 
or (d-2a)®=0; 

.% d—2a. 


Example 3. If the «*** terms of an A. P. are in G. P., shew that 

p-g, g-r, r-s are in G. P. 

With the usual notation we have 


a + ^ (g - 1) d _ a + (r ~ 1 ) d 

a + (g-l) d'"a-f(r^i)d’“a + (8~r) d 


[Art. 66. (4)]; 


each of these ratios 

^ _ {a f (q - 1) d} ~ {a + (r-_l) d\ 

{a + (g-l)d} - {a + (r~l)dj ;«.+ (?*-':) U) - {« + (/- lyd} 

g~r 

g - r, f - 8 are in G.P. 

The numbers 1, 2, 3, are often i*eforrecl to ns tho 

numbers ; the term of the series is and the sum of 

it n terms is - (rt + 1). 



6 To find the sum of the squares of the first n natural 
numbers. 

Let the sum be denoted by ; then 
AS'=r + 2*+*3*+ 

ij 74* — (n - 1)® = 374* - 374 4 - 1 ; 

and by ^ into 74—1, 

(n-l)»-(n-2)*=3(«-l)’-3(n-l) + l; ‘ 

similar.^, - 2)* - (» - »)* - 3(n - 2)’ - 3(n - 2) + 1 ; 

' ,* ^ 

: ' 3’-2'*=3.3'-3.3 + l; 

‘ 2’-r=3.2‘-3.2 + l- 

1»-0*=3.1*-3.1 + 1. 


TIIE NATURAL NUMBERS. 
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Hence, by addition, 

= 3(l* + 2* + 3® 4- ... 4->i*)-3(l + 24-3 + ... +») + m’ 

... + 

4 


- w (n + 1) (ti - 1 + 5) ; 

n{n-^l) (2n + 1) 

. 


69. 2'o find the sum of the\ cubes of the first n natural 

nuwhers. 

Ijet the sum be denoted by 8 • then 

/S'- r+ 2^ + 3*’+ +7i-\ 

We have - (w — 1)* - + 4a - 1 ; 

(i«-l/-(«-2y = 4(«-l)“-6(»-l)' + 4(M'-l)-l? 

(7«-2)*-(»-3)‘ = 4(»-2)“-6(»-2)'’ + 4(w-2)-1; 


3^-2‘=4.3’-6.3' + 4.3-l; 

2‘-l‘ = 4.2’-6,2* + 4.<e-l; 
l‘-0‘=:4. l*.-e. l' + 4. 1-1. 

Hence, by addition, 

m^ = 4,S’-6{1' + 2=+...+w‘') + 4(1+2+.. +m)-m; , 
4<S’=w‘ + 7i + 6(l‘' + 2'+...+»*)-4(l+2+...+9i) 

= W* + ?t + M (« + 1) (2w + 1) — 291 (w + 1) 

= 91 (91+ 1) (91' — 91 + 1 + 29* + 1 — 2) 

= 9*(9t+l)(9l* + 9»)j * 

• S ■- - |' w(9*+l) |‘' 

A.I 

Thus the sum of the cubes of the first n Tvaturah^ hers is 
equal to the square of the mm of these numbers, ^ 

The formulfe of this and the two preceding aruwcs may be 
applied to’ find tlm sum of the squares, and the sum of the cubes ‘ 
of the terms of the Series 

a, a + d, a + 2d?, * 
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70. In referring to the results we have just proved it will 
be convenient to introduce a notation whicli the student will fre- 
quently meet with in Higher Mathematics. We shall denote the 
series 

1 + 2 + 3 + . . . + n by ; 
p + 2'V3*+ ... +n*’’by 

where 2 placed before a term signihes tlie sum of all terms of 
which that term is the general type. 

Example 1. Sum the scries 

1. 2 + 2. 3 + 3.4+... to n terms. 

The w"* term=n (n+l) = n-+w; and by writing down each term in a 
similar form we shall have two columns, one consisting of the first n natural 
numbers, and the other of their squares. 

the sum = 

_ n (n+ 1) (2n + l) ^ w(»+l) 

- 6 + 2 ■ 

«( to + 1 ) ( 2»+1 ) 

= -2- 
n{n ^-l) (» + 2) 

^ j - 

Example 2. Sum Fo n terms the series whoso term is 2*‘“^ + 8/t* - On®. 
Let the sum be denoted by S ; then 
,S = S2«-i + 8Sn®-6Sn® 

2»»- 1 . 8n*(n + 1)8 O/t (n + 1) (2n+ 1) 

-¥rr+ “'4 “6 

= 2»-l + «(n + l){2n{n + l)-(2m + l)} 

=2»-l + B(n + l)(2»t»-l). 

EXAMPLES. VI. a. 

1. Find the fourth terra in each of the following scriee : ' 

(1) 2, 2i, 31,... 

(2) 2, 3,... 

(3) 2, 2J, 3J,... 

>8.. Issert two harmonic means between .5 and n. 

' " *2 2 

8, Iqsert four harmonic means betwecni*-„ and . 

3 13 
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4. If 12 and 9f are the geometric and harmonic means, respect- 
ively, between two numbers, find them. 

5. If the harmonic mean between two quantities is to their geo- 
metric means as 12 to 13, prove that the quantities are in the ratio 
of 4 to a 

6. Tf rt, 5, c be in H. P,, shew that 

a : a — + c : a-e. 

7, If the term of a H. P. be equal to n, and the town t>e 
equal to w, prove that the term is equal to • 


8. If the terms of a. H. P. be a, 6, c respectively, prove 

that (^-r)dc-i-(r-p) ed-h(p-^) al> = 0. 

9. If 6 is tlic harmonic moan between a and c, prove that 


o-a b-c 


a c 


Find the sum of n tenns of the scries whoso > 1 “' term is 


10. 3n^ 


11 . + 


12. a(n-h2). 


13. H2(2n-h3). 14. 3«-2» 15. 3 (4«+2n2)-4?t3 

16. If the and (r+ 1^^ terms of an A. P. are in - 

G, P., and 7a, w, r are in H. P., shew that the^tio of the common 

2 

difierenco to the first term in the A. P. is - - . 

n 


17. If I, m, n arc three muniKjrs in G. P., prove that the first teim 

of on A. P. whose and 71 *-^ terms are in H. P. is to the common 

difierenco as w-f-1 to 1. 

18. If the sum of n terms of 'a scries be a+bn+cii% find the 
term and the nature of the series. 


19. Find the sum of 71 terms of the series whose term is ^ 

An 1 ) ~ + 1 ). ^ 

.20. If between any two quantities there be inserted two arithmetic 
mea^S A^\ two geometric means and two harmonic means 

Eli shew that Q^G^ : : Hx+Ei- 

21. If © be the first of n arithmetic means between two numbers, 
and q the first of 71 harmonic means between thfi same two numbers, 


prove that the value of q cannot lie between p and 




22. Find tlm sum of the cubes of the terms of an A. P^, and shew 
that it is exactly divisible by the sum of the terms. 
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PiLKS OF BiIOT and HhEL).S. ^*6- 

/fcJie 

71. To find the numher of shot arramjed in a cowpV 
pyramid on a square hose, / 

Suppose that each side of the base contains n shot ; then 
number of shot in the lowest layer is n®; in the next it is (n^ 
in the next {n-Tf] and so on, up to a single shot a 
top. /rms of 

... + + 1 


n (w + 1 ) (2n + 1) 

(r 


[Art 68.] 


72. To find the nwniher of shot arranyeA in a complete 
pyramid the base of which is an equilateral triangle. 

Suppose that each side of the base contains n shot ; tlien the 
iuind)er of shot in tlie lowest layer is 

n J- (n “ 1 ) + - 2) + ^ 1 ; 


that is, 




In this result wfite — 1, m - 2, for n, and we thus obtain 

the number of shot in tlie 2nd, 3rd, layers. 


aS"= 

n (n 1 ) (a + 2) 


[Art. 70.] 


7 3. find tJi>e number of sJvot arranged in a complete 
pyramid ths ha^e of which is a rectcmgle. 

Let m and n be the numl>er of shot in the long and short side 
respectively of tlie base. 

The top layer consists of a single row of m — (ti « 1), or 
wi - w + 1 shpt ; 

in the nc:jf,t layer the number is 2 (?a - n -I- 2) ; 
in the next layer the number is 3 (ra ~ n + 3) ; 
and so on ; 

in'^the lowest layer the number is n (tn — .n + n). 



PILES OP SHOT ANJJ SHELLS. 


56 


**, = {vfi — + ] ) + 2 (w ■“ w + 2^ + 3 {^vi — 71 + 3) + • . . + n^fti — ti + ti) 

L = (r/t - 7t) ( 1 4- 2 + 3 h . . . + w) + (1® + 2® + 3® + . . . + n*) 

■ _(771-7 i )71(714- 1) 71(71+ 1) (2714- 1) 

m ~ “2 ^ 6 ■ 


n (u + 1) 


{3 ( 7/1 — 71 ) + 2/1+1} 


n ()l + 1) (3771 - 71 + 1) 


the numlier of shot arranged in an incomplete 
pijramid the base of which is a rectangle. 

Let a and h denote the number *of shot in the two sides of- the 
top layer, 71 the number of layers. 

Tn tlie top layer the number of shot is ah \ 
in the next layer the number is (a + 1) (6 + 1) ; 
in the next layer the number is (a + 2) (6 + 2) ; 
and so on ; 

in the lowest layer the number is (a + 71 -- 1) .(6 + ti - 1) 

or ah + (a + ii!>) (71 - 1) + (/i — 1 )"*. , 

/V- a6/i + (a + ?/)2(7i-iy+S(M-l)'^ 

, (71 “ 1) 71 (a+ 6) (71-1)71(2.71-1 + 1) 

= ahn + ^ ^ + ^ 

• 

-^{6a5 4-3(rt + l)(«-l) + (/i-l)(2M-l)} 


75. In numerical examples it is generally easier to use the 
following method. * 

Jh]xample. Find the number of shot in an incomplete square pile of 16 
courses, having 12 shot in each side of the top. 

If we place on the given pile a square pile having 11 shot^n each side of 
the base, we obtain a complete square pile of 27 courses; 

27 X 28 X ^5 

and number of shot in the complete pile-= ^ ^ =6930 ; [Art. 71.] 

• ^ 

1 1 « 1 ... 1 . a -1 11 X 12 X 23 

also number of shot in the added, pile = ^ = 606; 

number of shot in the incomplete pile =0424. 
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EXAMPLES. VI. b. 

Find the number of shot in 

1. A square pile, having 15 shot in each side of the base. # 

2. A triangular pile, having 18 shot in each side of the base, j 

3. A rectangular pile, the length and the breadth of the base y 

taining 50 and 28 shot respectively. ' / 

4. An incomplete triangular pile, a side of the base having 25 1 

and a side of the top 14. 1 

5. An incomplete square pile of 27 courses, having 40 shot ip oi 

side of the base. I 

6. The number of shot in a complete rectangular pile is 2 4«^</u y ii 
there are 34 shot in the breadth of tlie base, how many are there in its 
length 1 

7. The number of shot in the top layer of a square pile is 160, 
and in the lowest layer is 1089 ; how many shot does the pile contain ? 

8. Find the number of shot in a complete rectangular j>ile of 
16 courses, having 20 shot in the longer side of its base. 

m 9. Find the number of shot in an incomplete rectangular pile, 
the number of shot in the sides of its upi)er course being 11 and 18, 
and the number in the shorter side of its lowest course being 30. 

10. What is the number of shot reqiured to complete a rectanmilar 
pile having 15 and 6 shot in the longer and shorter side, respectively, of 
its upper coiu’sel 

11. The number of shot in a triangular pile is greater by 150 than 
half the number of shot in a square idle, the number of layers in each 
being the same ; find the number of shot in the lowest layer of the tri- 
angular pile. 

12*. Find the number of shot in an incomplete square pile of 16 
courses when the number of shot in the upper course is 1006 less than 
in the lowest course. 

13. Shew that the numl>er of shot in a square pile is one-fourth the 
number of shot in a triangular pile of double the number of courses, 

*'14. If the number of shot in a triangular pile is to the number of 
shot in a square pile of double the number of courses as 13 to 176; find 
the niunber of shot in each pile. 

15. The value of a triangular pile of 16 lb. shot is .£51'; if the 
value of irou be 10«. 6d. per cwt, find the number of shot in the 
lowest layer. 

16^ If from a complete square pile of n courses a triangular pile of 
the se^me number of courses be formed ; shew that the remaining shot 
will he jn^st sufficient to form another triangixlar pile, and find the 
number of shot in its side. 
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SCALES OF NOTATION. 


76. The ordinary numbers wi^i which we are acquainted ir 
Arithmetic are expressed by means of multiples of powers of 10 
for instance 

25 = 2 X 10 + 5; 

4705 = 4 X 10® + 7 X lOV 0 X 10 + 5. 

This method of representing numbers is called the common 
denary scale of notation, and ten is sfud to be the radix of thi 
scale. The symbols employed in this system of notation are the 
nine digits and zero. 

In like manner any number other than may be taken as 
the radix of a scale of notation ; thus if 7 is the radix, a number 
expressed by 2453 represents 2x7® + 4x7“ + 5x7 + 3; and in 
this scale no digit higher than 6 can occur. 

Again in a scale whose radix is denoted by r the above 
number 2453 stands for 2r® + 4r®+ 57* + 3. More generally, if in 
the scale whose radix is r we denote the digits, beginning with 
that in the units' place, by a,, then the number so 

formed will be represented by 

^ + . • . + a/® + a^r ^ * 

where the coefficients a^, ai'e integers, all less than r, of 

which ajfij one or more after* the first may l>e zero. 

Hence in this scale the digits are r in number, ttheir values 
ranging from 0 to r - 1. 

77. The names Binary, Ternary, Quaternary, Quinarv, Senary, 
Septenary, Octenary, Nonary, Denary, Undenaiy, and Duodenary 
are used to denote the scales corresponding to the values tm>^ 
three , . . .twelve of the radix. 
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In the undenary, duodenary, . . . scales we shall require symbols 
to represent the digits which are greater tha« nine. It is unusu^ 
to consider any scale higher than that with radix twelve ; when^ 
necessary we sliall employ the symbols e, T as digits to den/J ^ 
‘ ten \ ‘ eleven * and ‘ twelve ^ Jjl 

It is especially worthy of notice that in every scale 10 iafj 
symbol not for ‘ ten \ but for the radix itself. 1 1 j 

7 8. The ordinary operations of Arithmetic may be perfci | 2 

in any scale; but, bearing in mind that the successive powl I ^ 

the radix are no longer powers of ten, in determining the cJ n 
figures we must not divide by ten, but by the radix of thd^bcauT* 
in question. 

Example 1. lu the scale of eight subtract 371532 from 530225, and 
multiply the difference by 27. 

530225 13G473 

371532 27 

• 136473 1226235 

276166 


KxplaiuUmL After the first figure of the subli action, since wc cannot 
take 3 from 2 wo add 8 ; thus we liavo to take 3 from ten, which leaves 7 ; tlien 
6 from ten, which leaves 4; then 2 from eight which leaves 6; and so on. 

Again, in multiplying by 7, we have 

3x7=: twenty one=2 x 8 + 5 ; 
we therefore put down 5 and carry 2. 

‘ NoK-t 7 X 7 + 2=fifty ono=6 X 8 + 3; 

put down 3 and carry 6 ; and so on, until the multiplication is completed. 

In the addition, 

3 + 6= nino= 1 X 8 + 1 ; 

^we therefore put down 1 and carry 1. 

Similarly 2 + 6 + l = nine=l x 8+1; 

and 6 + l + l=eight=lx8 + 0; 

and BO oil. 


Example % Divide 15et20 by 0 in tlio scale of twelve, 
9)loet20 

* l/?«96...6. 

Explangtiom Since 15=lxr+6=; seventeen = 1x9 + 8, 
we put down 1 and carry 8. 

Also 8 >*r + £!= one hundred and seven=ex9 + 8; 
we therefore put down e and carry 8; and so on. 
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Example S. Find tlie square root of 442641 in the scale of seven. 

^ 44264i(54C 

34 

13411026 

I 602 

] 116 1244i 
1244 1 

EXAMPLES. VHa. 

Add together 23241, 4032, 300421 in the scale of five. 

Find the sum of the nonary numbers »303478, 150732, 2G4305. 

3. Subtract 1732765 from 3673124 in the scale of eight. 

4. From 3^c756 take 2c46i2 in the duodenary scale. 

5. Divide the difference between 1131315 and 235143 by 4 in the 
scale of six. 

C. Multiply 6431 by 35 in the scale of seven, 

7. Find the product of the nonary numbers 4685, 3483. • 

8. Divide 102432 by 36 in the scale of seven. 

9. In the ternary scale subtract 121012 from 11022201, and divide 
the result by 1201, 

10. Find the square root of 300114 in the quinary scale. 

11. Find the scpiare of ttit in the^scale of eleven. 

12. Find the G. C. M. of 2541 and 3102 in the scalp of seven. 

13. Divide 14332216 by 6541 in the septenary scale. 

14. Subtract 20404020 from 10v3050301 and find the square root of 
the 1 ‘osult in the octeiiary scale. 

15. Find the square root of eetOOl in the scale of twelve. 

16. The following numbers are in the scale of six, find by the ordi- 
nary rules, without transforming to the denary scale ; 

(1) the G. C. M. of 31141 and 3102 ; - * - 

(2) the L. C. M. of 23, 24, 30, 32, 40, 41, 43, 50. ' • 

79.* To express a given integral number in any proposed scale. 

Let JV be the given number, and r the radix of \he proposed 
scale. • 

Let be the required digits by which iF is to be^ 

expressed, beginning with that in the units' place; thdh 
N == ay* -h . . . + ay + 

We have now to find the values of a^, a^,..,a^. 
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Divide JVby r, then the remainder is and the quotient is 

+ ... +a^r + a^. 

If this quotient is divided by r, the remainder is a, ; 

if the next quotient a^ \ 

and so on, until there is no further quotient. 

Thus all the required digits a^,...a^ are determine^ 

successive divisions by the radix of the proposed scale. 

Example 1. Express the denary number 5213 in the scale of seveij 
7)^213 

7 )744 . 5 

7)W) 2 

7)15 1 

2 1 

Thus 5213 = 2 X 7^+ 1 X 75 + 1 X 7- + 2 X 7 + 5 ; 

and the number required is 21125. 

Example 2. Transform 21125 from scale seven to scale eleven. 

^ tf)21125 

cjmi. t 

'e)5i... .0 
3 t 

the required number is StOt. 

Explaivation. In the first line of work 

21=2x7+1 = fifteen = 1 x c 4 4 ; 
therefore on dividing by e we put dowui 1 and carry 4. 

Next 4x7 + 1 = twenty nine= 2 x c+ 7 ; 
therefore we put down 2 and carry 7 ; and so on. 

/ Example 3. Reduce 7215 from scale twelve to scale ten by working in 
/ scale ten, and verify the result by working in the scale twelve. 


In scale 
of ten 


r 7215 

07215 

12 

0874. 

86 

0«4. 

12 

010. 

1033™ 

1. 

12 


1 12401 



.1 

.0 i. 

..4 

.,2 


In scale 
of twelve 


Thus the result is 12401 in each case. 

Explanation. 7215 in scale twelve means 7 x 12» + 2 x 12^+ 3 x 12 + 5 in 
Boale ten. ^The osculation is most readily effected by writing this expression 
in the fonn [ {(7 x 12 + 2) ) x 12 +1] x 12 + 6 ; thus we multiply 7 by 3 2, and 
add 2 to the product; then we multiply 86 by 12 and add 1 to the product; 
then 1033 by 12 and add 5 to the product. 
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80. Hitherto we have only discussed whole numl)ersj but 
fractions may also be expressed in any scale of notation ; thus 

2 5 

•25 in scale ten denotes jg + • 

2 5 

•25 in scale six denotes ^ 

o 6 

2 5 

•25 in scale r denotes - + - 5 . 

"^fractions thus expressed in a form analogous to that of^ 
_ Jary decimal fractions are called radix-fractions, and the point 
is called the radix-point. The general type of sucli fractions in 
scale r is 

^ ^ ) 

r r T 

where 6 j, b .^ . . . are integers, all less than ?•, of which any one 

or more may t:)e zero, 

81. To express a given radix /ractiwi in any proposed scale. 

Lot F be the given fraction, and r the radix of the proposed 
scale. 

Let 5,,,... be the required digits •beginning from the 

left; then 

r r r 


Wo have now to find the values of ... 

Multiply both sides of the equation by r ; then 


rF=k+-’ + ^-i + 
1 ^ 


Hence is equal to the integral part of rF‘, and, if we denote 
the fractional part by F ^ , we have 


I j. 


Multiply again by r; then, as before, is the integral part 
of rF ^ ; and similarly by successive multiplications by s', oach of 
the digits may be found, and the fraction expressed in the pro- 
posed scale. 
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IT 


If in the successive multiplications by r any one of the 
products is an integer the process terminates at this stage, and 
the given fraction can be expressed by a iiiiite number of digits. 
But if none of the products is an integer the process will n< 
terminate, and in this case the digits recur, forming a raj 
fraction analogous to a recurring decimal. 

13 

Example 1. Express as a radix fraction in scale six. 

13 . 13x3 , 7 

7 - IxS, _ 1 

^X0= + 

^xC=-- = l + ^; 

|x6=.3. 


4 5 

the required fraction ~ g + (*2 
= •4513. 


63 ■‘“C^ 


Example 2. Transform 10064*24 from scale eight to scale five. 
We must treat tlie integral and the fractional parts separately, 


5)10064 

•24 

6)2044... 0 

5 

S)1l0^...4 

1-44 

6)71.. .3 

5 

5)13... 2 

2*64 

2,..l 

6 


■ 4-04 


0-24 


After this the digits in the fractional part recur; hence the required 
number is 212340*1246, 

♦ * 

p 82. In any scale of notation of which the radix is r, the mm 
of the digits of any whole number divided r - 1 vM Imoe the 
same remainder as the whole number divided r — 1 . 

Let N ^note the number, a^^ the digits begin- 

ning with that m the units’ place, and S the sum of the disrits- 
then ® ' 

: + + + + 

/S'=a,4-a;+ag4. + 

.■.ir-»S=xa,(»--l) + a,(r*-l)+ + 
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Now every term on the right hand side is divisible by r - 1 ; 
= an integer; 

N .S 

r ~ 1 r — 1 ’ 

[e I is some integer ; which proves the proposition. 

ence a nuTnl)er in scale r will be divisible by r — 1 when the 
“ its digits is divisible by t* - 1. 

By taking r — 10 we learn from tlie above proposition 
that a number divided by 9 will leave the same remainder as the 
sum of its digits divided by 9. The rule known as casting out 
the nines ” for testing the accumcy of multiplication is founded 
on this property. 



The rule may be thus explained : 

Let two numbers be. represented by da-^-.h and 9c and^ 
their product by F] then 

= +9bc'h9ad -\-bd.. 


Hence ^ has the same remainder as and therefore the 

mm of the digits of P, when divided by 9, gives the same 
remainder as the sum of the digits of bd, when divided by 9. If 
on trial this should not be the case, the multiplication must have 
been incorrectly performed. In practice b and d are readily 
found from the sums of the digits of the two numbers to be 
multiplied together. 

Example, Can the product of 31256 and 8427 be 26S395312 ? 

The Bums of the digits of the multiplicand, multiplier, and product are 17y 
21, and 84 respectively; again, the sums of the digits of these three numbers 
are 8, 3, and 7, whence 6d=8x8=24, which has 6 for the sum of the 
digits; thus we have two different remainders, 6 and 7, and the multiplication 
is incorrect. , 


84. If N denote any number in th>e scale *of r, a/nd JI denote 
the difference^ supposed positive, between the sums of the digits in the 
odd and the even places; then N*— D or N^l-D is a multiple of 
r + 1. 
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Let a^, cbi, cbg, o>n denote the digits lieginning with that 

in the units' place; then 

+ a^T + ay + ay + + + «/“• 

+ + =a, (r+ 1) + (r®- 1) + o&a (r® + 

and the last terra on the right will be a^(7'' + l) or 
according ai n is odd or oven. Thus every terra on the 
divisible by r + 1 ; hoiicc 

+ ) • 4 . 

— \_o 1 — 6 ' ~ an integer. 

Now ^ /A, - a^+a^-a.^+ ==*=/>; 

. •. - IS an integer : 

r + 1 ^ ' 

which proves tlie proposition. 

CoR. If the sum of the digits in the even places is equal to 
^he sum of the digits in the odd places, D - 0, and N is divisible 
by r + 1. 

Example 1. Provo that 4 '41 is a square number in any scale of notation 
whose radix^B greater than 4. 

Let r he the radix ; then 

4^41=4+l + ^=(a+;y; 

thus the given number is the square of 2*1. 

EScample 2. In what scale is the denary number 2*4375 represented by 

ais? 

Lot r be the scale ; tlicn^ 

2 + i + J=2-4875=2l; 

whence 7r® - 16r - 48 = 0 ; 

that is, (7r + 12) (?• - 4) = 0. 

Hence the radix is 4. « 

Sometimes it is best to use tJi© following method. 

Example 3. In ^hat scale will the nonary number 25607 bS expressed 
by 101216? 

The required scale must be less than 9, since the new number appears 
the greater ; also it must be greater than 6 ; therafore the reqnir^ scale 
must Iw 6^ 7, or 8 ; and hy trial wo find that it is 7. 
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’ Mxmple 4. By irorlditg in dnodenary aoale, find (he height of a 
septangular solid whose volume is S64 eub. ft. 1048 cub. in., and the area of 
whose base is 46 sq* ft. 8 sq. in. 

^ The volume is d64m4 cub. ft., which expressed in the scale of twelve is 
-064*784 cub. ft. 

jj , The area is, 46^1* sq. ft., which expressed in the scale of twelve is 8t'08. 
We SS^ve therefore to divide 264*734 by 3t*08 in the scale of twelve. 

"'•i . 3«08)26473*4{7*s 

22^48 
36274 ' 

i 36274 

the height is 7ft. llio. 


EXAMPLES; VII. b. 

1. Express 4954 in tho scale 'Vi seven* 

2. Express 024 in the scale of live. 

3. Express 206 iii the binary scale. 

4 . Express 1458 in the sciile of three. 

6. PjXprcss 5381 in powers of nine. 

6, Transform 212231 from scale four to scale live. 

7. Express the duodenary number 398<? in }X)wors of JO. 

8, Transform 6n2 from scale twelve to scal^ eleven. 

9. Transfonh 213014 from the senary to the nonary scale. 

10. Transform 23861 from scale nine to scale eight: 

11. Transform 400803 from tho nonary to the quinary scale. 

12. Express the 8e][)tenary number 20665152 in powers of 12.» 

13. Transform ttteee from scale twelve to the common scale. 

14. Express ^ a radix fraction in tfle septenary scale, 

15 . Transform 17T5625 from scale ten to scale twelve. 

16. Transform 200*21 1 from tho ternary to the nonary ^le. 

17. Transform 71*03 from tho duodenary to tho octenary scale. 

1552 

18. Express the septenary fraction as a denary vulgar fraction 

in its lowest terms. • 

19. Find the value of *4 and of *4^ in the scale of sever 
9Ql In what scale is 182 denoted % 222 T 

‘ ' 9.5 *■ 

.21, In what spale k denoted by *0302? 

12o 

li. H. A. 
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22 . Find the radix of the scale in which 554 represents the square 
of 24, 

23 , In what scale is 511197 denoted by 1746335 1 

24 Find the radix of the scale in which the numbers denoted by 
479, 698, 907 are in arithmetical progression. 

25 . In what scale are the radix-fractions *1 6, ‘20, *28 in geometric 
progression? 

26 . The number 212542 is in the scale of six; in what Scale will it 
be denoted by 17486? 

27 . Shew that 148*84 is a perfect square in every scale in which the 
radix is greater than eight. 

28 . Shew that 12.34321 is a perfect square in any scale whose radix 
is greater than 4 ; and that the square root is always expressed by the 
same four digits. 

29 . Prove that 1*331 is a i>erfect cul>e in any scale whose radix is 
greater than three. 

30 . Find which of the weights 1, 2, 4, 8, 16,... lbs. must l)e used to 
weigh one ton. 

31 . Find which of the weights 1, .3, 9, 27, 81,... lbs. must be used 
to weigh ten thousand lbs., not more tlian one of each kind being used 
but in either scale that is necessary. 

32 . Shew that 1367631 is a perfect cube in every scale in which the 
radix is greater than seven. 

33 . Prove that in the ordinary scale a numl>er will he divisible by 
8 if the number foni^d by its last three digits is divisible by eight. 

34 . Prove that the square of rrrr in the scale of s is rrr^OOOl, where 
r, 8 are any three consecutive integers. 

35 . If any number ^ be taken in the scale r, and a new number JV' 
be fonned by altering the order of its digits in any way, shew that the 
difference b^ween N and is divisible by r - 1, 

36 . If a number has an even number of digits, shew that it is 
divisible by r 4-1 if the digits equidistant from each end are the same. 

37 . If in tho ordinary scale be the sum of the digits of a number 
^ and ZSn be the sum of the digits of the number 3/^, prove that the 
* cfifference between and ^2 nwltiplo of 3. 

38 . Show that in the ordinary scale any nurnbey formed by 
writ] tig down three digits and then repeating them in the same order 
is a multiple of 7, 11, and 13. 

39 . In « scale who^ radix is odd, shew that the sum of the 
digits of any number will be odd if the number be odd, and even if 
%he number be even * 

40 . I£ n be odd, aitd a number in the denary scale be formed 
by writing down n digits and then rei>eating them in the same order, 
shew that it isvill be divisible by the number fonned by the n digits^ 
and also by 9090... 9091 containing ft- 1 digits. 
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SURDS AND IMAGINARY QUANTITIKS. 


8f). Jii the Ekmentary Algebra^ Art. 272, it is proved that 

tlie denominator of any , expression of tlie form - can be 

rationalised by inultijdying the numerator and the denominator 
l>y •Jcy conjugate to the denominator. 

a * 

Similarly, in the case of a fraction of the form ^ , 

^ . Jh+ Jc+ Jd 

V fiere the denominator involves three quadratic surds, we may by 

two operations render that denominator rational. 

\ 

For, first multiply both numerator and denominator by 
Jh »- Jc - Jd] the denominator' becomes {Jb + Jcf — (V^)" or 
b + c-d ^2 Jhc. Then multiply both numerator and denominator 
by (6 + 0 * - - 2 Jbc; the denominator becomes (6 + c - d)* — 46c, 

which is a rational quantity. , 


Example, Simplify 


VI 

+ (^5 — 2/^2 


The expression 


12 (II + 2<y/2) 

_12(3 + ^5 + 2y'2) 

6+6^6 

^2J3 + n/^+V2)(n/5-1) 
(^5+T)(^6-T) • 

2+2V6 + 2^/10~2*y2 

a ^ .. 

5—2 
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86. To find the factor which will rationcdise <my given hmo- 
mial surd. 

Cask I. Suppose tlie given surd is 

Let ]!Ja~ Xy !jh~yy and let n be the L.C.M. of p and g \ then 
X* and y* are both rational. 

Kow £c" ~ 2/** divisible by x- y for all values of n, and 

it*” - 3^” = (aJ - 2/) V + + 

Tiius the rationalising factor is 

+ it"“y + + y'*' ' : 

and the rational product is a;" - y”. 

Case TI. Suppose the given surd is IJa + 2jb. 

Let aj, y, n have the same Tueanings as before; tluiii 

(1) If n is even, a;** - y" is divisible by a; 4- y, and 

* - y” (« + y) - a;""®y + ^ 

Tlius the rationalising factor is 

- ic^-^y + 4- xtf " - y'‘' ‘ ; 

and the rational product is f/;" — y”. 

(2) If 71 is odd, 4- y" is divisible by x f y, and 

if = + y) -ac""®// + ~ a;y”~® + y** " ‘). 

Tims the rationalising factor is 

— a;’'"*y 4 - - xy'*' 4- y"" ' ; 

and the rational product is cc" 4- y". 

* ^Example 1. Find the factor which will rationalise ^/ii + ^5. 

1 1 

Tjet ar = y — 5» ; then and are both rational, and 

^^yn~ (a; (x® - a!*y 4* 4- xy* - y®) ; 

thus, BubRtitnting for x and y, the required factor ie 

g*4J S2S3 14 9 

5 ^^- 32 . 53 ^ 32 , 53 ^ 32 , 53 + 33 . 53_58^ 

• B 3, 3 3 1 4 « 

or 3®-9,62482’.5«-13 + 39.5»-5a; 

, « « 

and the rational product is ^-.5®=?82-6®i=:2. 



SUBDS ANB IMAaiNARY QUANTITIES. 


Example 2. Express 
as an equivalent fraction with a rational denominator. 

11 1 

^ To rationalise the denominator, which is equal to put 6“=a?, 

3^ = jy ; then since x* - (x - y) (x^ + x^y + xy^ + y^) 

8 s 1 ] a s 

the required factor is 5^ + 5^ . 3^ + 6^ . 3^ + 3^ ; 


0 + 9^) -ri^-S 


“artd“^e rational denominator is 5 ®- 3 ^r= 52 . 3 = 22 , 

/I ^.\ / ? ? * 18 ‘n 

_ If -1-3V + + 34 + 3V 


the expression 


22 


4 a 1 a a 1 8 4 

58-1-2 . 58 . 3^ + 2. 58 . 34 -f 2. 58 . 3^4 3^ 
22 


8 1 11 ;i 

14 + 58 . 3 ^+ 5 . 38 + 58 . 3 ^ 
11 ' " 


87. We have shewn in the Elmmntary Algehray Art. 277, 
how to find the square root of a binomial quadratic surd. We 
jjiriay sometimes extract the square root of an expression contain- 
more than two quadratic surds, such as ® + *y6 + + Jth 

Assume Ja + ^6 + + ^^^ Jx + Jy + ; 


a + ^^ + + ^Id a: + 2 )^ + s + 2 Jxy + 2 Jxz + 2 

If then 2 Jxy ^ J 5, 2 Jxz - Jc, 2 Jyz Jd, 


and if, at the same time, the viilues of a;, y, z thus found satisfy 
05 + y + s; r- a, we shall have obtained tlie required root. 


Example. Find the square root of 21 - 4^/5 + 8/^3 - 4^/15. . 

Assume ~ ^/a7 + ; 

21-4y^5 + 8^3-4/y/15=a5 + y+;!! + 2^a;y 

I*ut 2jxy=^B^% 2jxzs=i^s/^5, 2jyz^^h'^ 

by multiplioa^on, xyz = 240 ; that is J xyz = 4*yi5 ; ^ 

whence it foUows that ^Jxf^ ^fsl\ tJV = *♦ is/« «= -s/S* 

And these values satisfy the equation «?+y+a?-21, 4he r^uired 

root is V3 + 2 -v'^»* 
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88. == X + Jy, then will - J\> =-- x - ^y. 

For, by cubing, we obtain 

a+ Jb=x* + Jy + ^r.y + y Jy. 

’Equating rational and irrational part??, we have 
a^x^ + 2^xy, Jy + y Jy 

a- Jy^^xy-y Jyy 
thatisi jb = x- Jy. 

Himilarly, by the help of the Binoinial Theoi’ein, (Hiap. XTIT., 
it in ay he proved that if 

Z/a + Jb = x + Jy, then !^a- x - Jy, 
where n is any positive integer. 

89. By the following method the cube root of an expression 
the form Jb may sometimes be found. 

Suppose ,, + \/b = x-i Jy; 

then l/a — Jb^x^ ^y, 

l]a^ ~ y (I). 

Again, as in the last article, 

a -* .t’* + ?»xy (2). 

Tlie values of x and y have to l)e determined from (1) and (2), 

In (1) suppose that ^/a* - c ; then by substituting for y in 

(2) we obtain 

* • * a = fic® + 3a5 (ic* — c) ; 

that is, 40:** — 3ca; = <i. 

If from this equation the value of x can be determined by 
trial, the vaJue of y is obtained from - c. 

We do not here assume + for the cube root, as in the 
extraction of the square root; for with this assumption, on cuWng we should 
have ^ 

a+^b^ xjx + ^x^y + ^^x + y^y^ 

and since fvery term on the right liand side is irrational we cannot equate 
rational and irrational parts. 
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Mxample, Find the cube root of 72 - 82^5. ' 

Assume *^72- 82<^5 =j;— A s/y ; 

'then 4- 32i^6 = + ^y. 

By multiplication, - y \ 

E^ihat is, 4 = ar*-* - y (1) * 

i Again 7 2 - 32^,^ 5 = jr** - 3a:*^y 4 ^xy - y^^y ; 

whence 72 = jr^ -t- 3;ry (2). 

~F^m (1) and (2), 72=a’*-h3.r(ar*-4); * * 

that is, ar* - 3x = 18. 

By trials we find that x~S; hence y=5, and the cube root is 3 - fJ5. 


90. When the binomial whose cube root we are seeking 
consists of two quadratic surds, we proceed as follows. 

Example. Find the cube root of 9/^/3 + 11^2. 

j'lSSTiivs.^y Vj(8 + yy'|) 

By proceeding as in the last article^ we find that* 
the required cube root — «/3 ^1 t- • 

91. We add a few harder examples in surds. 

4 

Example 1. Express with rational denominator ’ . 

- Py/O + 1 
A 

The expression 


3 1 

3»-3» + l 
1 


4(3»+l) 

(a^ + iHsS-ss+i) 
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Example 2. Find the square root of 


S 




The expression-—^ {3* -8 + 2 ,y/(2a;+]) (x-4)} 

= I { (2x + 1) + (X - 4) + 2 7(2.7+!) F^4') } ; 
hence, by inspection, the square root is 

^(72^r+'i+77^4). 

, Ktample 3. Given ^5=2*23007, find llie value of 

73-^5 

x/2 + 77-375‘ 

Multiplying numerator and denominator by 
^ “ 2(1^5 


the expression 


2 + 7i4-V3 

- 

'■ 2 + 3-75 

- = = -44721. 

Jo 5 


EZAMFLES. VllLa. 


Express! as equivalent fractions with rational denominator : 

1 _ 2 - 

H-72-7:r ^ 72+73 - 76' 


7®+7^+\^ flt+/> 
s 7io+76j;:73 
’ 73'+7id-76' 


4 — . _ 2 7 tt + 1 

7 ®— 1 - 72(j+7®-pi 

g (73+ 7 5) (76 +72) 
72+73+76 • 


Find a, factor whuh will rationaliso ; 
7. 73 - 72 . 8, 75 + 72 . 

10, 7^-J. . IL 2+77. 


9. J+A 

12. 76r^73. 
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Express with rotioital denominator : 


13 

i/3 + l' 

4'9-4'8 
*• +y9+i/8' 

„ vs . 4/3 
V3 + V2 

16 

v/3 + 5/9- 

- ^8 + 4^4 

18 

3-4^9 * 


Find the square root of 

19. 16-2^20-2^/28 + 2^35. 20. 24+ 4^/15-4^21-2^36. 

2ft e+v/12-V24-V8. 22. 5-^/l0-v/16+x/6. 

23. a+3fe+4+4Aya-4 V36-2\/3a/>. ^ 

24. 21 + 3 V8 - 6 v/.3 - 6 V7 - V24 - v/5C + 2 V21. 

Find the cube I'oot of 

25. 10+6v/3. 26. 38 + 17 V5. 27. 99-70.^2. 

28. 38^14-100^2. 29. 64s/3 + 41 v/.5. 30. 136^/3-87^/0. 

Find the .square root of 

31. a+.r+V2aJ+jr*; 32. 2<i - VS®* - 2a/> - 6*. 

I .1 

33. d‘+{l+a^-\-a,*Y. 34. l + (l-a*)*. 

35. If « = n \.J > * = /+ > ***** of 7a® + 1 !«/' - 76®. 

36. If 


Find the value of 


37. 


V26-16V3 

6V2-V.38+6^3' 


38. 


/'e+2V3 
V 3 . 3 - 19^3 ■ 


11 » ,3 

89. (28-10 V3)®-(7 + 4V3)'®. 40. (26 + 16 ^3)®- (26+ 16 ^/.3) j*., 

41. Given J5= 2-23607, find the value of 

10^/2 yiO +yiS 

• V18 - V3T^5 V8 + ' 

42. Divide ai»+l+a«r 4^2 by .17-1+5/2. 

43. Find the cube root of 9a6® + (6® + 24a®) -3‘*' 

44. Evaluate . , when }- , 

a7-V.«®-l • 
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Imaginary Quantities, 

92. Although from tho rule of signs it is evident that a 
negative quantity cannot liave a real square root, yet imaginary 
quantities represented by symbols of tlie form J-- a, 1 are of 
frequent occurrence in mathematical investigations, and their 
use leads to valuable results. We therefore proceed to explain 
in what sense such roots are to be regarded. 

When the quantity under the radical sign is negative, we can no 
longer consider the symbol J as indicating a possit>le arithmetical 
oj)eration ; but just as Ja may be defined as a symlwl whicli obeys 
the relation a, so wo sliall define J- a to be sucli that 

J- a X J- a ~ - a, and we sliall accept the meaning to which this 
assumption leads us. 

It will bo found that this definition will enable us to bring 
imaginary quantities under tlie dominion of ordinary algebraical 
*rules, and that through their use results may be obtain^ which 
can be relied on with as much certainty as others which depend 
solely on the use of i*eal quantities. 

93. By dofinition, J- 1 x J ~ l - - 1. 

. x/- I X >/“l ^'(-1); 

that is, (n/^^ • 

Thus the product Ja . J—\ may Ikj regarded as equivalent to 
the imaginary quantity a. 

94. It will generally be found convenient to indicate the 
* imaginary character of an expression by the presence of the 

symbol ; thus 

. J- '7a‘ J7a‘ x ( - 1) = « ^7 7- 1. 

95. We shall always consider that, in tlie absence of any 
statement to the contrary, of the signs which may be prefixed 
bef^^ a radical the positive sign is to be taken. But in the use 
of imag^ary quantities there is one point of importance which 
dei^rves notice. 
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Since (- a) x (~ 6) - ab, 

hy taking tlie square root, we have 

J— ay^ Jab, 

Thus in forming the product of J- a and J- h it would appear 
that either of the signs + or — might be placed before Jab. 
This is not the case, for 


J-a yJ~-h^Ja.J~\y*Jb. J- 1 
= - Jab. 


t6. It is usual to apply the term * imaginary ’ to all expres- 
^ sions which are not wholly real. Thus a + hJ-~\ may be taken 
^ as the general type of all imaginary expressions. i/<?re a and b 
i ar<i real quantities^ hut not necessarily ratiomil. 

^ 97. In dealing with imaginary quantities we apply the laws® 

|f)f combination which have been proved in the case of other surd 
ppiantities, 

Example 1 . a-\-h J 1 1 - (a + J --1) h Ifc d)J-\. 

Kxample 2. The product of a^h J - 1 and e-\ d J - I 
= (« + ?> V^)(r4-d J~l) 
uc - - hd 4 (ftc + ad) »J 1 . 


98. If a 4 b — 1 0, tliym a = 0, and b = 0, , 

For, if a 4 6 J— 1 -- 0, 

then 1 --a; 

a^-^b^^ O. 

Now a® and b^ are both positive, therefore their sum cannot 
1)6 zero un|to^:each of them is separately zero; that is, a=^0, 
and 5 = 0.,, 

99. 1/ a 1 --a c 4 d J'- 1, titen a - - c, and b - d 

For, by transposition, a — c + (b -d) J^^ = 0 ; * 

tlierefore, by the last article, a — c^~ 0, and b — d^O; 
that is a c, and 6 = c/. 



76 


HIOHER ALGEBRA. 


Tims in order that two irojaginary expressions vna^ he equal it 
is necessary and sufficient that the real parts should he equals and 
the imaginary 2 mris sJmdd he equal, 

100. Definition, When two ininginary exprt^ssions differ 
only in the sign of the imaginary part they are said to Iw | 

conjugate. ^ 

Thus - \ is conjugate a + b J 

Similarly ^2 + 3 J- 1 is conjugate to 

101. llte sum and the product of tiro conjugate iinugmary 
expressions are both real. 

,, For a -^h J - \ a - h J — i 2a. 

Again + • )(«-* 7-1) 

\ 

102. Definition, The positive value of tlie square root of i 
+ b^ is called the modulus of cacli of tlie conjugate expressions 

a hbj and a — bj- 1 . 

103. The modulus of the 2 >roduct of two imaginary expres- 
sio 7 is is equal to ths product of theh. inoduli. 

Let the two expressions Ix^ denoted by a \ h J ^ \ and c + 1. 

Then their product ~ ae^hd + {ad + be) ^/- 1, whicli is an 
imaginary expression whose modulus 

- J{ae - bdy + {ad + bcf 

J{a^ W ¥) {d^) 

Ja^ + b ’ X Jc'‘ + iT ; 

which proves the^proposition. 

104i If the denominator of a fraction is of the form a + i , 
it may be rationalised by multiplying the numerator and the 

denominator by the conjugate expression a — L 
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For initance 

0-{-dsJ^ 1 _ (c 4- dj- 1 ) { a - h 1) 
rt f h yiT ^ {a + h 7-1) («~6 7^) 
aC’^hd+{ad — hG)J^\ 

ac-vhd ad -he ; 

" rt' + 6* ■*■ a' + i* 

Tlius ■i&j'' reference to Art. 97, we sec tliat tJie guin, difference^ 
product^ and quoiirnt of two hn/ujinary exqiressions is in each case 
an imaginary expressio7i of the same form, 

lOf). To find the sq'nare root of a + b J — 1. 

Assume ej a ■¥ h s! - \ ^ x y f 

where x and y are real quantities. 

By squaring, a-rhj-] . x’ ~y^ 'Ixy J \ 


t}»e» efore, by equating real and imaginary parts, 

( 1 ), 

2a52/ = ^i A (2); 

r,{x-^yy^-{d-ff^{:ixyy . 

x^^-f=^J¥Tb^ (a). 


From (1) and (3), wc obtain 
. ... Ja* + b‘ + a 

X — -"2 » y "■ 2 ^ 

Ja'+ 6'+ a 

2 

TJms tlie reejuired root is obtained. 

Since x and y are real quantities, x^-ty^ia positive, and therefore in (3) 
the positive sign must be prefixed before the quantity 7®*+*?* * 

Aliio from (3) we see that the product xy must have the same sign as h ; 
hence x and must have like signs if 6 is positive, and unlike sighs if 6 is 
nqgative. 



(t ya* + h^--aH 



78 


HIGHKR Al^OEBRA. 


Example 1. Find the square rout of -,7 - 24 ,y - 1. 

Assume J -1 J J ~X\ 

then 7~ 

x^~y^=-7 

and 2xy- -24. 

(. f 2 + ?/ 2 )a = ( a ; 2-,/)2 + ( 2 jr //)2 

=49 + 576 
= 626; 

.r'^ + //^=25 

From (1) and (2), .^“*=9 and y^=16; 

.-. 0 := + 9 , 2 /= ± 4 . 

Since the iiroduct xy is negative, we must take 

x* = H, y— -4; orj;---B, y-L 

Thus the roots aie 3 - 4 1 and ~ 4 s / - l"; 

that is, 7-7 - 24VTr= J (3 ij - 1). 


Example 2. To find the value of IJ - 

a - 64rt‘* J + 8a^ J 1 

- 'la J2 J ^ j -1. 

It remains to find tlie value of J x. J ~ 

J ^ i yj -1-, 

. ;r* - = 0 and 2xy = 1 ; 

1 


Assume 

then 

» 

whence 


Similarly 

i 


11 11 

.•. 7 + 7 ^=*^(i+ 7 ~i)- 
‘ 7:731= ±+( 1 - 7 - 1 ) 
.•. 7 * 7 ^=±+(i± 7 -i)! 

7 -<> 4 <*‘=± 8 o(li 7 -T). 


and finally 
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106- The symbol ^ 1 is often represented by the letter i; but 

until the student has had a little practice in the use of imaginary 
quantities be will find it easier to retain the symbol — 1. It is 
useful to notice the successive powers of ^ — 1 or i ; thus 

i=i; 

. ^ (7-Tr = ~7-l, 

and since ^jttch power is obtained by multiplying the one before it 
or {, we see that the results must now recur. 

107. We shall now investigate the properties of certain imagi- 
nary (piantities which are of very frequent occurrence. 

Suppose X - ^1 ; then -1, or a;® - 1 = 0 ; 
that is, (x -■ 1) (.'w* + a? + 1 ) ‘ 0. • 

. either x - 1 --- 0, or a;® -t- a; + 1 0 ; 

whence cr;-J,oi- x~ - .y - • 

Jt may be shewn by actual involution tliat each of these 
values when cubed is equal to unity. Thus unity }ias three cul»e 
roots, 

-1 + 7-3 :i1j:i7_-J. 

2 ’ 2 ^ 

two of wliich are imaginary expressions. 

Let us denote these by a and p ; then since tliey are the roots 
of the equation » 

a;® a; + 1 0, 

their product is equal to unity ; 
that is, oLjS -- 1 ; 

that is, p a®, since a'^ i . 

Similarly we may shew that a = jS*. • 

108. Since mch of the imn^inary rooU in the equwre of 
o«/*er, it is Usual to denote the three cube roots of unity b/ 1, u», 
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Also cu satisfies the equation .r* -H £C + 1 == 0 ; 

l+wH-oTi^O; 

that is, the mm of ike three cube roots cf muty is %ero. 

Again, w . w® = w'* 1 ; 

therefore (1) the product of the tvH) imayiyiary roots is unity ; 
(2) every hUegral power of cd® is unity. 


109. It is useful to notice that the successive positive 
integral powers of w are 1, tu, and cd*; for, if n be a multiple of 3, 
it must be of the form 3m ; and cd" cd®™ 1 . 

If n be not a multiple of 3, it must be of the fonn 3 wa 4 1 or 
3 m + 2. 


If 

If 


n 3m + 1, 
n ~ 3m + 2, 


110. We now see that every quantity has three cube roots, 
• two of which are imaginary. For the cube roots of a® are tho.so 
of a® X 1, and therefore are a, cud, ocd*. Similarly the cube rcx>ts 
of 9 are co 4/9, (d* 4 /^, where is the cube root found by the 
ordinary arithmetical rula In future, unless otherwise stated, 
the symbol will always be taken to denote the arithmetical 
cube root of a. ^ 


Example 1. Reduce to the form A +BiJ - 1. 

24 V-I 


!Ehe expression - 4 -9412 3 

2 + V~l 

(2+ ^/-l)(2-V-l) 

4+X" 

-2 + 29 /TT. 

which is of \he required form. 

Example 2. Hesolve x®+y® into tki'ee factors of the first degree* 

+y^=^{x + y) {x^wy} (x + u^y); 
fox * w-f -1, arid 
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Example 3. Shew that 

(rt + w& + w*c) (a4-«^6 + wc)=a^H-ft® + c®-6c-ca“a6. 

In the product of a + w6 + w^c and a + w»6 + «c, 

the ooefficientB of and c® are w®, or 1 ; 
the coefficient of he =«®+ »= — 1 ; 

the coefficients of cai and «&= w ®+ - 1 ; 

(a + tab + w®c) [a + ta^b + <ac) = a® + h^ + c® - 7>c - ca - ai), 

Eifjample 4. Shew that 

(1 w - 0)2)3 ^ (1 _ c., + a)®)»=:0. 

Since 1 + w -f o)® = 0, we have 

(1 + 0) - o)®)3 - (1 - 0) + 0)2)8^ ( - 2o)2)a - ( - 2o))3 
= - So )* + 8 o )3 
= -8 + 8 
=0. 

EXAMPLES . Vm . b ., 

1. Multijdy 2\/“3 + 3\/-“2 by 4V-3“-6y-2. 

2. Multiply 3 V ~ 7 - 5 by 3 V 5 ^ 

3. Multiply by . 

A TiTli'l 1+^ — 3, 1 — ^ — 3 » 

4. Multiply .r by .17- . 

Express with rational donoiuiuator; 

g 1 . g 3 V^2 + 2\/'^ 5 

3-V“^’ * , 3^" 2-2\^-'5 ‘ ^ 

7 tlsz) g a+o; y - 1 _ 

2-5V*^ 2 + 5V“l * a-.!r/\/-l a+.i-*y-l 

9 _ ( x- jjj ii V r ^ y »~ ~ ~ 

a !- V-l *+ V-i ' ' (a + V - l )»-( a - V - iy ‘ 

♦ 

11. Find the value of (- when ?t is a jxisitive integer. 

12. Find the' square of ^94- 40 V^^+n/0-4DV-L 


IT.H A 
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Find the square root of 

13. _6+l2V~l. 14. -11-eoV-J^ 

18. -8V”1- 17. a»-l + 2aV-'l. 

13. 4a6-2(o*-6“)V-l- 

E*ih«S 8 in the form A + iB 

3+5i on . 

2_'3i ■ ' 

(L+*? 

"S-t 


15. -47+8*/“^ 


19. 


22 . 


(a + ibf _ ( a-»fe)^ 
^ "a- tS "a + ib 


21. 


1 +* 
V-l' 


If 1, B, B* are the three cuV)e roots of unity, prove 

24. ’ (I+b»)^=b. 25. (1-B+B*) (1+B -b'0=4. 

26. 0-b)(1-b'')(1-»>^)0-“*)=^- 

27. (2+6b + 2b“)®=(2 + 2»+^®T=729. 

• 28. (1-b+b*)(1-b* + b‘)(1-®''+®*)-“^^’‘^®"*^”“^’”’ 

29. Prove that 

+ _ 3xyz=--{x!+i/+2) (ji+yB + iB®) (.t+.lX + ZB). 

3Q_ If x^a+h, y=<iB -t-W, ^=c(B“ + ^“» 

ehew that 

( 1 ) + 

(2) .'<;2.^yi4.ea=6a6. 

* (3) a;’+y+r*=3(a’+^)- 

>• 31 If a»+cy+fo=X,(W+&y+«?=r, 6a!+a;y + <»==‘^. 



CHAPTER, IX. 

THE THEOllY OF QUADRA-TIC EQUATIONS. 


jLil. After suitable reduction every quadratic equation may 
Ixj written in the form 

aixf ■\-hx + c~0 ( 1 ), 

and the solution of the equation is 

( 2 ). 

2a 

We shall now prove some important propositions connected* 
with the roots and coefficients of all equations of which (1) is 
tho type. 

112. A quadratic equation cannot have more tha/n two roots. 

For, if possible, let the equation ax^ + 6a5 4- c = 0 have three 
different roots a, /?, y. Then siiice each of these values must 


satisfy the equation, we liave 

aa*-f 6a + c = 0 (1), 

4* 6/3 + c = 0 (5), 

ay* + 6y + c=0 (3). 

' From (1) and (2), by subtraction, 


a(a*-^®)4 6(a-j8) = 0i • 

divide out by a — which, by hypothesis, is not zero \ then 
a (a 4 + 6 0. 

Similarly from (2) and (3) ’ 

a(/8+y) + 6«0; • 

by subtraction a (a - y) = 0 ; • 

which is impossible, since, 1^ hypotimsis, a is not ssero, and u : 
not equal to y. Hence there cannot be three different r«s>ts. 
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113. In Art. Ill let the two roots in (2) be denoted by a and 
/3, BO that 

2a ' 2a ' ' 


then we have tlie following results : 

(1) If Z>*-4ac (the quantity under t]jo radical) is positive, 
a and p are real and unequal. 

(2) If — 4ac is zero, a and Q are real and equal, eaoh 

^ ' b 

reducing in this case to ~ . 

(3) If 6“ - 4ac is negative, a and p are imaginary and unequal. 

(4) If 6® - 4ac is a perfect square, a and /? are rational and 
unequal. 

By applying these tests the nature of the roots of any 
quadratic may be determined without solving the equation. 

Example 1. Shew that the equation 2x2~6x+7 = 0 cannot he satisfied 
r by any real values of x. 

Here a=2, -6, so that 

— 4(ic = ( ” fip — 4.2.7“ — 20, 

Therefore the roots are imaginary. 


Example 2. If the equation a;® -f 2 (A; + 2) ar + 9/. - 0 has equal roots, find 7c. 
The condition for equal roots gives 

(fc + 2)>=SAr, 
lc^-51c i-4=0, 

(fe-4)(fc--l)=:0; 

, *=4, or 1. 

Example 8. Shew that the roots of the equation 
a;® - 2px +p® + 2qr - r* =3:0 

are rational. 

The roots will be rational povided < - 2jp)® - 4 (jp® -- 4 - 2g'r - 7*®) is a 
perfect square. But this expression reduces to 4(q®-2^r+r®), or 4(q^r)*. 
Hence the roots are rational. 


114 . 


Since 


-b + Jb‘-4ac ^ ~b-Jb'‘~iao 
25 ’ 3 « 


we have by addition 

-b + Jb*—iac -* 6 — Ji)* — \ac 
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and by tnultiplicatiou W6 liavd 

a (~ ft 4- Jb'^ - 4ac) (-ft - Jh^ - iac) 

■" 4a* 

4a* ‘ 

4ac c 

"4a* “ a“"^ 

« 

By writing the equation in the form 
„ ft c ^ 

a a 

these results may also be expressed as follows. 

In a quadratic equation where the coefficient of th<? Jirst term is 
unitt/, 

(i) the sum of the roots is equal to the coefficient of a; with 

its sign changed ; ' • 

(ii) the product of the roots is equal to the third term. 

Note. In any equation tlie teim which does not contain the unknown 
qutmtity is frequently called the absolute term. 

115. Since - - ^ a + /3/and - = a/3, 
a a 

ft c 

the equation ixf+ - a; + - - 0 may be written 


* a a . 

x'-{a + IB)x + al3 = 0 (1). 

Hence any quadratic may also be expressed in the foim 

flc® — (sum of roots) x + product of roots =•- 0 (2). ^ ^ 

Again, from (1) we have ^ 

(x-a){x- p)-0 (3). 


We may now easily form an equation with given roots, 

Example 1. Form the equation whose roots are 3 and - 2. 

The equation is (» - 3) (» - 1 - 2) =s 0, ^ 

or aj*-*^-6=0. 

When the roots are irrational it is easier to use the Allowing 

method. 
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Mxamph 2. E'orm the equation is^hose route are 2 + ^^8 and 2 - 
We have sum of roots = 4^ 

product of roots *?* 1 ; 
the equation is a^-4a;+l=s0, 

by using formula ^2) of the present article. 

1J6. By a inetliod analogous to that used in Example 1 of 
the last article we can form an equation with three or more given 
roots. 

7 

Example 1. Form the equation whose roots are 2, - 3, and | . 

The required equation must be satisfied by each of the following sup- 
positiouB : 

7 

a;~2=0, a;+3=0, a:~p=0; 

U 

therefore the equation must be 

(®-2)(a + a)^a-gj=0; 

^that is, , (j; - 2) (« + 3) (6;r - 7) — 0, 

or bx^ - - yix + 42 sr 0. 

Example 2. Form the equation whose roots are 0, 

The equation has to be satisfied by 

/I ^ 

a:=0, a; = <i, ; 

therefore it is 

that is, z {x* - a^) (hx - c) = 0, 

or hx^ - ca^ -- + a^caf = 0. 


117. The results of Art. 114 are most important^ and they 
♦ generally sufficient to solve problems connected with the 
^ roots of quadratics. In such questions t/w roots shovUd never he 
considered eingly^ but use should be made of' the relations ob- 
tained by writing down the sum of the roots, and their product, 
in terns the coefficients of the equation. 

^xmmU 1 If a and p are ffie roots of x^-pKi>qs:=0, find the value of 

(1) a»+M (2) 

Weha^ve a+^=p, 
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AgUD> a* + /J“=(«l+/^ («i®+j8*-«JJ) 

=J> {(«+^)*-8oi9} 

lixampU 2. If «, jS are the roete of tlie equation /j?+»u!+n=0, find the 
equation whose roots are ? , ^ . 


0, d -i 

We have Hum of rootH= ^ , 

p a ftp 

product of roots = ^ ^ = 1 , 

P “ 

by Art. 115 the required equation jk 

or a^a^®-(a^ + ^-)a:+o/3— 0 

As m the last example a? 4 j8‘-* = , and ajJ#— . 


the equation is 


j* p *+;“'*> 

if/j;*-* - (m* - 2 m/) x + nl= 0, 


Kxample 3. When ^ , find the value of 2 j;‘* + 2*® •> 7«4-72 ; 

^ i 

3 — 5 / _ j * 

and shew that it will be unaltered if ' be substituted for a. 

2 

3±5^^ • 

Form the quadratic equation whose roots are ^ - ; 

the sum of the roots = 3 ; 

17 

the product of the roots ^ ; 

hence the equation is 2078 - 6 ^ + 17 - 0 ; 

.% 2**- 6JJ-I-17 is a quadratic exj}remon which vanishes for eiihet of tlie 

, 8±5J-1 

values — 2 — • • 

Now 2a;* + 2i:» - 7«+ 72 =r a? (2a:* - 6a: + 17) + 4 (2a;* - 6«;+ 17) 4- 4 
04-4x04*4 • 

*4; 

which ts the numeideal value of the expression in eaeih of the su|]^osed oases. 
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IIB, To find iJie condition that roots of tIhC 
iix* + bx + c = 0 should he (1) equal in magnitude and opposite 
in sign^ (2) reciprocah. 

The roots will be equal in magnitude and opposite in'" sign if 
their sura is zero ; hence the required condition is 

- - = 0, or h-0, 
a 

Agaiji, the roots will l>e reciprocals whtni tljeir product is 
unity ') hence we must have 

c 

— -- 1, or c — rt. - 
a 

The first of these results is of frequent occurrence in Analyti- 
cal Geometry, and the second is a particular case of a more 
general condition applicable to equations pf any degi'ce. 

Example. Find the condition that the roots of ax^ + + c = 0 may be (1) 

both positive, (2) opposite in sign, but the greater of them negative. 

^ he 

We have a 4-/3= — , aB=:-. 

a a 

(1) If the roots are both positive, ajS is positive, and therefore c and a 
have like signs. 

Also, since a+/8 is positive, ~ is negative; therefor© b and a have unlike 
signs. 

Hence the required condition is that the signs of a and c should be like, 
and opposite to the sign of h. 

(2) • If the roots are of opposite signs, ap is negative, and therefore c and 
u have unlike signs. 

Also since a +/3 has the sign of the greater root it is negative, and there- 
fore - is positive; therefore b and a have like signs. 

Or 

C j 

Hence the required condition is that the signs of a and b should be like, 

^ and opposite to the sign of c. 


EXAMPLES. IX. a. 


. Form th0 equations whose roots are 

I 4^^ 3 o ^ 

n 7 n m 

4 7±IV5- 5. ±2^3-6. 


a -?±2. 

i>+?’ P~q 
6, -p±2V55, 
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7 . 8 . 9 , 

10. 3» 2‘ 2’ ~a' 4. 

13. lV)ve that the l oots of the following equations aj*e real ; 

( 1 ) 

(2) {a-^» + 6')^.’2+4(«5-ft)jr+(a- 5-c)~(). 

lA If the equation 15 -m(2;e — 8)==0 has equal roots, find the 
of m, 

15. For what values of pi will the oc^uation 

.v^ - 2,r ( 1 + 3m) + 7 (3 + 2m) = 0 

Lave equal roots ‘i 

16. For what value of m will the equation 

— bjc — I 
ax - c m + 1 

have roots equal in inaguitudo but opiwsite in sign ? 

17. Prove that the r(X)ts of the following equations are rational; 

(1) (a+c-6).r2+2ar+(6+c~a)=0, 

(2) aheV + ^a^cx 4- h^cx - 6a^ — a5 + 2l>^ «= 0. ’ 

If a, fi are the roots of the Gquation/3W!®+6.«;4-c=0, find the values of 

18. ^^+^. .19. -20. g-fj. 

Find the value of 

21. 4- iP® - :p + 22 when x 2i, 

22* “ 3.r* - 8.r 4* 15 when a- ~ 3 4- i- 

23. . 1 *^ - 4* 2a^x + 4a® when - == 1 ~ *7 - 3. 

a 

"^24, If a and ^ are the roots of a^+px-^q^Of form the equation 
whoso roots are (a - )8)® and (a4-)3)®. • 

25, l?roYe that the roots of {x^ a){x - 6) =w/i> are Vlways real. 

*^26. If x^ are the roots of ctJi^ -^hx + c«0, find the value 6f 

( 1 ) (axi+b)"^^{ax^-\rh)-^, 

(2) (<*.ri4-5)"*®4-(«^j+^)**® 
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27. Find' the condition that one root of bhall be 

% times the other. 

,28. If o, ^ are the roots of ax^ + 6.i?+c=:0, form the e(iuation whose , 
roots are a®4*/3* and 

29. Form the equation whoso roots are the squares of the sum and 
of the difference of the roots of 

2.i'* + 2 (m 4* w) X + wi’^ + == 0. 

30. Discuss the signs of the roots of the equation 

px^-^’qx + r—O. 


119. The following example illustrate.s a useful application 
of the results proved iu Art. 113. 


Example. If a; is a real quantity, prove that the expression 
can have all numerioal values except such as lie between 2 and 6. 


a:® + 2a; - 11 
"2 (oT- 3)* 


Let the given expression be represented by y, so that 

then multiplying up and transposing, we have 

a:® + 2a; (1 ~p) + Cy -- 11 = 0. 

This is a quadratic equation, and in order that x may have real values 
— nuist be positive; or dividing by 4 and simplifying, 
J/® ~ By + 12 must be positive ; that is, (y ~ 6) ~ 2) must be positive. Hence 

the factors of this product must be both positive, or both negative. In ttie 
former case y is greater than 6; in the latter y is less than 2. Therefore 
y oMinot lie between 2 and 6, but may have any other value. 


In this example it will be noticed that the quadratic ea^fremon 
- 82 / 4 12 is positive so long as y does not lie between the roots 
of the Corresponding quadratic equation jy* - 8 y + 1 2 = 0 , 


This is a particular case of the general proposition investigated 
in the next article. 


1^0. For all real valuee of x tlte expression ax* 4 bxf'C 1ms 
ihs mrm sign as a, except when the roots of tlm equation ax*4bx4c» 0 
me retd a/ftd %mefual, and x has a value lying between them. 

Cap: I. Suppose that the roots of the equation 
aa:*,4 &a:4c = 0 

are real ; denote them by a and and l^t a be the greater^ 
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Then 

\ a u/ 

. ~ » {a;*— (a + ^)a? + a^} 

~ a{x-a){x — P). 

N ow if X is greater than a, the factons sc - a, x- p are botli 
positive ; and if x is less than the factors sc — a, x — P are both 
negative ; therefore in efich case the ejtpression (x - a) (sc - P) is 
positive, and naf + hx c has the same sign as But if x has a, 
valtie lying l>etween a and the expression {x - a) (a; - p) is 
negative, and the sign of ax^ + hx i- c is opposite to that of a. 

Case II, If a and p are equal, then 

a£c* ^hx + c=^a{x— a)®, 

and {x — a)* is positive for all real values of x ; hence aaf -\~hx-¥ c 
has the same sign as a. 


Case Til. Suppose that the equation + c == 0 has, 

imaginary roots ; then 

Oixf + hx4-c~ a fic® -f - a* + -I 
y a a) 


(x+ 

* 4ac - 6*1 

\ 2d) 



But — 4ac is negative since the I’oots are imaginary ; hence 
— ia^~ positive, and the expression 


/ h \* 4 


4ac — 


is positive for all real values of a?; therefore ax* + 6a; + c has the 
same sign as a. This establishes the proposition. 

121. From the preceding article it follows that the expression 
ewe* H- 6ic + c will always have the same sign whatever real value x 
may have, provided that 6* - 4ew; is negative or sero ; und if this 
condition is satisfied the expression is positive dr ne^tivo accord* 
ing as a is positive or negative. ' • 

Conversely, in order that the expression esc* + fta; -f ci may 
always positive, b* - iac must be negative or sero, and a nn^ be 

r *tive; and in order that oac* + 6a;f c may be always ^egative 
4m must be negative or zero, and a must be negative^ 
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Example. Kind the limit}} between which a must lie in order that 

~7x-\ o 
7ar+a 

may be capable of all values, x being any real quantity. 


Put 


ax'- - 7.r + 6 _ 
5x®- 7a; + a~"^’ 


then {a - 5//) x- - 7x (1 - y) + (5 - ay)^ 0. 

In order that the values of x found from this quadi'atio may be real, the 
eicpression 

49 (I - 1 /)® - 4 (a ~ 5y) (5 -ay) must be positive, ' 

that is, (49 - 20a) y^ + 2 {2a^ 1 1) y + (49 - 20a) must be positive ; 

hence (2a^ 4 1)^ - (49 - 20a)^ must bo negative or zero, and 49 ~ 20tt must be 
positive. 

Now (2a'-' 4- 1)® - (49 - 20a)® is negative or zero, according as 

2 (a® - 10a 4- 25) X 2 (a® + 10a - 24) is negative or zero ; 
that is, according as 4 (a - 5)® (a + 12) (a - 2) is negative or zoi’o. 

This expression is negative as long as a lies between 2 and - 12, and for 
• such values 49 - 20a is positive; the expression is zero when 6, - 12, or 2, 
but 49 ~ 20a is negative when a -5. Hence the limiting values are 2 and 
~ 12, and a may have any intermediate value. 


EXAMPLES. IX. b. 

1. Determine tho limits between which n must lie in order that 
the equation 

2a.v {03' 4- nc) 4* (w® - 2) c® = 0 

may^ave real roots. 

1 

2. If X be real, prove that pr must lie between 1 and - . 

•T® ~ /r 4" 1 1 

' 3, Shew that lies between 3 and - for all real values of x. 

A If X bo real, prove that * value ]> 0 tween 

5 and 2. 


j^a 


5, Kind the equation whose roots are . 

A HjC n, ^ are roots of the equati<»i fiad tihe vMro dJ 

? (2) 'C V 
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7. Iftbe roots of ii’*+jj.»r+K.«Obein theratloof jo ; g, {trovo that ^ 

8 . If X be real, the expression admits of all ^values 

€^xc?ept such as lie between 2?i and 2?a. 

9. Tf the roots of the equation be a and /S, and 

those of the equation 2.5*4* +6^=0 be a -f A and + prove that 

^ a® ja * 

©•Z*^ -f- 3^ 4 

<10. Shew that the expression will l)e capable of all 

values when .r is real, provided that h4s any value between ! and 7. 

X *4“ 2 

11. Find the greatest value of - — --- for real vahies of x. 

® 2 .^ 2 + 3 ^ + 6 

12. Shew that if x is raal, the expression 

he) (2x • 


has no iml values between h and <\ » 

'^IS. If the roots of ax^-\-2b.v + c=^0 be possible and different, then 
the roots of 

(a + c) (0.4*2 + 2bx -f c) ^2{m 
will be impossible, and vice vered, , 

14. Shew that the expression will be capable of all 

\0x — cz) \cx — d) 

values when x is real, if _ 2^ and c® — cP have the same sign. 


*1 22. Wo shall conclude this chapter with some miscellaneous 
theorems and examples. It will be convenient here to introduce 
a phraseology and notation which tlie student will frequently 
meet with in his mathematical reading. 

Definition. Any expression which involves aj, and whose 
value is depeoident on that of a:, is called a ftinctloil of X. 
Functions of w are usually denoted by symbols of the form 

Thus the equation y-/{x) may be considered as equivalent 
to a statement that any change m^e in the value Of pro- 
dttce a cotisequent change in apd vice vered* The quantities x 
and y are called variables, and are further distinguished os the 
tadepend^t variable and the dependent variable. ’ 
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All ividepeifident wwiahle is a quantity which may have any 
value we choose to assign to it, and the corresponding depeml^ 
m'nnhle has its value determined as soon as the value of tlie indo- 
pendent variable is known. 

*123. An expression of the form 

p^+p,x"-' ... 

where n is afositim integer^ and the coefficients do 

not involve x, is called a rational and integral algebraicsd function^ 
of aj. In the present cliapter we shall con tine our attention to 
functions of this kind. 

*124. A function is said to bo linear when it contains no 
higher power of the variable than the livst ; thus oa; + ^ is a linear 
function of as. A function is said to be quadratic when it 
contains no higher power of the variable than the second ; thus 

-^hx + c is a quadratic function of x. Functions of the third, 
fourth,.,, degrees are those in which the highest power of the 
variable is respectively the third, fourth,.,.. Tlius in the last 
article the expression is a function of x of the degree. 

*125, The symbol f{x, y) is used to denote a function of two 
variables x and y ; thus ax-\-hy + c, aijd aa;®+ bxy + dx -^ey+f 
are respectively linear and quadratic functions of x, y. 

The equations f (x) ^ 0, / (x, y) = 0 are said to be linear, quad- 
ratic, . . . according as the functions f (x), f (x, y) are linear, quad- 
raticf.... 

*126. We have proved in Art. 120 that the expresmm 
€iix^-^hx’¥c admits of being put in the form a {x a) {x - p), 

• where a and p are the roots of the equation aa^ + hx + c - 0. 

Thus a quadratic expression oa;* + bx-^ e is capable of being 
resolved into two rational factors of the first degree, whenever 
the equation oar* + fee + c = 0 has rational roots ; that is, when 
5® - 4ac is a perfect square. * 

*127. To find the condition that a qimdratic Junction ofic,y 
may be rgsolmd into two linear factors. 

Denote the function hyjf‘(x, y) where 
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Write this in descending powers of a?, and equaje it to aero ; 
thus 

ax* + 2« {hy + ff) + hy^ + %fy f C = 0. 

Bolving this quadratic in x we have 

- Qi'V y) J gY - a{hf -^yy ^ c) 

X ^ - ' - - ■ ‘ • 

a ' 

cjr ax-k-hy + y J'/ (h^ - ah) + 2y Qtg - af) + {g* — ac). 

Wow in order that /(x, y) may be tlie product of two linear 
factoit^of the form px + qy + the quantity under the radical 
inust be a perfect square ; hence 

{hg - afY =-. (/a® - ah) - ac). 


Transposing and dividing by a, we obtain 
abc + 2/gh — a/* - bg^ - cA* -- 0 ; 
which is the condition required. 

Tliis proposition is of great importance in Analytical Geometry. 


*128. To find the condition that the equations 
<xx‘® + 6x -I- c = 0, a'x® + b'x + c' = 0 ' 
may have a common root. 

Suppose these equations are lK)th satisfied l)y x -- a ; then 
aa‘ 4- 6a + c 0, 

a'a‘+ b'a+cf — 0 ; , 

by cix)ss multiplication 

a® a 1 

be — b'c ca - c'a ah' '-alb* 

To eliminate a, square the second of these equal ratios and 
equate it to the product of the other two ; thus 

a® a* 1 

(caf ^ Vay ^ (bT-- b'c) ' {ab' - a'b) ’ 

(ca'- ca)®- (6c'-6'c) (ah' a'b), ; 
which is the condition required. 

It is easy to prove that this i|i the condition that the two 
quadratic functions ax* + bxy + c^ and a'x* + Vxy + c'^^* may have 
a cammon linear factor. ^ 
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^EXAMPLES. EL c. 

1 . For what valucH of m will the ejtprossion 

+ 2.^y + 2a.* -f- - 3 

1)6 capahlo of resolution into two rational factors ? 

2. Find the values of m which will make />*/<?// + 3//-^ -5^-2 
eqiii valent to the product of two linear factors. 

3. Shew that the expression 

A ~‘^ij (/> - ('') 

always admits of two real linear factors. 

4. If the equations 

a?2 + px + y ~ 0, + p\v + =-- 0 

have a common root, shew that it must he cither 

or . 

il-(l p ~p 

5. Find the condition that the e.Kpressions 

Ix'^ 4 - rnxy 4 ny^y 4 m'xy 4 71 y- 

may have a common linear factor. 

6 . If the expression 

3 a ?2 + 2Pxy 4 4 2ax - 4^ 4 1 

can be resolved into linear factors, i»rove that P must 1)0 one of the 
roots of the eqtiation P'^ 4 4a /* 4 2a- 4 (> — 0. 

'^7. Find the condition that the expressions 

cLz^ 4 2hvy 4 hy^y 4 2/i!xy 4 b*y^ 
may be respectively divisible by factors of the form y-inxy ww/ 4 a‘, 

8 * Shew that in the equation y. 

3 ^ - Jkry 4 2y* - 2.r - 8y - 35 — 0, | 

for every real value of x there is a real value of y, and for every real 
value of y there is a real value of a*. 

J9. If X and y are two real quantities connected by the equation 
907^ 4 2a:y 4 y^ ~ 92a? - 20y 4 244 = 0, 
then wiK x lie between 3 and 6 , and y between l.and 10. 

10. If (aa?® 46 a? 4 c)y 4 a':r* 4 &'a? 4 c'— 0 , find the condition that x 
may be l; rational function of y. 

y* 



CHAPTER X. 


MISCELLANEOUS EQUATIONS. 

129. In tljis chapter we propose to consider some mis- 
cellaneous equations ; it will be seen that many of these can be 
solved by the ordinary rules for quadratic equations, but others 
require some special artifice for thcir solution. 


Example 1. Solve 


2W-63. 


Multiply by x:^^ and transpose ; thus 
A ®- 

' 8;c»‘-Ga.r5«»-. 8rrO; 
•1 •** 

( 2 ^" -8) (8.r««+l)=0; 


.ru«~8, or- 


8* 


^ if 1\ » 

c = (2»)»,or(^_i,j ; 


x=:2-\ or 


2 -«* 


6a 

b * 


Example 2. Solve 2 /- + 3 . /- ~ ^ 

Lot = then ^1 = 1; 


o 3 I , 6a 

2aby^ - Qahj - b^y + 3afo = 0 ; 
{2ay-h)\by 

b Ha 

2a b > 


63 


9a3 


that is, 


9a» 
6 * • 


H. H. A. 
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Example S. Solve {x - 5) (a; 7) {x + 6) (x + 4) = 504. 
We have (x^-x- 20) (x^ -x- 42) = 604 ; 

which, being arranged as a quadratic in x^ - x, gives 
(*2 - x)^ - 62 (x? - a) 4- 336 = 0 ; 
(;c2-a;-6)(.'C--a;-5G)=:0; 


.. st:®-3;-0 = 0, or 5()ir0 

a; = 3, -2, 8, -7. 

|86. Any equation which can be thrown into the form 
ax^ -^-hx + c-^p Jax^ bx + c -- q 

may \ye solved as follows. Putting y - Jnx^ + hx + c, we obtain 



^vy-q 0 . 


Let a anti P be the roots of this equation, so that 
Jax* + 6iC 4- c = a, Jax"^ +bx-\- c=. P] 
from these equations we shall obtain four values of x. 

When no sign is prefixed to a radical it is usually understood 
that it is to be taken as positive; Jienco, if a and p are both 
positive, all the four values of x satisfy the original equation. 
If however a or /? is negative, the roots found from the resulting 
quadratic will satisfy the equation 

, oa;' + + c - ^axf + 6a; 4- c == (/, 

but not the original equadon. 


Example, Solve x^~bx-\~2,Jj/^-Bx + S:=12, 

Add 3 to each side ; then 

.r‘^ - oof 4- 3 4- 2 ,^05® — 5ic 4* 3 = 15. 

Putting - 6ic 4- 3 = y, v/e obtain 4* 21/ - 15 = 0 ; whence y = ‘6ot - 5. 

>>!» 

Thus /i/i® - 6x 4- 3 = 4-3, or ^x2-5x4-3= -5. 

Squaring, and serving the resulting quadratics, we obtain from the first 
as =6 or <.-1; and from the second The first pair of values 

aatisfies the given equation, but the second pair satisfies the equation 
t 


X®- 6x- 2 5x4-3=12. 
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131. Before clearing an equation of radicals it is advisable 
to examine whether any common factor can be removed by 
division. 


Example, Solve ^ x- - lux + lOa- - ^x- + ax- Gri^ = x - 2a. 
We have 

aJ(X'' 2a) (x - 5a) - fj{x-2a) (x+ S a) — as - 2a. 


I Tlie factor Jx- 2a can now be removed from every term; 




-s/j; - 5a- tjx + 'da— ^Jx—2a\ 

X - 5a + X + .‘la - 2 ^{x - 5a) (x + 5a) =x-2a; 
x=:2jx*- 2tix - 15a‘^ ; 

3a:” - 8a.r ~ 60a® = 0 ; 


(.c - 6a) (3.r + 10a) = 0 ; 

10a 

x=6a, or — 

U 

AIbo by equating to zero the factor Jx- 2a j we obtain x=2d. 

On trial it will be found that x=5a does not satisfy the equation : thus 
the roots are — and 2a. 


The student may compare a similar question discussed in the Elementary 
Algebra^ Art. 281. 

i 

132. The following artifice is sometimes useful. 


Exaviplc. Solve - 4.'r -f 34 + - 4x - 1 1 = 9 * (1) . 

We have identically 

(.Ba:® - 4a; + 34) - (3a:2 - 4:r - 11) =45 (2). 

Divide each membei%f (2) by the corresponding member of (1) ; thus * 
^ T3'4 + ^8^ 4^11 = 5 (3). 


Now (2) is an identical equation true for all values of .r, whereas (1) is an 
equation which is true only for certain valuesi^of x ; hence also equation (3) 
is only true for these values oi x. - * 

From (1) and (8) by addition * 

V8a;®- 4®+lJ4=7 ; 

5 
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133. The solution of an equation of the form 

ax* =fc hx^ ± cx^ ^ bx+ a ~ 0, 

in which tlie coefficients of terms equidistant from the beginning 
and end are equ.'il, can be made to depend on the solution of a 
quadratic. Ec^uations of this type are known as reciprocal eqxm- 
tions, and are so named because they are not altered when x is 

changed into its reciprocal - . 

For a more complete discussion of reciprocal equations the 
student is referred to Arts. 5G8 — 570. 


Example. Solve 12x^ -- 56x^ + - 56x + 12=0. 

!> 

Dividing by and rearranging, 


Put 


whence we obtain 


a; + -=: 2 • then x'-^ + - 2 ; 

X X** 

12 (^ 2 -. 2 )- 56 « + 89 :^ 0 ; 

6 13 

6 • 


1 5 
x" 


13 

•••* + ^ = 2’°’^ I}- 


1 '3 2 

By solving these equations we find that 2* 2* 3 ’ 


134-. The following equation though not reciprocal may bo 
solved in a similar manner. 

Example. Solve C;r^ - 2r>x’'* + 12x2 + 2CiX + 6 = 0. 

Wo have 6 _ 25 ^x - ^ ^ + 12 = 0 ; 

whence ” x) “ ~ J 

2(^-^)-8=0,or3(x-i)-8=0: 

• 11 
whence we obtain x = 2, - ~ , 3, - - . 

2 3 

135.* When one root of a quadratic equation is obvious by 
inspection, the other root may often bo readily obtained by 
making use of the properties of the roots of quadratic equations 
proved in Art. 114. 
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Example, Solve ( 1 - a®) (x + «) - 2a (1 - a;®) = 0. 

This is a quadratic, one of whose roots is clearly a. 

Also, since the equation may be written 

2(fX^ + {l - a®) a; - a (1 +a®) = 0, 

1 + a® 1 + 

the product of the roots is - ~ and therefore the other root is — 


EXAMPLES. X. a. 


Solve the following equatioiiM : 


1 . 




3. 2y/x + 2x ‘^ — 5. 

2 1 

5. a:?" + 6 = 5a7’‘. 

1 

9. 6Va.-=5«;‘2-13. 
11. 3^+9= 10. 3*. 
13. 2'‘**+8+ i _32, 2>-. 


2. 9+:fc-'* = 10a.-2. 

3 1 _1 

4. — — Sa? i 

1 1 

6. 3.r2«-a:‘»-2=0. 


8 

10. l+8^ + 9.J'x3--~-0. 

12 . 6 ( 6 * + 5 ^) = 26 .. 

14 . 22*+’-67 = 65 ( 2 *- 1 ). 

1A ^ Eft • 

“■ ;s-— 


17. (^-7)(:F-3)(i«!+5)(a:+l) = 1680. 

18. (x+9)(x-3)(ir-7)(j?+6)=385. 

19. :if(2a;+l)(a:-2)(ai;-3)=63. 

20. (2j;-7)(«2-9)(24; + 5)=91. 

21. x»+2Vi«+l»=24-6j!. 

22. ar*-4r+v/3ic“-4ir-6=18. 

23. 3«»-7+3N/^~16J+21=iai;. 

24. 8+9,y(3a>-l)(ar-2) = .3x*-7;F. 

26 . 



102 


HIGHER ALGEBRA. 


27. 7^-15 - 

28. V2-^~^ + 4 + 3 = Vitale- 11- 

2B. + 5a- - 7 + 7a+^) - JW-GjT- 1 =-0. 

30. ;^/a* + 2aA-3A“-i>ya*+aA-Gc“=;y2u“+3aA-9A*. 

31. <y^ + 6A-2 — \/2-»“+5 a-9 = 1. 

32. .y 3 A*- 2 A+ 9 + ^/ 3 a“- 2 a- 4 = 13 . 

33. , 2a-2-9a+4=1. 

34. ^/Sa^— 7 a- 30 — ^ 2 a^- 7 a- 5 = A- 5 . 

35. ^+v^- 4;c2 + .r+l=0. 


36. a‘+|a^+1=3a3+3.a. 37. -3(a»+a)=2t^. 

38. 10(a<+1)-63a(a2-1) + 62a®=0. 

39 A+^I2a- A_^/g+l ^ a+2A-f^a‘-4A*_5.f 


41. 


1 

.r - - 1 


.V _ g y ^^2 _ 3^. ^ 2, 

.r+V^2~l 


42. 

44. 


46. 


48. 


49. 

50. 


51. 


2-**: 22*=8 ; 1. 


5 

2 ' 


8<iy.g~ 5 __ ~ 7 

3.r-7 'F-b ' 


43. 


x^l 



45. a^{a^+l)^ (o^* + «*) a, 

47 25()>^/2F+ r 

2 j 7+1 3V'7 jp ‘-;3 


3 S 1. 

(a ^ j;)® + 4 (a — iir)® — 5 (a* — 
n/ ^cHcikc^I - « V» - V 


.“If - - 1 .r + J.v‘ dTi 

1 

.a*-2a>+a=380. 


52. 27a3+21a+8«0 
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^ 136. We shall now discuss some simultaneous equations of 

two unknown quantities. 


• Example 1. Solve a?+2+y4-3+js/(a; + 2)(y+3)=39. 

(a;-f2)2 + {y + 3)* + (x + 2)(*^ + 3)-:741. 

Put x h2^u, and y+3=7>; then 

w+ w+^/w^^=39 

u^ + v^+uv~74^i.., . . 

beiijce, from (1) and (2), we obtain by division, 

11 + V - /^yMi;=19 

From (1) and (3), w + v-29; 

and y/uv~10, 

or ttv = 100; 

whence u = 25^ or 4; v=4, or 25 ; 

thus a; = 23, or 2; 2 / = l, or 22. 


Example 2. Solve 

I'ut 

then from (2) we obtain 
Substituting in (1), 


whence 

and 

Thus 


x* + y*=^S2 

x-y=2 

ar=n+v, and y=^u-v\ 

v = l. 

(M+l)'» + (tt-l>=82; 

2(u4 + 6m»Vi)= 82; 
w^ + 6u2-40=0; 
w^=4, or -10 ; 

U;a :i:2, or db ^ 10. 
a; = 3, -1, l±s/-i0; 
j,=i, -3, -i±V-id. 


.( 1 ), 

.( 2 ). 

.(3). 


( 1 ). 

.( 2 ). 


ExanmleS. Solve “ “T'f^='2i“ir (1), 

^ OX —y x-\ y 

7a?+5y = 29 (2). 


From (1), 16 ( 2 a; 2 + 8 «y + 2/2-8«® + 4a,’y-y2) = 38(3a}!+34;y-2^»)j 
. 129^?® -^29a^ - 38y*'= 0 ; 

(8a-2y)(43a:+19j()=0. * 


Hence S*=2y (8), 

or ^ 48«=-19y ,*(4). 
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From (3), 


Again, from (4), 


X _ y _ 7fl: 

2*"3~ 29 

= 1, by equation (2). 

a?=2, y=3. 

a? _ y __ 7x4-5y 
19 ” ^ “ - 82 

29 

= -gg * l>y equation (2), 

551 1247 

82 * 82 ' 


Hence 


a:=:2, 2/ = 3; or x= - 


551 

82 


1247 


Example 4. Solve 4a;® + 3 j% + y® = 8, 

2j:®-2a;®y + a:y®=l. 

Put y=-rtiXf and substitute in both equations. Thus 


x®(4 + 3m+m®) = 8 ^1). 

x®(2-2m+m®) = l (2). 

4 + 3w + m®_g 


m»-8w® + 197rt -12=0? 
that is, (m - 1) {m - 3) {m - 4) 0 ; 

m=l, or 3, or 4. 



Take m= 

1, and substitute in either (1) or 

From (2), 

a;®=l; x=l; 

and 


y=smxs:xszl. 

. (ii) 

Take m= 

= 3, and substitute in (2) ; 

t' thus 


5x>=i, 

and 


y =ma;=3x=3 

(iii) 

Take m -. 

=4; we obtain 


i 

l(te»=l; 

and 

« 

y=i»j!x=4®=4y/^. 
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Hence the complete Bolution is 

</ro- 

J' = V3y^5, 4^^. 


Note. The above method of solution may always be used when the 
equations are of tJie same degree and homogeneous. 


Example 5. Solve -7y*- ll2xy + 64 = 0 (1), 

a:^-7a;y-f4y2 + 8 = 0 (2). 


From (2) wc have ~~S=^x^-7xy+4Ly ^ ; and, substituting in (1), 

- ly* + lixy (x^ - Ixy + iy^) + {x^ - Txy + 4y*)''*= 0 ; 

31a; V - 7y^ + {x^ - Ixy + 43 /^) (14ary +x^- Ixy + 4y^) = 0 ; 

SUV + 41/2)2- (7 j;y)2=:,0; 

that is, x^ - 10x2^2 + 9y* = 0 (3). 

(x2-y^)(x2-92/2)=:0; 

hence j;= ±y, or x= =t3y. 

Tahiiig these cases in succession and substituting in (2), we obtain 

x=:yzx ±2 ; 


X==t8, 2/=±l; 

> >J ~ rj' 

Note. It should be observed that equation (3) is homogeneous. The 
method here employed by which one equation is made homogeneous by a 
suitable combination with the other is a valuable artifice. It is especially 
useful in Analytical Geometry. 



Example 6. Solve (x + + 2 (x - =b 8 (x® - 1 /®)^ (1). 

3x-2y=13 (2). 


Divide each term of (1) by (x® - y^)^, or (x + y)^ (x - y)^ ; 


(^±y)\2i 

to) 

\*-y/ 

\x+y/ 
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1 

This egaation is a quadratic in which we easily find, 

^ =2 or 1 ; whence or 1 ; 

\x-yj x-y 

.*. 7x=9y, or?/=0. 

Combining these equations with (2), we obtain 

13 

a;=9, y = 7; ora?“~,y=:0. 

«5 


EXAMPLES. X. b. 

Solve the following eqiiations ; 


1. 3a;-2y=7, 2. .5a;-y=3, 3. 4 a-3^=1, 


xy~20. 

/-6a.-3=25. 

12ay+ 13y^=2.5. 

4. A^ + Ji;Y+y^=93l, 

5, a;2 + 

.ry +/=84, 

a-y +y2=i9. 

a? - 

J^y+y =6. 

6. -G5, 

7. .r +j' =7 + Va;y, 

^2+ +y2~2275. 

3-3+/= 133 -xy. 

8. 3^-5y2==7, 9. 

5^2 _ 7.:p2_ 

10. aj:-’+165 = 16.ay, 

• 3j7y- 4^2=2. 

r).ry ~6ji‘2=6. 

7ay+3y»=m. 

11, = 

12. .^2 

+y2~3=3ay, 

- 3,^-2 -5y2 = 45. 

2,r2 

-6+y2=0. 

13. +^4^706, 14. 


15. a'«-/=a992, 

A"'+y=B. 

;i7-y=2. 

0?— y?3=2. 

16, .v+-=l, 17. 


18. 1+1 = 6. 

• y 

y ;*7 2 * 

2 5 

y+i=26.’ 

4-=i. 

2/ 5 6 

« 

.r-fy 

^ y « 

19. ;r+3^s=1072, 20. 

1 1 

.ty^+y^=20, 

21. 1 .i^+2^^5, 

n 1 

* < 

1 ’ 1 1 


a!*+yS=e6. 

6(.'v'5+y~^=5, 


I 
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22. 

s/x+y+Jx-y=4, 


23. 

y+>/F:^*2, 



,T2-y2=9. 



^x—\ = V,y. 


24. 

\/|+\/!=y’ 


25. 

V-’«'+Vy 

17 

4 ’ 


x+y^lO. 



11 

+ 

706. 

26. 

aP+4y^- 15x^10 {Zy 

-8), 

.vy=^i 

1 


27. 

^.2^2^40o=s:41.'ey, y^; 

=&xy 

-AxP. 



28i ‘ix^ + 5y=6+20xy-2. 

^ 

r,^H2x, 7 

.r-lly=17. 


29. 

dx^ 4- 33.r - 12 — 1 2xy - 

-4/+ 22^, 

!^-xy = \». 



30. {a? - y^) {x-y) — \ Qxy, -y*‘)(,-f-y^)= C40.^;y . 

31. 2,x’®-.ry+y*=2y, ^x'^ + ^xy—f>y. 

32 ^i+.y® , ^■*-^’..4^ 5r-7»/-4 

{x+yf^{x-yY- 8‘ ’ 

33. ?/y — 3 j;j^'-^'2) + 24 — 0, x{j/^ + 2,c^)-\-^^0. 
. 34. at'3-8:ry2+y8 + 21=6, .r2(y-.ir)=l. 

35, ^^*(4^2- 108)=.^ (,^3-0/), 2.t72 4-9^y+y2 = 108. 

36, Ca** + .r,y -j. 16 = 2.'t’ ( 12.v a^^Vxy- ip- == 4. 

37, .r (a + ,^) =y (Z) 4-y), ax^hy^{x-^ yf, 

38, xy + a6 = 2a.r, sP-y^ f (PIP = Wip, 

39, + = _ .1 =0. 

62 .r— 6 y — « a — 6 

40, 6.# = I0a26a7 + Sa^y , mp = 10a6^ + 363.1*. 




137. Equations involving three or more unknown quantities 
can only be solved in special c^es. We shall here consider some 
of the most useful methods of solution. 


ExampUl* Solve * x +y +z -IZ >,....(1), 

• ' x2+y2'+2®=C5 (2), 

ayy^lO (3). 

I tom (2) and (8), {x + yp + = 86. 

Put uiot x-^y; then this equation bocomes ^ 

tt24.jj(S3s$g, 
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Also from (1), u 

whence we obtain w=7 or 6{ « = 6 or 7. 

Thus we have x + y= 7,) , x+y= G,) 

xi, = 10|“^ X3,=.10i 

Hence the eolations are 

x=6, or 2,’j x=3±v/-l,’| 

3/=2, or 5,1 or j,= 3 =Fs/rT,l 
j z=7. J 

Example 2. Solve {x+y){x+z) — .30, 

(y+-)(y+ic) = 15, 

Write tt, V, wj for 2 / + 2 , jz + ac, x-\-y respectively ; thus 

vio = 30, icu = 15, MV =18 * (1), 

Multiplying these equations together, we have 

uh)ho^ = 30 X 16 X 18 = 16* x G-* ; 

Mvtv= ±90. 

Combining this result with each of the equations in (1), we have 
u=3, v = 6, w?=5; or m=~3, v=- G, ?c=~5; 

2/ + 2=3,\ y + ;? = -3,j 

> or « + a* = -6,> 
x + y-5;] ;rH-y=-.5,) 

whence x=4, y=l, z-2; or x=-4, y=~l, «=“2. 


*Exafnple S, Solve (1), 

+ — 19 j2), 

x^ + xy-hy^=:39 (3), 

Subtracting (2) from (1) 

y^-(i^+z(y-x}^30; 

that is, (y-x)(x-i-y^z)=80 (4). 

Similaily from (1) and (3) 

, (r-ir)(a;+y+;p)=10 (6). 

Hence from (4) and (5), by division 
c 


whence y^8z--2x. 
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Subgtituting in equation (3), we obtain 

3^2=5: 13. 

From (2), x^-\- xz-\- 

Solving these homogeneous equations as in Example 4, Art. 136, we obtain 
x= ±2, « 5= ± 3 ; and therefore y= ±5; 

or x= ± --i , =t ; and therefore y = =f . 

sJT ^Ji V* 

i^xample 4, Solve x^-yz= y^-zx=zb\ z^-xy — c®. 

Multiply the equations by y, z, x respectively and add ; then 

c‘^x + a“y + h^z = 0 

Multiply the equations by z, .r, y respectively and add ; then 

b^x + c^y + d^z^O 

From (1) and (2), by cross multiplication, 

X y z 


..(X). 

( 2 ). 


a* - M c* - 


= k suppose. 


Substitute in any one of the given equations ; then 
(a« + + <r6 - Sa%^c^) = 1 ; 



X 

z 



' h*- C‘‘a^ c* ■ 

-d-b^ 

Va® + + c® - 


i 

EXAMPLES. 

X. c. 

Solve the following equations : 



1. 

9.r;+y-82=0, 

% 

3.t’4-y-22~0, 


4.'V>-8y + 7^!=0, 


4.^7 -y- 32=0, 


yz^zx+xy=^l. 


4 -^ 34 .^ = 407. 

3. 

x-y~z^2y 

4. 

^4-2y-2=Il, 




.^<^-.4yi4.#s=,37^ 


.^^ = 5. 


^*2=24. 

5. 

.v2+y2_.3.^21, 

6. 

^2:=18, 




yHF+y^n-i2=o, 


.r-hy-«=6. 


2*4‘-a«r4*2y«*30. 

7. 

or® -1- 2^ 4- 50, 

a 

of 

0 ^ 

II 

H- 

1 


2y*+ 10, 


(*+it!) (*-y)»=33, 


3^2 4- 2^ —10. 


(*'-y)(y-«)=6- 
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0 . = 12 , *» 8 , a'*^yzhi^ = 1 , — 4 . 

10 , a^yh^l2, 

11. xy-Vx^y~^Z^ 12. 2.ry-4.r + ?/ = 17, 

xz+x+z~4}, 3y^4-^- 6^ = 52, 

yz+y+z—^'i. C-rj -1- 3^ f 2 a‘ = 2J). 

13. .vz+y^7zj yz + .r—HZy ;r+y+5-=12. 

14. x^+y^‘^ 2 ^=^a\ .r+y4-: = a. 

16. x^-\-y^ + ^yz + zx + xy = a-, 3.^-- -y-Vz ^■■- a 

16. x^+y'^+z’^ — 2\a\ yz-^ zx—xy^iSo'^, 3.r r;?/-2; = 3a. 


Indeterminate Equations. 

138, Suppose the following problem were proposed for solu- 
tion : 

A person spends £461 in buying horses and cows; if each 
horse costs £23 and each cow £16, how many of each do(*s ho buy'l 

Let aj, y be the nunil>er of horses and cows respectively ; then 
23a;+16y-461. 

Here we haveoa^ equation involving two unknown quantities, 
and it is clear that by ascribing any value we pl(^ase to we can 
obtain a corresponding value fo^ y ; thus it would appear at first 
sight that the problem admits of an infinite number of solutions. 
But it is clear from the nature of the question that x and y mu«<t 
be positive integers ; and with thi.s restriction, as we shall sce 
later, the number of solutions is limited. 

If the number of unknown quantities is greater than the 
niunber of independent equations, there will be an unlimited 
number of solutions, and the equations are said to be indeter- 
zninate. In the present section ^ shall only discuss the simplest 
kinds of indeterminate equations, confining our u«ttention to pod- 
iim ifUegral va^v^es of the unknown quantities; it will be seen 
that this restriction enables us to express the solutions in a very 
sinij^e form. 

tr 

The general theory of indeterminate equations will be found 
in Oh^p. XXVI. 
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Fjxample 1. Solve lx + 12y = 220 in positive integers. 

Divide throughout by 7, the smaller coefficient ; thus 

x + j,+®J^y"-®=31 (1) 


Since x and y are to be integers, we must have 



5?y-3 . ^ 

= integer ; 

and therefore 

15p-9 . ^ 

— = integer; 

ihat is, 

w — 2 * 

2p - 1 -f = integer ; 

ind therefore 

‘ -* := integer = p suppose. 


.-. j/-2=7p, 

or 

. y = 7p + 2 


( 2 )- 


Substituting tnis value of |/ in (1), 

.r + 7p + 2 + 5^.? + 1 = 31 ; 

that : , X ““ 28 - 12p (3). 

If in those results wc give lop any integral value, we obtain correspon^g 
integral values of x and y\ but if jp > 2, \^'e see from (3) that x is negative ; 
and if p is a negative integer, y is negative. Thus the only positive integral 
values of x and y are obtained by putting ji—0, 1, 2. 


The complete solution may be exhibited as follows : 

p= 0, 1, 2, J 

x = 28, 16, 4, V 

j/= 2, 9, 16. ) 


Note. When we obtained ^®y-5=mfeger, we multiplied by 8 in order 

to make the coefficient of y differ hy unity from a nmltipU of 7. A similar 
fiitilice should always be employed before introducing a symbol to denote 
the integer. ' * 


Example 2. Solve in positive integers, 14.r - 1 Ip = 29 , 
Divide by 11, the smaller coefficient; thus 


B.r-7 
11 ' 


3 ® ^ 1 

2-.a;+p=sinteger; 


( 1 ). 
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hence — = integer ; 

T- 6 

that is, .c-2 + -^^ ^integer; 

.r - 6 . , 

-jp = integer =jp suppose; 

and, from (1), y = Hp + 5 j 

This is called the gmeral solution of the equation, and by giving to p 
any positive integral value or zero, we obtain positive integral values of x 
and y ; thus we have 

p = 0, 1, 2, a, 

;r = fi, 17, 28, 39, 

y = 5, 19, 33, 47, 

the number of solutions being infinite. 

Example 3. In how many ways can £5 be paid in half-crowns and florins? 
Let X be the number of half-crowns, y the number of florins ; then 
5JP + 4y=200; 

j; + y+|= 60 ; 

. • . '^ = integer = p suppose ; 

x—4pf 

and ?/=50-'5p. 

Solutions are obtained by ascribing to p the values 1, 2, 3, ...9; and 
theS'efore the number of ways is 9. If, however, the sum may be paid either 
in half-crowns or florins, p may also have the values 0 and 10. If p=0, 
then x=0f and the sum is paid entirely in florins ; if p = 10, then y — O, and 
the sum is paid entirely in half-crowns. Thus if zero values of x and y are 
admissible the number of ways is 11. 

Example 4- The expenses of a party numbering 43 were £6. 14<». 6d. ; if 
each man paid 6«., each woman 2.<». Od., and each child !«., how many were 
there of each? 

Let X, y, 2 denote the number of men, women, and children, respectively; 
then we have 

x-^-y + z^ 43 (1), 

* 10j:-f-6y-^22s=229. 

Eliipinating z, we obtain 8a; 4 3y = 143. 

The general solution of this equation is 

" • a;=s3p + l, 

y = 4&-%p\ 
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Heuoe by substitntixig in (1), we obtain 

Here p cannot be negative pr aero, but may have positive integral values 
from 1 to 5. Thus 

1, 2, 3, 4, 5; 

«= 4, 7,10.13,16; 
y = 37, 29, 21, 13, 6; 

2, 7, 12, 17, 22. 


EXAMPLES. X. d. 

Solve in positive integers : 

1. + — 103. 2. 5.tr+2y=^63. 3. 7^4-12y=162. 

4. 13^+11^-414. 5. 2307 + 252^-915. 6. 41o? +472^=2191. 

Find the general solution in positive integers, and the least values 
of X and y which satisfy the equations : 

7. 5o,--7y=3. 8. Go7-13y-l. 9 . 8o?--21y=33. ^ 

10. l7y-13.t7-0. 11. 19y-23x=7. 12. 77y--30.r«295. 

13. A farmer spends £752 in buying horses and cows ; if-each horse 
costs £37 and each cow £23, how many of each does he buy ? 

14. In how many w^ays can £5 be paid in shillings and sixpences, 

including zero solutions ? ^ 

15. Divide 81 into two parts so that one may be a multiple of 8 
and the other of 

16. What is the simplest way for a person who has only guineas 
to pay 10«. 6c?. to another who has only half-crowns ? 

17. Find a number which being divided by 39 dves a remainder 16, 
and by 56 a remainder 27. How many such numoers are there ? 

18. What is the sniallest number of florins that uiust be given to 
discharge a debt of £1. 6«. 6c?., if the change is to he paid in half‘-crowns • 
only? 

19 . Divide 136 into two parts one of which when divided i[)y 5 
leaves remainder 2, and the other divided by 8 leaves remaiader 3. 

20. I buy 4D animals consisting of rams at £4, pigs at £2, and oxen 
at £17 : if I spend £301, how many of each do I buy ? 

• ' 

21 . In my pocket I have 27 coins^ which are sovereigns, half-crowns , 

or shilling and the amount I have is £5. Off. 6c?. ; how many coins of 
each sort have 1 ? • 

, H. H. A. ^ 



CHAPTER XL 


Permutations and CoMiiiNATioNs. 


139. JEach of the arrangements which can be made by taking 
some or all of a numl>er of tilings is called a permutation. 

^ Each of the groups or selections which can be made by taking 
some or all of a number of things is called a combination. 

Thus the permutations which can be made by taking the 
letters a, 6, c, d two at a time are twelve in number, namely, 

a6, oc, ad^ be, hd, cd, 

ha, ca, da, eh, dh, dc ; 

each of these presenting a different arrangement of two letters. 

The comhincUions which can be made by taking the letters 
a, h, c, d two at a time arc six in number : namely, 

ab, aCj ad, be, bd, cd ; 

• each of these presenting a different selection of two letters. 

From this it appears that in forming combinations we are only 
concerned with the number of things each selection containB; 
whereas in forming permutations we ha'we also to consider the 
order of things which make up each arrangement; for instaneoi 
if from four letters a, b, c, d we make a selection of three, such 
as abc, this single ‘combination admits of being arranged in the 
followinij ways : 

ahe, ach, boa, bac, cab, cha, 
ao gives rise to six different permutations. 
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140. Before discussing the general propositions of this 
fecbapter there is an important principle which we proceed to 
f explain and illustrate by a few numerical examples. 

If one operation can he performed in m and {wkm it 

has been performed in any one of these ways) a second operation 
can tlmi he performed in n ways ; Hie number of ways of per- 
forming the two operations will hem x n. 

If the first operation be performed in any one way^ we can 
associate with this any of the n wys of performing the second 
operation : and thus we shall have n ways of performing the two ‘ 
operations witliout considering more than one way of performing 
the first; and so, corr^ponding to each of the m ways 'of per- 
forming the first operation, we shall have n ways of performing 
the two; hence altogether the number of ways in which the two 
operations can be performed is represented by the product 
m X 71. 

'Example 1. There are 10 steamers plying between Liverpool and Dublin; 
in how many ways can a man go from Liverpool to Dublin and return by a 
difierent steamer? 

There are ten ways of making the first passage ; and with eaoh of these 
» is a choice of nine ways of returning (since the man is not to come back 
by the same steamer) ; hence the number ot ways of making the two journeys 
is 3 ' ' X 9, or 90. 


This principle may easily be extended to the case in which 
there are more than two operatidns each of which can be per- 
formed in a given number of ways. 

Example 2. Three travellers arrive at a town where there are four 
hotels; in how many ways can they take up their quarters, each*at a 
different hotel? 

The first traveller has choice of four hotels, and when he has made his 
selection in any one way, the second traveller has a choice of three ; there- 
fore the first two can make their choice in 4 x 3 ways; and with any one such 
choice the third traveller can select his hotel in 2 ways; hence the required 
number of ways is 4 x 3 x 2, or 24. 

141. To find the nwhiher of permutations of ii dissimilar things 
tahem x ad a time. • 

This is the same thing as finding the numbei* of ways in which 
we can fill up r places when we have n different things at our 
disposal • 

The first place may be filled up in n ways, for any one of the n 
tlutiga may be taken ; when it lias been fiUed up in any one of 
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these ways, tlie second place can then be filled up in -- 1 ways ; 
and since each way of filling up the first place can he associated 
with each way of filling up the second, the number of ways in 
which the first two places can be filled up is given by the product 
w (w- 1). And wlien the first two places have been filled up in 
any way, the third place can be filled up in — 2 vrays* And 
reasoning as before, the numl>er of ways in which three places can 
be filled t;p is n (w - 1) (w - 2). 

Proceeding thus, and notiq^Qg that a new factor is introduced 
with each new place filled up, and that at any stage the number 
of factors is the sanie as the number of places filled up, we sliall 
have the number of ways in which r places can be filled up 
equal to ^ 

71 (71 - 1) - 2) to r factors ; 

and the factor is 

— (r — 1 ), or — r 4 - 1. 

Therefore the number of permutations of n things taken r at 
a time is 

n (w - 1) - 2) (n - r 4- 1). 

Cor. The number of permutations of 7i , things taken all at 
a time is 

n (n 1) (w - 2) , . . . .to n factors, 
or w(n-l)(n-2) 3.2. 1. 

It is usual to denote this product by the symbol |«, which is 
rea^ “factorial n” Also n! is sometimes used for |w. 

142, We sliall in future denote the numl)er of permutations 
of 71 things taken r at a time by the symbol , so that 

- n (n - 1) (71 2) - 7* 4- 1) ; 

also "jP„ == \n. 

In working numerical examples it is useful to notice that the 
suffix in the symbol always denotes the number of factors in 
the fomtiLa we are using. 

« 

143, The number of permutations of n things taken r at* 
a time Aay also be found in the following manner. 

represent the number of permutations of n things 
taken r At a time. 
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Suppose we form all the permutations of n things taken r - 1 
at a time ; the number of these will be 

With each of these put one of the remaining w - r + 1 things. 
Each time we do this we shall get one permutation of n things 
r at a time ; and therefore the whole number of the permutations 
of n things r at a time is x (w - r + 1) ; that is, 

By writing r - 1 for r in this formula, we o})tain 

similarly, x (n - r + 3 ), 

. 

'P^ = n. 

Multiply together the vertical columns and cancel like factors • 
from each side, and we obtain 

"P^ = » (« - 1 ) (n - 2) (w - *• + 1). 

Example 1. Pour persons enter a railway carriage in which there are six 
scats; ill how many ways can they take their places? 

The first person may seat himself in 0 ways ; and then the, second person 
in 6 ; the third in 4; and the fourth in 3 ; and since each of these ways may 
ho associated with each of the others, the required answer is 6 x 5 x 4 x 8, 
or 360. 

Example 2. How many different numbers o^in be formed by using sfx out 
of the nine digits 1, 2, 3,. ,9? 

Here we have 9 different things and we have to find the number of per- 
mutations of them taken 6 at a time ; 

the required result =®Pg 

= 9x8x7 X 6 X 3 X 4 
= 60480. 

144. To find ilhe number of cornbitiatiom of nmdissimilor 
things taken r ai a time. 

Let "(7^ denote the required number of combinations. ^ 

Then each of these combinations consists of a group of r 
dissimilar things which can be arranged among themjelves in 
|r ways. [Art. 142.] 
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Hence "C, x is equal to the number of arrangiementt of n 
things taken r at a time ; that is, 


= n (m - 1) (« — 2) . . . (»J - r + 1 ) ; 

. -c = ( n,-2) ...(n-r+l ) 

• • r jy. 

Cor. This formula for "(7^ niay also be written in a different 
form ; for if we multiply the numerator and the denominator by 
\n^ T we obtain 

91 (w - 1) (n — 2) ... (91 - r + 1) X j a — r 
\r \n—r 


The numerator now consists of the product of all the natural 
numbers from nto\ \ 



It will be convenient to reniembe»* both these expressions for 
using (1) in all cases where a numerical result is required, 
and (2) when it is sufficient to leave it in an algebraical shape. 

Note. If in formula (2) we put r=7i, we have 

• nr ~ ^ • 

y 0 ~ |0 ’ 

but ’*C^=rl, BO that if the formula is to bo true for r—n, the symbol jO must 
^ be considered as equivalent to 1. 

Example. From 12 books in how many ways con a selection of 6 be 
made, (X) when one specified book is always included, (2) when one specified 
book is always excluded ? 

(1) •Since the specified book is to be included in every selection, we 
have omy to choose 4 out of the remaining 11. 

« 

Hence the number of ways=^^C 4 

_ 11 X 10 X 9 X 8 
“ 1^2 X 3x4 


= 830 . 
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(2) Since the specified book is always to be excluded, we have to 
select the 6 books out of the remaix^g 11. 


Hence the number of waysss^^Cj 


11x10x9x8x7 
“ Ix2x3x4x5 


=462. 

145. The number of combinations of n things v at a time is^ 
equal to the number of combinations of n things n—v at a tune. 

In making all the possible combinations of n things, to each 
group of r things we select, there is *left a corresponding group of 
n-r things; that is, the number of combinations of n things 
r at a time is the same as the number of combinations of 7i things 
- r at a time ; 

“C . 

The proposition may also be proved as follows : ^ 

. ir [Art. 144.] 

\n 

|?i — r |r 


= "(7, 

Such combinations are called complementary. 

Note. Put r=n, then •‘C'o=**C'„=l. 

The result we have just proved is useful in enabling us to 
abridge arithmetical work. 

Example. Out of 14 men in how many ways can an eleven bo chosen? 
The required number 

= 1*03 

14x18x12 • 

1x2x3 


If we had made use of the formula ^*0^ we should have had tb reduce an 
expression whose numerator and denominator each contained 11 factors. 
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146, To find tlie number of ways in which m + n thitirys can be 
divided into two groups containing m and n thi/ngs respeotifody. 

This is clearly equivalent to finding the number of combi- 
nations of m + n things m at a time, for every time we select 
one group of m things we leave a group of n thijigs beliind. 

Im + n 

Thus the required number = V" . 

^ \m In 

Notk. If n=vit the groups are equal, and in this case the number of 

(2ot 

/ ‘different ways of subdivision is ^ ^^y possible 

jITl |f}i 

to interchange the two groups without obtaining a new distribution. 

147. To find the number of ways in which m 4- n + p things can 
he divided into three groups containing m, n, p things severally. 

First divide m + n + p things into two groups containing m 
and 7i+/> things respectively : the number of ways in which this 

can be done is 'p:r^.=r=T-. . 

„ [m \ n-\rp 

Then the number of ways in which the group of n-^p things 
can be divided into two groups containing n and p things respec- 
.. , . n+p 

tively IS — . 

1»IP 

Hence the number of ways in which the subdivision into three 
groups containing m , w , things cpm bo made is 
|m + n + p \n\-p |m + 7i-i'p 

X , or . 

; but this formula regards 


jwi 1?^ -f p jn jp ^ 


|3m 


Note. If we put n—p^m. we obtain , , , 

^ > w |7» \ni 

• as diflereut all the possible orders in whicli The three groups can occur in 
any one mode of subdivision. And since there are |3 such orders cor- 

• responding to each mode of subdivision, the number o7 different ways in 

* |3w 

which subdivision into three eqttal groups can be made is r.r , 

|w |w |m |3 

Example*, The number of ways in which 15 recruits can be dividS into 
, , 115 

three equal groups is j^js |^3 ’ number of ways in which they 

can be drived into throe different regiments, five into each, is • 
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148. In the examples wliich follow it is important to notice 
that the formula for permutatioTia should not be used until the 
suitable selections required by the question have been made. 

Example 1. From 7 Englishmen and 4 Americans a committee of 6 is to 
be formed ; in how many ways can tliis be done, (1) when the committee con-* 
tains exactly 2 Americans, (2) at least 2 Americans ? 

(1) We have to choose 2 Americans and 4 Englishmen. 

The number of ways in which the Americana can be chosen is ; and 
the number of ways in which the Englishmen can be chosen is Each of ^ 

the hrst groups can bo associated with each of the second ; hence 
the required number of 

!4 17 

= _J-_ .J^_ 


^ (2) The committee may contain 2, 3, or 4 Americans. 

We shall exhaust all the suitable combinations by forming all the groups 
oontaiuing 2 Americans and 4 Englishmen ; then 3 Americans and 3 English- 
men ; and lastly 4 Americans and 2 Englishmen. 

The svm of the three results will give the answ«^. Hence the required 
number of ways = x x x 

“12|2 ^ |413 ^ |3^ l^li |^1£ 

= 210 4-140 + 21 371. 

In this Example we have only to make use of the suitable formuliB for 
comhinationSf for we are not concerned with the possible arrangements of the 
members of the committee among themselves. * 

Example 2. Out of 7 consonants and 4 vowels, how many words can bo 
made each containing 3 consonants and 2 vowels ? 

The number of ways of choosing the three consonants is and the 
number of ways of choosing the 2 vovrels is ; and since each of the first 
groups can be associated with each of the second, the number of combined 
groups, each containing 3 consonants and 2 vowels, is x 

Further, each of these groups contains 5 letters, which may be arranged 
among themselves in [5 ways. Hence , 

the required number of words =^0^ x x 


1.211 

_i5_ = 21{l 
I? 111,? 
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Example 3. How many words can be formed out of the letters arUtle, so 
that the vowels occupy the even places? 

Here we have to put the 3 vowels in 3 specified places, and the 4 conso- 
nants in the ^remaining places; the first operation can be done in |8 ways, 
and the second in |4 . Hence 

the required number of words = |3 x |4 

= 144. 

In this Example the formula for permutations is immediately appUcablo, 
because by the statement of the question there is but one way of choosing the 
vo’i^els, and one way of choosing the consonants. 


EXAMPLES XI. a. 

I, In how many ways can a consonant and a vowel be chosen out of 
the letters of the word courage? 

% There are 8 candidates for a Classical, 7 for a Mathematical, and 
‘^4 " for a Natural Science Scholarship. In how many ways can the 
Scholarships be awarded? 

3. Find the value of 

4 . How many different arrangements can bo made by taking 5 
of the letters of the word equation ? 

5. If four times the number of permutations of n tilings 3 together 
is equal to five times the number of permutations of n-1 things 
3 together, find 

,6. How many permutations can Ijo made out of the letters of 
the word triangle? How many of these will begin with t and end 
with e ? 

7. How many different selections can be made by taking four of 
the digits 3, 4, 7, 5, 8, 1 ? How many different numbers can be formed 
with four of these digits ? 

8. If : *1(72=44 : 3, find w. 

9. How many changes can be rung with a jxial of 5 bells ? 

10 . ^low many changes can bo rung with a peal of 7 bells, the tenor 
always being lastj 

II. On how many nights may a watch of 4 men l>e drafted from a 
crew df 24, so that no two watches ai*e identical ? On how many of these 
would any one man be taken ? 

li* How many arrangements can he made out of the letters of the 
word caught, the vowels nevei' being sejiarated ? 
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13. In a town council thero are 25 councillors and 10 aldemen ; 
how many committees can be formed each consisting of 5 councillors 
and 3 aldermen ? 

14. Out. of the letters p, q, r how many arrangements can 

1)6 made (1) beginning with a capital, (2) beginning and ending with a 
capital] 

15. Find the number of combinations of 50 things 46 at a time. 

16. If find 220.. 

17. In how many ways can tho letters of the word vowds btf 

i^rranged, if the letters oe can only occupy odd places ] « 

18. From 4 officers and 8 privates, in how many ways can 6 be 
chosen (1) to include exactly one officer, (2) to include at least one 
officer? 


19. In how many ways can a party of 4 or, more be selected from 
10 persons ? 

20. If 

' 21. Out of 25 consonants and 5 vowels how many words can be 
formed each consisting of 2 consonants and 3 vowels? 

22, In a library there are 20 Latin and 6 Greek books; in how 
iiiMiiy ways can a grouj) of 5 consisting of 3 Latin and 2 Greek books be 
pltwod on a shelf ? 

23, In how many ways can 12 things l>e divided equally among 4 

persons ? ^ 

24, From 3 oapitils, 5 consonants, and 4 vowels, how many words 

can be mjxde, each containing 3 consommts and’2 vowels, and beginning 
with a capital ? , 

25. At an election three districts are to be canvassed by 10, 15, and 
20 men respectively. If 45 men volunteer, in how many ways can they 
be allotted to the different districts? 

26. In how many ways can 4 Latin and 1 English b(X)k be placed 
on a shelf so that the Engjlisli book is always in the middle, the seleo 
tion being made from 7 Latin and 3 English books? 

27. A boat is to be manned by eight men, of whom 2 can only row 
on bow side and 1 can only row on stroke side ; in how many ways can 
the crew be arranged ? 

. 28, There are two works each of 3 voluines, anS two works each of 

2 volumes ; in how many ways can the 10 books be placed on ^ shelf so 
that volumes of the same work are qot separated? 

In how many ways con 10 examinaticn papers be arranged so 
that the best and weSwt papers never come together 
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30. An eight-oared boat is to be manned by a crew choisen from 11 
men, of whom 3 can steer but cannot row, and the rest can row but can- 
not steer. In how many ways can the crew be arranged, if two of the 
men can only row on bow side? 

^ 31. Prove that the number of ways in which p positive and n 
negative signs may be placed in a row so that no two negative signs shall 
be together is 

-^2. If + e : ^Pr + 3 = 30800 : 1, find r. 

33. How many different signals can be made by hoisting 6 differ- 
ently coloured flags one above the other, when any number of them 
may be hoisted at once ? 

y 34. If • ^^<^2r-4=225 : 11, find r. 

149. Hitherto, in the formulne we liave proved, the things 
have been regarded as unlike. Before considering cases in which 
some one or more sets of things may be likey it is necessary to 
point out exactly in what sense the words like and unlike are 
used. When we speak of tlnngs being dissimila/Ty differeniy un- 
like, we imply that the things are mmhhj unlike, so as to be 
easily distinguishable from each other. On the other hand we 
shall always use the term like things to denote such as are alike 
to the eye and cannot be distinguished from each other. For 
instance, in Ex. 2, Art. 148, the consonants and the vovrels may 
be said each to consist of a group of things united by a common 
characteristic, and thus in a certain sense to be of the same kind; 
but they cannot be regarded as like things, because there is an 
individuality existing among the things of each group which 
makes them easily distinguishable from each other. Hence, in 
the final stage of the example we considered each group to 
consist of five dissimilar things and therefore capable of |5 
arrangements among themselves. [Art. 141 Cor.] 

150. Suppose we have to find all the possible ways of arrang- 
ing 12 books on a shelf, 5 of them being Latin, 4 English, and 
the remainder in different languages. 

The books in' each language may be regarded as belonging to 
one cl«ss, united by a ^common characteristic ; but if they were 
distinguishable from each other, the number of peiinutations 
would J>e 1^, since for the purpose of arrangement among them- 
selves they are essentially different. 
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If, however, the books in the same language are not dis- 
tinguisliable from each other, we should have to find the number 
of ways in which 12 things can be ai'ranged among themselves, 
when 5 of them are exactly alike of one kind, and 4 exactly alike 
of a second kind : a problem which is not directly included in any 
of the cases we have previously considered. 

151. To find the nuniber of ways in which n things may he 
arranged among themselves^ taking them all at a time^ when p 
of the things are deadly alike of one kind, q of them exactly * 
- alike of another kind, r of them exactly alike of a third kind, and 
(he rest all different 

Let there be w letters ; suppose p of them to be a, q of them 
I to be h, r of them to be c, and the rest to be unlike. 

I 

Let X be the required number of permutations ; then if in ' 
a7iy one of these permutations the p letters a were replaced by p 
unlike letters different from any of the rest, from this single 
permutation, without altering the pqsition of any of the remaining 
letters, we could form \p new permutations. Hence if this change 
were made in each of the x permutations we should obtain xy. \p 
pel i'lutatioiis. 

Similarly, if the q letters h were replaced by q unlike letters, 
the number of permutations would be 

ar X X 1^2. 

In like maimer, by replacing the r letters c by r unlike letters, 
we should finally obtain re x x x \r permutations. 

But the things are now all different, and tlierefore admit of \n 
permutations among themselves. Hence 

0 ? X X jg X |r ; 



which is the required number of permutations. 

Any case in which the things are not all different may be 
treated similarly. 
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1. How manj different permutations can be made out of the 
letters of the word assassiTiation taken all together ? 

We have here 13 letters of which 4 are 3 are a, 2 are and 2 are w. 
Hence the number of permutations 

= 13.11.10.9.8.7.3.5 

= 1001 X 10800= 10810800. 


Examph 2. * How many numbers can be formed with the digits 
I, 2, 3, 4, 3, 2, 1, BO that the odd digits always occupy the odd places? 


The odd digits 1, 3, 3, 1 can be arranged in their four places in 

11 


ways. 


HE 

The even digits 2, 4, 2 can be arranged in their threg places in 

. E, 


.( 1 ). 


ways , 


.( 2 ). 


H 

-Each of the ways in (1) can bo associated with each of the ways in (2). 
14 13 

Hence the required number = x j j = 6 x 3 = 18. 

\l\l r. 


^ 152. To find the number of permutations of n things r at a 

/ timef when each thing may be repeated oncBy twice^ up to r 

^ times in any arrangement 

ilere we have to consider the number of ways in which r 
places can l>e filled up when we have n different things at our 
disposal, each of the n things being used as often as we please in 
any arrangement. 

The first place may be filled up in n ways, and, when it has 
been filled up in any one way, the second place may also be filled 
up in n ways, since we are not precluded from using the same 
thing again, Therefore the number of ways in which the first 
two places can be filled up isnxn or w*. The third place can 
also be filled up in 9^ ways, and therefore the first three places in 
ways. 

Proceeding in this manner, and noticing that at any stage the 
index of 9? is always the same as the number of places filled up, 
we shaO have the number of ways in wliich the r places can be 
filled up equal to 
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Example* In how many ways can 5 prizes be given away to 4 boys, when 
each boy is eligible for all t^e prizes? 

Any one of the prizes can be given in 4 ways; and then any one of the 
remaining prizes can also be given in 4 ways, since it may be obtained by the 
boy who has already received a prize. Thus two prizes can be given awaj^ in 
4* ways, three prizes in 4^ ways, and so on. Hence the 6 prizes can be given 
away in 4^ or 1024 ways. 


' 153, To find the total number of ways in which it is possible 
to make a selection by taking some or all of i\ things. 

Each thing may be dealt with in two ways, for it may either 

laken or left; and since either way of dealing with any one 

jg may be associated with either way of dealing with each one 
of t lie others, the number of selections is 

2 X 2 X 2 X 2 to n factors. 

But this includes the case in which all the things are left, 
Ihcrefore, rejecting this case, the total number of ways is 2*-l. 

This is oft<jn spoken of as “the total number of combinations” 
(»f n things. 

Example. A man has 6 friends ; in how many ways may he invite one or 
mov'j of ^betn to dinner? 

Ho t(> select some or all of his 6 friends ; and therefore the number of 
sva,. ' 2^' “ 1, or 63, 

Ibis result can bo verified in the following manner. 

The guests may be invited singly, in twos, threes, ; therefore the 

n ujjber of selections = ‘’Cj + 4 4- 

= 6 + 154 204-15 + 6 + 1 = 63. 

' 154. find for v)hat ved^tie of r the nuviber of combinations 

of n things v at a tiim is greatest. 


Since 

and 


n{n-\){n — 2) (?i - r + 2) - r + 1) 

3 - 

w (n - 1 ) — 2) {n -r + 2) 

1. 2.3...^...(r- l) ’ 


"0 , X 


n -r + 1 


The multiplying factor ^ ^ written — ^ - 1, 
which shews that it decreases as r increases. Hence as r receives 
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the values 1, 2, 3 in succession, is continually iucifeased 


94+ 1 

until 

r 

— 1 becomes equal to 1 < 

Now 

w + 1 . 

— 1 .> 


r 

so long as 

r 

that is, 

94+1 

-2 


We have to choose the greatest value of r consistent with^ 
this inequality. 

(1) Let n be even, and equal to 2m ; then 

74 + 1 2m +1 1 

-2 =-^=-+2' 

and for all values of r up to m> inclusive this is greater than r. 
Hence by putting r -- ~ ^ , we find that the greatest number of 

combinations is "C . 


(2) Let n be odd, and equal to 2m + 1 ; then 

74 + 1 2m + 2 


2 


- rws m + 1 ; 


and for all values of r up to m inclusive this is greater than r ; 
but when r - m+ 1 the multiplying factor becomes equal to 1, and 

= that is, = ■, 

3 2 

and tiierefore the number of combinations is greatest when the 
things are taken , or ™ 2 “ ^ time; the result being the 

same in the two cases. 


155. The fomula for the number of combinations of n things 
r at a time may be found without assuming^ the formula for the 
numtor of permutations. 

Let "(7^ denote the number of combinations of n things taken 
r at B, time ; and let the n things be denoted by the letters 
a^hyC^d, 
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Take away a ; tteu with the remaining letters we can form 
^ ”“^(7 combinations of ti- 1 letters taken r - 1 at a tima With 
each of these write a; thus we see that of the combinations 
of n things r at a time, the number of those which contain 
a is similarly the number of those which contain 

b is ; and so for each of the n letters. 

Therefore n x is equal to the numl)er of combinations 

r at a time which contain a, together with those that contain *6, 
those that contain c, and so on. 

^ } But by fonning the combinations in this manner, each par- 

ticular one will be repeated r times. For instance, if r=*3, the 
combinat? ai ale will be found among those containing a, among 
those containing 6, and among those containing c. Hence 



By writing n—\ and r - 1 instead of n and r respectively, 


Wiinilarly, 




n^l 

?• — 1 ’ 


'^V-3 



2 

2 ’ 


and ilnally, 


n-r + S 


n-r + l 


(7^ = —'+*(7^ X 
(7i ~ 9'4 — r-f 1. 


96 - r 4 - 2 

Q 



Multiply together the vertical columns and cancel like factors 
from each side ; thus 

•r (n -r+l) 

' r{r-r-l){r-2) 1 


156. 2h Jind the total number of ways m which it is posdble ' 

to make a selection by taking some or ail out q/’p + q“br+ 

thhigs^ wJwreof p are alike of one kind^ q alike of a second kind^ r 
alike of a third kind; and so on. 

The p things may be disposed of in + 1 ways ; for may 

take 0, 1, 2, 3, p of them. Similarly the q things may 

dispos^ of in ..ways; the r things in r + 1 ways; and 
»o on. 


H, H. A. 
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Hence the number of ways in which all the things may l>e 
disposed of is (p + 1) (</ + 1) (^ + 1) • 

But this includes the c^ase in whicli none of the things are 
taken; therefore, rejecting this case, the total ]iuinber of 
ways is 

(y,H ])(,/+l)(v+l) -1. 


157. A general formula expressing tlie numl)er of pennutii- 
tions, or combinations, of n things taken r at a time, when the 
things are not all diderent, may be somewliat complicated ; butt a 
particular case may be solved in the following manner. . 

Kacample. Find the number of ways in which (1) a selection, (2) an ar- 
rangement, of four letters can b made from the letters of the word 
proportion. 

There are 10 letters of six different sorts, namely o, o, o; p,p; r, r; t; i; n. 

In ffnding groups of four these may be olassiBed as follows: 

(1) Three alike, one different. 

(2) Two alike, two others alike. 

(3) Two alike, the other two different. 

(4) All fom different. 

(1) The selection can bo made in 5 way;^; for each of the five letters, 
pt r, t, 1 , n, can bo taken with the single group of the three like letters o. 

(2) The selection can be made in ways ; for we have to choose two out 
of the three pairs o, o; jp, p; r, r. This gives 3 selections. 

(3) This selection can be made in 3 x 10 ways ; for we select one of the 
3 pah's, and then two from the remaining 5 letters. This gives 30 selections. 

f4) This selection can he made in ways, as we have to take 4 different 
letters to choose from the six o, p, r, t, e, n. This gives 13 selections. t 

Thus the total number of selections is 5 4 - 3 + 30 + 15 ; that is, 53. 


In finding the different arrangements of 4 letters we have to permute in 
all possible ways each of the foregoing groups. 

'4 

(1) gives rise to 5 x , or 20 arrangements. 

I£ ' 

(2) gives rise to 3 x , or 18 arrangements. 


■4 


gives use to 30 , or 360 arrangements. 


gives rise to 15 k |4 , or 360 arrangements. 

,T|uia the total number of arrangements is 20+13+3604-360; that is, 758* 
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EXAMPLES. XI. b. 

1. Find tho number of iirrangements that can l>e made out of the 
letterH of tho words 

(1) mdepeTuhnc&y (2) m/perstitious^ 

( 3 ) in8tUutio7i8. 

2. In how manv ways can 17 billiard balls be arranged, if 7 of 
them are black, 6 rea, mid 4 white] 

3. A room is to be decorated with fourteen flags ; if 2 of them* are 
blue, 3 rod, 2 white, 3 green, 2 yellow, and 2 purple, in how many ways 

...can they bi3 hung? 

4. IIow many numbers greater than a million can l>e formed with 

the digits 2 , 3 , 0 , 3 , 4, 2 , 3 ? ^ 

5. Find the number of arrangements which can bo made out of tho 
letters of the word Al(/ebra, without altering the relative positions of 
vowels and consonants, / 

6. On three different days a man has to drive to a railway station, 
and he can chcKise from 5 conveyances ; in hc»w many ways can he imike 
tk three jounieys ? 

7. I have counters of n different colours, red, white, blue, ; in 

how many ways can I make an arrangement consisting of r ct)unter8, 
supi)osing that there are at least r of each different colour? 

V 8. In a steamer there are stalls for 12 animals, and there are 
C(jws, horses, and calves (not less than 12 of each) ready to lie shipjicd; 
in how many ways can the shipload bo made? 

9, In how many ways can n things be given to p per^ns, when 
there is no restriction as to the number of things each may receive ? 

i 10. In how many ways can five things be divided between two 
IxsrsouB ? • 

11. How many different arrangements can be mfido out of tlie letters 
in the expression when written at full length? 

12. A letter lock consists of three rings each marked with fifteen 
different letters ; find in how many ways it is iKwsible to make au 
unsuccessfiil attempt to open tho lock.*^ 

13. * Find the number of triangles which can be formed by joining 
three angular points of a qmndecagon. 

14. A libranr has a copies of one book, h copies of ^ch of two 
books, c copies of each of three books, and single copies of a books. In 
how many ways can these books be distributed^ if all are out at once ? 

^ 15. How many numbers not exceeding 10000 can be made with 
tho eight digits 1, 2, 3, 0, 4, 6, 6^ 7? * . 

16. In how many ways can the following prizes be given away tp a 
class of 20 boys : first and second Classicai, first and second Mathe- 
' matical, first Science, and first French? ^ 


9-^2 



132 


HIGHER ALGEBRA. 


^ 17« A telegraph has 6 iu’ms and each arm is callable of 4 distinct 
positions, including the i)Osition of rest; what is the total number of 
signals that can be made? / 

18. In how many ways can *7 i)eraon8 form a ring? In how many 
way» can 7 Englishmen and 7 Americans sit do>wi at a round table, no 
two Americans being together? 

^ 19. In how many ways is it possible to thaw a sum of monev from 
a bag containing a sovereign, a half-sovereign, a crown, a florin, a snilling, 
a penny, and a farthing? 

20. From 3 cocoa nuts, 4 apples, and 2 oranges, how many selec- 
tions of fruit can l)e made, taking at least one of each kind ? 

^ 21. Find the number of different ways of dividing mn things into 
n equal groups. 

22. How many signals can be made by hoisting 4 flags of different 
colours one above the other, when any number of them may be hoisted 
at once? How many with 5 flags? 

' 23. Find the number of permutations which can be formed out of 
the letters of the word series taken three together? 

24. There are p points in a })lane, no three of which are in the same 
straight line with wie exception of which are all in the same straight 
line; find the number (1) of straight lines, (2) of triangles which result 
from joining them. 

25. There are p joints in space, no four of which arc in the same 
plane with the exception of g, which are all in the same plane ; find 
how many planes there are each containing three of the points. 

^ 26. There are n different lx)oks, and p copies of each; find tlio 
number of ways in wliich a selection caii be made from them. 

27. Find the number of selections and of arrangements that cati l>e 
Tnad<^ by taking 4 letters from the word expression, 

28. How many permutations of 4 letters can be made out of the 
letters of the word examination ? 

29. Find the sum of all numbers greater than 10000 formed by 
using the digits 1, 3, 5, 7, 9. 

30. Find the sum of all uuml)ers greater than 10000 formed by 
using the digits 0, 2, 4, G, 8. 

31. If of jt) + g' + 7* things p be alike, and q bo alike, and the i*est 
different, shew that the total number of combinations is 

32. Shew that the number of j^ermutations which caii l>e fonned 
from 2n letters which are either a^s or is greatest when the number 
of is^qual to tiie number of 

^83* H the n+1 numbers a, 6, o, d, be all different, and each of 

them a, prime number, prove that the number of dijfl^ent factors of the 

ea^ression a^hed is 1) 2*‘- 1. 
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Mathematical Induction. 


1 58. Many important mathematical formulae are not easily 
demonstrated by a direct mode of proof ; in such cases we fre- 
quently find it convenient to employ a method of proof known us 
mathematical induction, which we shall now illustrate. 


Example 1. Suppose it is required 1 
of the first n natural numbers is equal to 

We can easily see by trial that the statement is true in simple cases, such 
as when n = 1, or 2, or 8 ; and from this we might be led to conjecture that 
the formula was true in all oases. Assume that it is true when n terms are 
taken ; that is, suppose 

l» + 2» + 3» + to ntorm8=|— 

Add the (n + term, that is, (« + 1)® to each side ; then 
1* + 2’’ ^ tV* + to 71 + 1 terms | + (w + !)» 

^ ^(n + lY^(^^ + n + l^ 

{h + 1)- + 4» + 4) 

4 


0 prove tnat tne sum oi cne cunes 


't' 


it + 1) (ft+2) |« 

2 5 * 


which is of the same form as the result we assumed to be true for n terms, 
n+ 1 taking the place of n; in other words, if the result is true whjn we take 
a certain number of terms, whatever that number may be, it is true wlien we 
increase that number by one; but w^ see that it is true whcox 8 terms are 
taken; therefore it is true wh^ 4 terms ore taken; it is therefore ^rae wh^ 
5 terms are taken ; and so on. Thus the result is true universally. 
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Example 2. To determine the product of ii binomial factors of the form 
x + a. 

By actual multiplication wo have 

(a; + a) (j; + h) (.t + e) = a;® + (a + h + c) + (ab + ?)c + ca) x + altc ; 

(x+a) (x+Z>) {x-{-c) {x + (1) — x*-\-(a-\-h-\-e + d)a^ 

+ {ab + ac+ad-\- he + + cd) x^ 

+ (ahe + ahd + acd + bed) x + abed. 

In these results we observe that the following laws hold : 

1. The number of terms on the right is one more than the number of 
binomial factors on the loft. 

2. The index of x in the first term is the same as the number of 
binomial factors ; and in each of the other tenns the index is one less than 
that of the preceding term, 

3. ^ The coefficient of the first term is unity ; the coefficient of the second 

term is the sum of the letters a, b, c, ; the coefficient of the third 

term is the sum of the products of these letters taken two at a time; 
the coefficient of the fourth term is the sum of their products taken three at 
a time ; and so on ; the last tenn is the product of all the letters. 

Assume that these laws hold in the case of n -- 1 factors ; that is, suppose 
(x + a) (x + h)...(x + h) = -f pj + . . . + » 

where Pi=a + b + c+ ...h; 

+ ..-ha/i + bc-i-bd+ .. ; 

2i^—abc-^abd r ; 


p^^^i-abc...h. 

Multiply both sides by another factor ar + A: ; tlma 

(.T + a) {x-\-b ) ... {x + h) (x-\-k) 

= {p^ + k) X” + (pa+p,A.)a;«-2+ (Pa+pgA') -‘*4 .. +Pn-lA^ 

Now + A = (a + b + c + ...4-b) + * 

= sum of all the n letters «, b, c, . . . A ; 
p.j f PiA=P2 4- k (a + b+ ... 4-/i) 

-rsum of the products taken two at a time of all the 
n letters a, b, c, ... k; 

PA^P»k^p^+k{ab + ac+ ...+ah-i’bc+ ...) 

= sum of the products taken three at a time of all 
the n letters a, b, c, ... A ; 

product of all the n letters «, b, c, . , k. 
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If therefore the laws hold when factors are multiplied together, 
they hold iu the case of n factors. But we have seen that they hold In the 
case of 4 factors ; therefore they hold for 6 factors ; therefore also for 6 
factors; and so on; thus theyliold universally. Therefore 

{x + a) {x + h) (.r + c) . . . (j; + *) = . 4. 

where /iS*^=the sum of all the n letters a, b, c ...Is ; 

*S» 3 =:tho sum of the products taken two at a time of these n letters. 


5,^= the product of all the n letters. 

159. Theorems relating to tlivisibility may often be esta- 
blished by induction. 

Example. Shew that .r” -- 1 is divisitlc by .r - 1 for all positive integral 
values of 71. 

By division * - ^ = ^ ; 

as- 1 x-1 

if therefore - 1 is divisible by a; - 1 , then a;** - 1 is also divisible by a? - 1. 
But - 1 is divisible by x-l; therefore ic® - 1 is divisible by a; - 1 ; ^ero- 
foro “ 1 is divisible by a; - i, and so on ; hence the proposition is established. 

Other examples of the same kind will be found in the chapter on the 
U heory of Nurnbers. 

ICO. From the foregoing examples it will be seen that the 
only theorems to which induction can be applied are those 
which admit of successive cases ^corresponding tot the order of 
the natural numbers 1, 2, 3, n. 


EXAMPLES. Xn. 

Prove by Induction : 

1. l-4-3 + 5"b “b (2'/i — 1 ) = 7i^, 

2. 13 + 2* + 32 + + = I K (to + 1) (2iM 1 ■), 

3. 2 + 23 + 2*+ +2“=2(2'‘-l). 

^ 0 + 2:3 + ^+ toTOtenns=.— 

5 . Provo by Induction that is divisible ]»y x + p Tghen n is 

even. 
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Binomial Theorem, PosnivK Integral Tnpkx. 

161. Jt may bo shewn by actual multiplication that 
(x -h a) (x-h h) {x + c) {x + d) 

— X* + (a \-h + c + d ) x^ + {ah + ac + ad be -f- hd + cd) 

+ {ahe -f- ahd + acd + bed) x + abed (1). 

We may, however, write down this result by inspection ; for the 
complete product consists of the sum of a numlxjr of partial pro- 
ducts each of which is formed by multiplying together four 
letters, one being taken from each of the four factors. If we 
examine the way in which the various partial products are 
formed, we see that 

(1) the term is formed by taking the letter x out of eojch 
of the factors. 

(2) the terms involving ar’ are formed by taking the letter x 
out of any three factors, in every way possible, and of the 
letters a, 6, c, d out of the remaining factor. 

(3) the terms involving are formed by taking the letter x 
e out of any two factors, in every way possible, and two of the 

letters a, ft, c, d out of the remaining factors. 

(4) the terms involving x are formed by taking the letter x 
out of any one factor, and three of the letters e, d out of 
the remaining factors, 

(5) the term independent of x is the product of all the letters 
ft, c, d, 

t 

1. (a? - 2) (5? 4- 8) (a: -s- 6) {x -f 9) 

2 + 8-5 + 9)a‘« + (^64-10--18-16 + 27-45).r« 
t +<30-54 + 90- 1S5 ),t + 270 



BINOMIAL THEOREM. POSITIVE INTEGRAX^ INDEX. 187 

Ewam^W 2. Find the coefficient of in the product 
(X - 8) (a: -t 5) (x - 1) (x-^ 2) (x - 8). 

The terma involving x^ axe formed by multiplying together the x in my 
three of the fadtora, and two of the numerical quantities out of the two re- 
maining factors; hence the coefficient is equal to the sum of the products 
of the qiiuutities ~ 8, 5, -1,2, - 8 taken two at a time. 

Thus the required coefficient 

= -16 + 3-64 24-5 + 10-40-2 + 8-10 
= -39. 

162. If in equation (1) of the preceding article we suppose 

we obtain 

(x + ay - + iax^ + Qa^x^ + ia^x + a*. 

The method here exemplified of\ deducing a particular case 
from a more general result is one of frequent occurrence in 
Mathematics ; for it often happens that it is more easy to prove 
a general proposition than it is to prove a particular case of it. 

We shall in the next article employ the same method to prove 
a formula known as the Binomial Theorem, by which any binomial 
of the form x-^a can l^e raised to any assigned positive integral 
power. 

163. 7^0 find live expansion of (x + a)” n is a positive 
inUtgeTn 

Consider the expression 

{x ’¥a){x + h) {x + c) (a? + k\ 

the number of factors being n. 

The expansion of this expression is tJie continued product of 

the n factors, £c + rt, a; + J, sc + c, oj + A;, and every term in*the 

expansion is of n dimensions, being a product formed by multi- 
plying together n letters, one taken from each of these n factors. 

Tlie highest power of x is oj", and is formed by taking the 
letter x from each of tlie n factors. 

The terms involving aj"”* are formed by taking the letter x 
from miy n - 1 of the factors, and om of the letters a, e, ... i 
from the remaining factor; thus the coefficient of af*"* in the 

final product is the sum of the letters a, 6, c, k\ denote it 

by Sy 

The terms involving a5"““ are formed by taking the letter^ « 
from cmy n- 2 of the factors, and two of the letters a, h 

from the two remaining factors; tlius the coefficient of in 

the final product is the sum of iJie products of the •letters 
a, h, ^ . A? taken two at a time; denote it by 
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And, generally, the terms involving are foxined hy taking 
the letter a? from any of the factors, and r of the^etters 
a, hy k from the r remaining factois ; thus the oocffiipent of 
in the final product is the sum of the products of the letters 
ffy hy c, ... 7c taken r at a time; denote it by 

The last term in the product is abc ...Jc; denote it by *9^. 

Hence (x + a) (x + h) (x + c) (rr + A;) 

= £c” + + . . . -f- + . . . + ^x + S^. 


In the number of terms is n, in ike number of terms is 
the same as the number of combinations of n things 2 at a time ; 
that is, ; in the number of terms is "(7^ ; and so on. 

Now suppose by c, ... ^, each equal to a\ then S l>ecomes 
becomes becomes "C'/e”; and so on; thus 

(x + af ^ .i;" + "(7,^.7;"-’ -f “6>V~* 4- 4- . . + "CVi” ; 

substituting for ”(7^, ... we obtain 


{x + of - aj" + lUixT ' " 


1 2' ^ ’ ' J 2 3 — 


+ . . . + tt 


the series containing w 4- 1 terms. 

This is the Binomial Theoremy and the expression on the right 
is said to be the expansion of {x 4* of. 


1C4. The Binomial Theorem may also bci proved as follows : 
By induction we can find the product of tl>^ n fiictors 
33 4*0, »4-fe, .x*4-c, ... fl3 4-Z; as explained in Art. 158, Ex. 2; we 
cai^ then deduce the expansion of (ir4-o)" as in Art. 1C3. 


165. The coefficients in the expansion of {x -\ a)'" are very 
conveniently expressed by the symbols "C’,, "Cg, "(7^,, ... "(7^. 
We shall, however, sometimes further abbreviate them by omitting 
ny and writing C\y C,^y ... 6'^. With this notation we have 

{x +a)" ^ 4- C^ax”"^ 4- CgoV'* 4- C/iV" + . . . + 

[f we write — a in thf? place of o>, w<s obtain 
(x - ay * ic" *f- (- '+*•■ + 

. .7;” - 4* . . . 4- (- \yCa\ 

Thus the terms in the expansion of {x-^af and (os-o)" are 
npnmrkidly the same, but in (a? - - ay they are alternately J)ositivc 
and negative, and the last term is positive or negative according 
as n is even or odd. 

,4 " * ' 
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Sxampls I. Find the expansion of 
By the formula, ' ’ 

(x + 1 /)« := x« + + ^C^xhj* + 

= x*+ ijx^y 4 lax^y^ 4 20x®y* 4 IGx^y* 4 6xy^ 4 ?/**, 
on calculating the values of ®6\ , “C-g, 

Example 2. Find the expansion of {a - 2x)^. 

(a - 2x)^ — u7 - "Cj (2x) 4 a® (2x)* - a* (2x)® 4 to 8 terms. 

Now remembering that after calculating the coefficients up to 

,^the rest may be written down at once; for = and so on. 

Hence 

(a - 2xy = - 7n® (2x) 4 J (2a;)* 4 

= a7 „ 7a« (2.T) 4 21a® (2.r)* - 35a« (2x)* 4 35a* (2x)* 

- 21a* (2x)» 4 7a (2.r)« - {2xf 
= a^ - 14a®x 4 H4a®x* - 28()a'*x* 4 560a*x^ 

- 672aV 4 448ax« ~ 128x7. 


Example 8. Find the value of 

(a + - 1)' + (a - ^fa‘^ - 1)?. 


We have here the sum of two expansions whose terms are numerically 
the same ; but in the second expansion the second, fourth, sixth, and eighth 
terms are negative, and therefore destroy the corresponding terms of the first 
expansion. Hence the value 

= 2 { a7 4 21a® (a* ~ 1) 4 35a* (a* - 1)* 4 7tt (a* - 1)*} 

= 2a (G4a« - 112a^ 456a* 7). 


1 66. Ill the expansion of (x 4 a)", the coefficient of the sec<hid 
term is ; of the third term is ; of the fourth term is "Cg ; 
and so on ; tlie suffix in eacli term . being one less tlian the 
nuinlior of the term to which it applies; hence is the co- 
efficient of the (r 4 1)“^ term. This is called the general term, 
b(^cause by giving to r different numerical values any of the 
coefficients may be found from *0/, and by giving to x and a 
their appropriate indices any assigned^ term may be obtained. 
Thus the (r 4 t term may be written ‘ , 




t 


In applying this formula to any particular case, it should be 
observed that /7*c index of a ie Ute mme m dm miffix of and 
thM the mm of the indices of x and a is n. 
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Example X. Find the fifth term of (a 


The required term 


=17(7^ (2.cy 


17.16.15.14 
1 . 2 . 3. 4 "" 




=88080ai*ic^2^ 


Example 2. Find the fourteenth term of (3 - 

The required term (^)® ( “ 

=.i*(72x(-9a*3) [Art. 145.] 

= -945a^3. 

167. The simplest form of the binomial theorem is the ex- 
pansion of (1 + a?)". This is obtained from the jL(eneral formula 
c)f Ai-t. 16-3, by writing 1 in the place of a;, and x in the place 
of a. Thus 


(1 + x)^ ^ 1 -f ”C^x 4- -f- . . . + . -i- 


rr. 1 + 7?aJ + "V + 


1.2 




the general term being 

n (n — 1) (n — 2) . . .^ . { 71 - r 

The expfinsion of a binomial may always be made to dejiend 
upon the case in which the first term is unity; thus 


(*+,/)“.= {*(1 +Q}’ 


y 

■ sc**(l + «)”, whore ^ • 


we have in 


Example 1. Find the coefficient of .t’® in the expansion of (x? - 

We have (a;® - 2a;)^^=.r3<> ^ 1 _ ^ \ . 

^ ^ , f 2\*o 

and, since multiplies every term in the expansion of 1 1 - -j , 
this explosion to seek the coefficient of the term which contains ~ 
Hence the required coefficient =^®<74 ( - 2)* 

10.9.8.7 

=3360. 

« 

> In ^ome cai^es the following method is simpler. 
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EmmjpU 2. Bind the coefficient of ac** in llio eximnttion of 
SnppoHe that occurs in the {p '+ 1)‘*' term. 



The ip + 1)‘^* term = ^Cp 

But iluB term contains ic^, and therefore 2n - r)p - /•, or p = 
Thus the required coefficient = 


2 'h r 


i(2M-r) jii(3» + ») 


1 - /• 
Unless ----- 
o 

the expansion. 


is a positive integer there will be no term containing x/ in 


168. In Art 163 wc deduced tlie expansion of («; + a)'* from 
th(i product of n factors (x + a)(x + h) ... (x-hk), and the method 
of proof there given is valuable in consequence of the wide gene- 
rality of the results obtained. But tlie following shorter proof of 
the Binomial Theorem sliould be noticed. 

It will be seen in Chap. xv. rthat a similar method is used 
to obtain the general term of the expansion of 

(« + J + C+ )". 

109, To prove tJie ^inomial Tlieor&in. 

The expansion of (sc + a)“ is tlie product of n factors, each 
equal to sc + a, and every term in tlie expansion is of n dimen- 
sions, being a product formed by nmltiplying together n letters, 
one taken from each of the n factors. Thus each terhi involving 
a?”'* V is obtained by taking a otH of avy r of the factors, and x 
out of the remaining n-r factors. Thei’efore the number of 
terms which involve must be equal to the number of ways 

in which r things can be selected out of n ; that is, the coefficient 
of is and by giving to r the values 0, 1, 2, 3, ... » in 

succession we obtain the coefficients of all the terms. Hence 

(jc -f a)" « fit?" + "(7 ,a5'‘"‘a + V + . . . + •£7^*' V -r . . . + a", 

silica and ai^ each equal to unity. 
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EXAMPLES. Xm a. 


E.xi>and the following biiiomwle : 

1. 2. (•Ar + 2^/. 

4. 5. 


3. (a-v -,»/)■*. 

6. (I 




8 . 


(-?)■ 


“• “• G*”)' 


9. 

12 . 


G-G)" 


AVrito down and siiuplify : 

13. Tlie 4*”’" term of (.?; - 14. The 10“‘ term of (I - 
15. The 12‘^ term of (2^7-1;*'^. 16. The 28*’‘ term of 


17, The 4^‘ term of 

18, The i(5rm < 

19, The 7“' term of 


20. The 5‘’‘ term of 


/4.t _ T) Y» 

\b 2 .v) 

,3 5 1 

.r2_yA 

*1 8 I 

(jfi h^' 


6 , 8 


Find the value of 

21. {x+^i)*+{x-,J'i,y. 22. (v'^'=‘--a“ I .<.•)•■ -(V.r*- o’*-.*;)' 

'23. (v/2 + l)'>-(V2-J)‘. 24. (2-Vl“»;)*+(2 + v/r^;)". 

25. Find tho middle tenn of • 

26. Find tho middle term of ^ • 

( 3a\ 

28. Find tho coeificient of in - hxf. 

2% Find tho coefficients of and in (x* -- ^ . 


30» Find the two middle terms of 


(-f)’ 
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31. 

Find the term indei>endent of .v in - 

-Y. 

3.vJ 

32. 

Find the 13*^*' term of j^D.r - 


33. 

If .'tf occurs in the exprinsiou of , 

find its coefficient. 

34. 

Find the term indciMnideut of./,* in 

1" 

35. 

/ r\‘-*** 

If :c^‘ (jccnrs in the exj^>an.sion of 

, prove that its co- 

efficient 

i2/i 



{4>i 




170. Iti the ej'jxt union of {\ +x)“ the copjfictents of ter tm eqm- 
diiilnjif from the heyinning and end are equal, 

•Tluj of tlie (r + 1)^*' term from the begiiiiiing is 

XV 

The (r+ 1)*^ te!*m from the end lias n 4- 1- (?•+!), or n-r 
terms Inifore it ; therefore counting from t he lieginning it is 
the (h — r4- term, and its coefficient is which has been 

shewn to Ui eiiual to XX [Art. 145.] Hence the proposition 
follows. 

171. To fnd the greatest coefficient in tlse exjmnsion of 
(l + x)“. 

The <;oefficient of the general term of (1 +a^)" is "(7^; and we 
liave only to find for what value of r tliis is greatest. 

By Art. 154, when n is even, the greatest coefficient is “(7^ ; 

s 

and when n is odd, it is "(7„ ,, or ; these two coefficients 

“i~ ”2- 

being equal. 

172. To find the greatest term in the eocpanxlon ©/‘{x a)". 

We have (x + a)" «= a?" ^1 + ; 

therefore, since nmltipHes every term in -f , it will be 
sufficient to find the greatest term in this latter expansion. 



HIGHER ALGEBRA. 


144 


Lot tlie and (r + be any two consecutive tenns. 
Tlie + term is obtained by multiplying ilie term by 

^r±} . “ ; tJiat is, by ^ - l) ^ . [A-rt. 1C6.] 

r X* ’ \ r /X 


The factor 


, +'^1 


— 1 decreases as r increases ; hence tlie 


(r + l)«‘ term is not always greater than the r«‘ term, but only 
until - 1^ - becomes equal to 1, or less than 1. 


Now 

so long as 
that is, 


r:' 


r 

It 4 - 1 


-1 


r 

+ 1 X 


or 


r 

It + 1 

“ 

a 


a 


X 

a ^ 


,(i). 


1£ !Lii. be air integer, denote it by y>; then if r - p the 


- + 1 


milltiplying factor becomes 1, and the (p + 1)“' tcnii is equal to the 
p* ; and these are greater than any otlier term. 


If 2Lii be not an integer, denote its integral part by q ; 

~ + l 

then the greatest value of r consistent with (1) is y; hence the 
(q + I)*** term is the greatest. 


Since we are only concerned with the numerically gre(^t 
fer^ithe investigation will 1 m the same for (*-»)”; therefore 
in any numerical eicarnple it is unnecessary to insider the s^ 
of the second term of tlie binomial. Also it will . 1 m found best 
to work each example independently of the general formula. 
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Example 1. If .t ^ ~ , find the greatest term in the expansion of (1 

Denote the and (;‘4 terms by and respectively; then 
H-r + l 


^ Vi 1 - " 


. X T, 


y - 4 


hence 
so long as 
that is 






\) - r 4 , 

36 - 4/*-^ 3/% 
nO^-Tr. 


The great(jst value of r consistent Avith this is 5 ; hence the greatest term 
is tlio sixth, and its value 




r -1. 


Kxnmph' 2. Find the greatest term in the expansion of (3-2.t)® when 




(3 - 2.p)» 

thus it will be sufficient to consider the expansion of 
Here 




,,, 2-r-l-l 2.'i; . „ 

7Vu= - . y 7r» numencalhf, 


10 -r 2 

'I'rH-'I'r' 

10 -r 2 ^ 

— X o'-!; 

r o 
20>5r. 


hence 
so long as 
that is, 

Hence for all values of r up to 3* we have but if rss4, then 

T 1 - 7V» a-«<l greatest terms. Thus the 4*^ and t|nna are 

numerically equal and greater than any other term, and their value 

. 3» X *0. X 8« X 84 X 8=489888. 


H. H. A. 


10 
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173. I'o find t}i/e sum of the coefficients in the expansion 

In the identity (1 + a;)" -= 1 + (7, sc + + . . . + Cy, 

put sc = 1 ; thus 

-- sum of the coefficients. 

CoK. + C\ + G.^ + ... + C^^ -~ 2’' - ly 

that is “the total number of combinations of n tilings” is 2" - 1, 
[Art. 153.] 

174. To prove that in the expansion of +x)", the sum oj 
the coefficients of the odd terms is equal to the sum of the coefficient t 
of the even terms. 

In the identity (1 + .r)" - 1 + G^x + Gy + Cy -t . . . + Gy\ 
put a: = - 1 ; thus 

0=1-6\+C,-(73+(7,~(7,+ ; 

... 1 +(7,h- + 

Is 4 t J 5 

= ^ (sum of ah the coefficients) 


175. The lUnomial Theorem may aliiio be applied to expant 
expressions which contain more than two terms. 

Itigrainple. Find the expansi^ of (x* + 2x- 1)^. 

Regarding 2a: - 1 as a single term, the expansion 

= + 3 (ar)^ (2x - 1) + 3x^ (2x - 1)2 + (^c -* 1)* 

= -I- Ox** + Ox** - 4 x 2 _ Q3.2 _j_ reduction. 


; 17G. The following example is instructive. 

' Example. If (l + .T)":r.r„ + CiX + 055x2+ + c^x^ 

find the value of Co + 2oj + ik2+4c3+ + (w+l)c„ (1), 

, Ci 2 + 2 ca*+ 3 c 32 + (2), 

The series (l)=.(Co+<ji+Oa+ +c^)+(ci + 2 c 8 + 3c3+ +wg 


^ :=2«+w +i|. 

=:2»‘ + n(l + l)‘‘-> 

^ =:.2** + n.2«-"b 
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To find the value of the series (2), we proceed thus: 

c^x + + + 


—7ix |l + (n - 1) sc + 


2 ^ ^ ■ 


, + 


-! 


=na;(l+a;)’‘~^; 


hence, by changing x into - , we have 

X 


2cq 3c« 


x^ x\ x) 


Also 


Co + <Jia? + C2a;2+ +c^sc»»=(l +a:)^. 


(8). 

..(4). 


If we multiply together the two series on the left-hand sides of (3) and (4), 
we see that in the product the term independent of x is the series (2) ; hence 

^ n / 1 \ 

the series (2) =:term independent of a: in - (1 + { 1 + - ) 

' ^ \ 


=term independent of ;r in — (1 
= coefficient of in « (1 

|2;i-l 


' I ~ ^ ~ i ’ 


EXAMPLES. Xm. b. 

la the following expansions find w^hioh is the greatest term : 

1. (.^7— when ;r=ll, y=4. 

2. (2.^7 - 3y)‘^ when == 9, y — 4. 

3. (2a + 6)^^ when a = 4, h 5. 

4 . (3-f when ^ 

In the following expansions find the value of the greatest term,: 
2 

5. (1+A')" when «=6. ^ 

6. when 

10—2 
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7* Shew that the coefficient of the middle term of (1+^)®" is 
equal to the sum of the coefficients of the two middle terms of 

8. If A be the sum of the odd terms and B the sum of the 

even terms in the expansion of prove tliat 

9. The 2*“*, 3*^, 4**‘ terms in the expansion of are 240, 720, 

1080 resi>ectively j ffiid y, 7i, 

10, Find the expansion of (1 + 2.^ - 

11. Find the expansion of 

12, Find the term from the end in (.v + (f)\ 

f l\2n-H 

13. Find the Q:>-f-2)‘*' term from the end in f ;r- 

14u In the expansion of (J -h^ )^*Hhe coefficients of the (2r4- 1 )** and 
the (/•+2)‘‘* terms are equal; find r. 

^ 15. Find the relation between r and ti in order that the coefficients 
of the 3r^ and (r + 2)*^'* terms of (1 may l)e equal. 


16. 

Shew that the middle term in the expansion of ( 1 -f is 

• 




n 

If Cq, Cj, Cjj, ... denote the coefficients in the expansion of (1 -f-.r)*, 
prove thiit 

17, 

Cj-f 2^2+3^3 4-. 

+?iCn^n . 2“' ^ 

18, 

Ct Ci, 

^0 + 2 “i“ 3^ "h • • ” 

c On + 1 _ 1 

+ - ... *- ' 

4- 1 a 4 1 

19, 

e, 2co 3CJ. 

. * -j ^ ^ - J» + 

^'0 ^2 

»(«+!) 

■ 2 • 

20. 

(cj,+c,) 



21. 

^0+ jj + 3 

2V, ,2»+V„ 3“-*> -1 

4 w+1 ?/4l 

22. 

«0®+ «!* + «/+ •■ 

12/i 

4-e 2— ' — 

" 

23. 

C„c,+c,fl, + , + <v 

• 

\2n 

\n-V]fyr ' 



CHAPTER XIV. 


Binomial Theorem. Ant Index. 


177. In the lust chapter ♦we investigated the Binomial 
Theorem w'hen the index was any positive integer ; we shall now 
consider whether the formulae there obtained liold in the case 
of negative and fractional values of. the index. 

Since, by Art. 1G7, every binomial may 1x3 reduced to one 
common tyjxi, it will be sufficient to coniine our attention^ to 
binomials of the form (1 + x)”. 

By actual evolution, we have 

( 1 + *)'» = \/ r-rs ^ 1 + 3 - g a.-' - ; 

and by actual division, 

(I 1 +2a!+3»*+4x-’+ ; j 

' (1 -X) 

[Compai’c Ex. 1, AH. GO.] 

and ill each of these series tlie number of terms is unlimited. 

In these cases we have by independent processes obtained an 

expansion for each of the expressions (1 x)* and (1 + 0 ?)“^ Wo 

shall presently prove that they are only paHicular casein of the 
general fonnula for the expansion of (1 where n is any 

rational quantity. 

This formula was discovered by Ne-wton. 


178. Suppose w^ohavo two expressions arranged in ascending 
powers of x, such as 

l + mx + ~Y-^—' !>!•+ - ■ r 2 3 ■ ’ • 

, - w(n-l) „ (?^ — 1) (»— 2) , • .rt. 

and 1 -f* r/OJ + ' 4 , (2), 
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The pi*oduot of these two expressions will l>e a series in as- 
cending powers of x; denote it by 

1 +Jx +Bx^ + Cx^ + Dx* + ; 

tlien it is clear that i?, (7, arc functions of m and n, 

and therefore the actual A^alues oi C, in any particular 

case will depend upon the valnea of 7ii and n in that case. But 
the way in which the coefficients of the powers of x in (1) and (2) 

combine to give A^ Cy is quite independent of m and n ; 

in other words, wImtevGr values m and n may havGy A, B, C, 

preserve the same ivwariahle form, Tf therefore wo can determine 

the form oi Ay By Cy for any value of m and w, we conclude 

that Ay By Cy will liave the same form for all values of m 

and n. 

Tlie principle here explained is often referred to as an example 
f)f ** the permanence of equivalent forms : in the present case we 
have only to recognise the fact that in any alyehraical product tlio 
form of the result will be the same whether the quantities in- 
volved are whole numbers, or fractions ; positive, or negative. 

We shall make use of this principle in the general prw^f of 
the Binomial Theorem for any index. The proof which we 
give is due to Euler. 


179. To prove the ^inomial Theorem when the index is a 
positive fraction. 

Whaiever he the value of m, positive or ^legativCy integral or 
fractional^ let tlie symbol f [m) stand for the series 






then f (n) will stand for the series 




If we multiply these two series together the product will be 
another series in ascending powers of aj, whose coefficients will be 
of thx same form whatever m and n may he. 

To determine this invariable form of tits product we may give 
to m obd n any values tliat are most convenient ; for this purpose 
suppose that m and n are positive integers. In this case /‘(m) 
is the eixpanded form of (1 4- a:)’”, and/(n) is the expanded form of 
(1 4 \ and therefore 
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, /(»*) x/(») --- (1 + «)" X (1 + *)" = (I + *)”*“, 

hut wlieii m and n are positive integers the e}Lps.nsion of (1 + 

, , ^ On + n) (m + n—1) . 

IB 1 + (wi +»i)a:+ ' ' ' •ai^+ ...... . 

1 . ^ 


This then is the Jbrrn of the product of f {ni) x f (/i) in all 
cases f whatever the values of m and n may bo ; and in agreement 
with our previous notjition it may be denoted by /(ni + v) ; there- 
fore for all values of m and n 

f(in) y/{u) ~ /{/n + n). 

Also /{7u) y/(n) x/ijJ) ^/(m n) x/( p) 

^f(7n + 'H 4-p), similarly. 


Proceeding in this way we may shew that 
f{vi) X / (n) x/( 'p)...to k factors ^f{m + . .to ^ terms). 


Let each of these quantities p, bo equal to ^ , 

where h and h are positive integers ; 

fk 


./up vX 

but since h is a positive int(^ger,y’(7t) (1 -f u;)* ; 
■■■ 


but 




stfinds for the series 
h fh 




, A . ^ G ~ 0 . 

. + a!)*=l +j« + — 


which proves the Binomial Theorem for any positive fractional 
index. 
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180. To prove the Binomial Theorem %ohen index is any 
negcttive quantity. 

It lias been proved that 

/(«*) x/(«) =y'(«‘ ^ '•) 

for all values of m and »t. Replaciiif' w, l)y - n (where u is 
positive), 'V^'e have 

/ ■ ’0 x/ («) - /(- « + »<) 

-/(O) 

- 1 , 


since all terms of the series exeejit the first vanish ; 
■■■ 

but./’(n) — (1 -f ;/•)", for am y ‘positive value of n , 

(TVar 

or (1 +a;)'“-/(-n). 

But y’( ”94) Ktaiids for the seritis 

I . / \ (- vf) ( - Vi - 1) 3 

. 1 +(-n,)a: + ^ . ; 


(1 + J-) 1 f (--«)•'-• + 


(- 


n) (- n - 
1.2’ 




whicli pi’oves tlje Binomial Theortna for any ne;L!;ativo index. 
Hence the theorem is completely established. 


181. , The proof contained in the two preceding articles may 
not appear wliolly satisfactory, and will probably present some dif- 
ficulties to the student. There is only one point to which we 
shall now refer. 

In the expression for/(w) the number of terms is finite when 
in is a, positive niteger, and unlimited in all other cases. 

Art. 182., ^jft is therefore necessary to enquire in what sense we 
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are to regard the stetenient thaty{m) x f (n) = /{m + n). It will 
he seen in Chapter xxi., that when a:<l, each of the series 

h n) is convei'fferd, and /(m + n) is the true arithmetical 
ecpiivalent of /(m) xy*(n). But when a;>l, all these series are 
divergeni, and wc can only assert that if wo multiply the series 
denot(-d by f (tn) by the series denoted by f (yi), tlie first r terms 
of the product will agree with the first r terms of f (rn 4 w), 
l^hatever finite valuer r may have. 

3 

Eaemmplv 1. Exj3and (1,-- •'t)^ to four teriiiH. 


• Id-') JG--)a-) 


. 3 :j 1 


Kd omplc *1. Expand (2 + .‘tr) ^ to four toriiiH. 




45 


1H5 


r + - .I" - -rr 4 . 


)■ 


IS-J. Ill finding tin? general tm*in we must now use jLhe 
formula 

(a->-r 4l) , 

I ' 

written in full ; for the syinlKil can no longer employed 
when It is fnicf ional or negative. 

Also the coefficient of the general term can never vanish unless 
one of the factors of its numei*ator is zero ; the series will theror 
fore stop at the r*'*' t(n*m, when n — r 4 1 is zero ; that is, when 
r^n’¥ 1 ; but since r is a positive integer this e<iuality can neyer 
liold except when the index n is positive and integral. Tlifis the 
expansion by the Binomial Theot’em extends to h 4 1 t erms wlien^ 
n is a po^tivirinfegert to an inTimte nuinl>er^QL ^^ hi 
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JCxawpk 1. Find the general tonn in the eKpansion of (1, + af)^. 

M-^) -g— ).. 


The (r+ 1)‘*' term- 


l(L 

2 \2 


(j-2r + 3) 

2»-|r “ ” 

The number of factons in the numerator iw /*, and r - 1 of those arc nega- 
tive; therefore, by taking - 1 out of each of these negative Victors, ve may 
wr'te tlje above expression 

1.3..-, 

'■ ' ^ 2nr *• 

1 

Example 2. Find the general term in tlio expansion of (1 
(^-2) r4 1) 

i- 1)^" term = , / , ! ili L ( t^' 


The (r i- 1) 


_ 1 (1 - w) (1 “ 2«) (1 - r -- 1 . n) 




= { - l)r 1 »• - i 

' ' |r 

= ( - 1)>- ( - l)>-« - .,.r 

\ > \ } |,. 


(71- 1) (2w- 1) . .. (r-l.n-1) 

( - 1)- ( - l)*^I = ( - l)2>-» = - 1 . 




Exampk 3. Find the general term in the expansion of (1 - x)~\ 
The (r + l)'»term= C)^” -(-3-r + l) ^ 

' = { - !)’■ ( - l)r ,rr 

« ^ ^ 1.2.3 r 

_ fr + 1) (r+S) 


1 .2 


--r'a.**, 


bj iranaioving like factors from the numerator and denominator. 
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Expand to 4 terms the following expressions : 


1. 

(1 +iF)’. 

2. 

3 

(1 + .-1?)^. 

3. 


4. 


5. 

(1 - Sxf. 

6. 



1 




3 

7. 

(I+ 2 . 1 .O*. 

8. 

(Z+s) • 

9. 


10. 


11. 

(2+.r)"-->. 

12. 

] 


2 


3 


, 

13. 


14. 

(<) ~ iiv^ 

15. 



Write down and simplify : 

16. The 8«‘ term of (1 + Sa-)' 2 . 

II 

17. The 11«' Uinii of (1 - '2r‘)2. 

\h 

18. The 10“^ term of (1 4- 

19. The 5^^' term of (Sa -- 26) ’ *. ‘ 

20. The (r+ 1)^** term of (i - .k) 

21. The (?’ -I- I tenn of (1 - .v) " ■*T 

1 

22. Tlie (r+ 1)*^‘ term (I + .»•)-. 

ii 

23. The (r+ 1)“* term of (1 

n 

24. The J4‘^‘ term of 2'a-’)*^. 

n 

25. The 7«‘ term of (3« + 

183. If we expand (1 — .t)'® by the Binomial Theoi*ejn, wo 
obtain ^ 

(l-a:)‘‘®--=l + 2a; + 3a;*+4a;«+ ; 

but, by referring to Art. 60, we see that this result is only true 
when X is less tlian 3 . This leads us to enquire whether iro are 
always justified in assuming the^truth of the statement 

(1 + xy 1 -f 03* + 
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and, if not, under what conditions tlie exp^uision of ( I + x)'" may 
be used as its true equivalent. 


Suppose, for instance, that 7i -- - 1 ; then wo have 

(1 — 1 4- a? + a® + 4- cc'* + ( 1 ) ; 

in this equation put x - 2 ; we then obtain 

(-])-*- 1+2 4 - 2 * + 2 ^ 4 2 ^ 4 

I’liis contradictory result is sufficicMit to sliew that wo cannot 
take 


I 4 7tx + 




as the time arithmetical equivalent of (1 + in all cases. 

Now from tlie formula for tlie sum of a geometrical pro- 
gi'ession, we know tliat the sum of the first r tonus of the 

1 ““ 

series (1) - 

J 


and, when x is numerically less than 1, by taking r sulhciently 

JC*' 

large wc can make ^ ^ as small as wo please - that is, by biking 

a sufficient number of terms the sum can be made to differ as 
little as we please from — . 13ut when x is numerically 

1 — X 


greater than 1, the value of 

l - X 


increases with r, and therefore 


no such approximation to the value of j — ~ is obtained by taking 
any number of toTnis of the serhis 

1 + a; + a,-* + re'* + 


It will Ijo seen in the chapter on Oonvergency and Diver- 
gency fif Seneis that the expansion by the Jlinomial Theorem 
of (1 +«;)" in ascending powers of x is always arithmetically in- 
telligible when X is less than 1. 

Blfiit if X is greater than 1, then since the general term of 
the series 


1 + m* + 


n 1) 


+ 
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contains a?'', it can be made greater than any finite quantity by 
taking r sufficiently large ; in which case there is no limit to the 
value of the above series ; and therefore the expansion of (1 + x)" 
as an infinite series in ascending powers of x has no meaning 
arithmetically intelligible when x is greater than 1. 

184. We may remark that we can always expand (x + yY 
hy the Binomial Theorem ; for we may w^rite the expression in 
either of the two following forms : 



and we obtain tlie expansion from* the first nr second of these 
according as x is greater or less than y. 


185. I'o find in it a slmjdfisf form, the general terta, in tJve 
expansion of (1 — 

The(rH I)*'*' term 

(- m)(-w- l)(-M-2)...(-rt-r4 1) 

- 

_ j y " («■ + 1) (» + 2) • ■ • 

^ /_ 1 wr w («+>)(»»+ 2) ...(»(. + r - 1 ) ^ , 

V / j,. 

71 (n -i- 1) (w 4- 2) . . . (n 4- — 1) 

X. 

From this it appears that e.very term in the expansion of 
(1 - x ) is positive. 

Although the general term in the expansion of any binomial 
may always be found as explained in Art. 182, it will l)e found 
niore expeditious in practice to use the above form of the general 
term in all cases where the index is negative, retaining the 
fonn 

n (n - 1) (n — 2) . . . (n - r 4 1 ) ,. p 

— — X 

r 

only in the ease of positive indit^es. 
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Example. Find the general term in the expansion of . 


^r-'3.r 




The (r +!)*’■ term 




(Si)" 


IT 

B’-jr 

1- 4.7 (3f- 2)_, 

Li: 

1 

If the given expression had been (1 + 3^) ^ we should have used the same 
formula for the general term, replacing 3a; by - 3 t. 

186. The following expansions should he remembered : 

(1 - aj)”' = 1 + X' + ic® 4- a;® 4- 4- x’' 4- 

^ 1 — ® = 1 4" 2a; 4' 4- 4-x^ 4- 4‘(r4-1^3y^“' 

(1 - »)- = 1 + 3.* + G*' + 10*’ + ^ af -H 


187. The general investigation of the gre-atest term in the 
expansion of (1 4-£c)’‘, when 7h is unrestricted in value, will he 
found in Art. 189 ; but the student will have no difficulty in 
applying to any numerical example the method explained in 
AH. 172. 


Example. Hnd the greatest term in the exjmnsion of (1 4 - 3 ;)“’* when 
2 

.T ~ , and n = 20. 

i> 

W 4- 7* — 1 

We have l'r+l=^ .XxTr, numericaVy^ 


00 long as 
that&i 


10 4- r 2 
^-x^xlr. 


2(194-r) 

3r 


> 1 ; 


Hence for all values of r up to 87, wo have but if r==88, then 

greatest terms. Thus the 88* and 89*'* tonns 
m Uumencally and greater than any other term. 
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188. Some useful applications of the Binomial Theorem are 
explained in the following examples. 

Example 1. Find the first three terms in the expansion of 

1 1 
(X + 3x)2{l-2x)"». 

Expanding the two binomials as far as the term containing a \ we liave 


(i+5,- (n.|.+®x-+...) 


, 33 55 , 

= 1 + + ^ • 


If in this Example a: =*002, so that *000004, we see that the third 
term is a decimal fraction beginning with 5 ciphers.* If therefore we were 
required to find the numerical value of the given expression coricn'^t to 5 places 

13 

of decimals it would be sufficient to substitute *002 for x in 1 + g- x, neglect- 
ing the term involving x*-^. 


Example, ^ When x is so small that its square and higher powers may 
be neglected?, the value of 


Biuce x^ and the higher powers may be neglected, it will bo sufficient to 
retain the first two terms in the expansion of each binomial. Therefore 


the expression 








the term involving x^ being neglected. 
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Example 8 . Find the value of to four places of decimals. 
1 - 1 1 / 2 \ " 


1 / 

1 

8 

1 

5 

1 


2 * 7-^ ^ 

2 ‘ 

■7«^ 

1 

1 3 

1 

5 

1 


“ 7 + 7» + 2 

* 7ft 2 ■ 

■7- 

-f ... 


To obtain the values of the several tc'nns we jnoeeed as follows: 

7)1 

7 ) -1428 57 .... 

7 ) 020108 
7 ) " 0020 15 .. 

7 ) -ono 4ib 

•0(M)05‘). 


1 

7’ 

1 


and we can s<« that the term ^ • ,^7 decimal fraction bot^innini^ with 

5 cipliei-s. ^ 

~ = -142857 + -W2f)]r. I -(JlMMWS 
v^7 

=•14580, 

and this result is correct to at least four places of decimals. 

Example 4. Find the cube root of 320 to 5 places of decimals, 

1 1 


1 1 

3 > 

ry*j 




1 

1 

1 1 


3 * 

5 * ■ 

9 ■ S* 

1 

1 

1 

1 1 

8 ’ 


" 9 ■ 

■ 5“ HI 


■) 


^ 12 = 1 ^ 12’’ 

"’■^8 'W ■ 9 ■ ‘ W 

- -04 -00032 -0000128 

^5 + ----. +-y-. 

'-=5t -013333 ... - -00003S 
5*01829, U> five places of dcc^als- 
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P’iud the (r+ 1)“* term in' each of the following expansions : 


1 . + 2. ( 1 -x)-*. 3. (l+a»)*. 

9 3 

4. (l+a.-p. 5. 6. (l-af)X 

7. {a+b^)-K 8. (2-ar)->‘. 9. 


10 . . 11 . 12 . 

Vn-2;r <y(l-ar)» i/a’>-na! 


Find the greatest term in each of the following expansions ; 
4 

13. when a’— rj: . 

1 o 


^ 2 

14. ( 1 + A*) when x — “ . 

1 

15. (1 -7.r) 4 >\hon.r=g. 

16. (2x 4* 5 when x = 8 and ^ ?= 3. 

17. (5 -• 4a') “ ^ when .r | . 

18. (*3,1;*+ 4^3) when x=9, y=2, ?i=15. 

Find to live places of decimals the value of * 

19. ^98.'' 20. 2L ^1003. 22. v2^. 

23. 1^. 24. (IskA 25. (630)‘i. 26. 


If a; be BO small that its square and higher powers may be neglected, 
find the value of 


27. (l-7A;)3(l + 2a;)'*. 


28. ^4 


29. 


(8+3A?y 

(2 + SU?) ^4-Oa? ' 


3 a 




( 4 +*)* 


( 4 +a«)* 


H. IA.A. 


11 
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^ irs+sx-<!fi-x 
Vl-| {\+5xf+(i+‘^ 


v'iT2a-+ 


2 


^ 33. Provo that the coefficient of .v»* in the ex^iansion of (1 -4ar) 


IS 


ur 


3L 


Prove that (1 +^)»=2« |l -« }• 


35. Find the first three terms in the expansion of 

1 

(1 -f .r)2 ^/l + 4 a- 


36. Find the first three terms in the expansion of 

3 

"(l-Af 

37, Shew that the coefficient in the expansion of (1-^)“" is 
double of the (a ~ 1)*^. 


189. To find tlve numerically greatest term in the expems^ 
of x)“,/or any rational value of n. 

Since we are only concerned with the nunyeriml value of the 
greWst term, we shall consider x throughout as positive. 


Case I. Let » be a positive integer. 

The (r+iy** term is obtained by multiplying the 2 ^ term 
by . x\ that is, by aj; and therefore the 

terms continue to increase so long as 
n + 1 


that bt, 


or. 


r 

(« 4* 1)£C 




>n 
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If i)e ail integer, denote it by p; then if the 

i. ^ oc 

multiplying factor is 1, and the (p + I)**' term is equal to the 
and these are greater than any other terra. 

(fl + 1 1 iC 

If — integer, denote its integral part by q ; 

then the greatest value of r is and the {q + term is the 
greatest. 


Case II. Let n be a positive fraction. 

As before, the (r+ 1)^** term is olitained by multiplying the 

term by (~~~ - 1 ^ a;. ' 

(1) If a? be greater than unity, by increasing r the above 
multiplier can be made as near as we please to - ^ ; so that after 
a certain term each term is nearly x times the preceding term 
numerically, and thus the terms increase continually, and there 
ia no greatest term. 

(2) If X be less than unity we see that the multiplying 
factor continues positive, and decreases until r>w + l, and from 
this point it becomes negative but always remains , less than 1 
numerically ; therefore there will be a greatest term. 

As before, the multiplying factor will be greater than 1 

, (n->r\)x 

so long as '-y- — ^ > r. 


If ^ integer, denote it by then, as in Case I., 

the (p + 1)**' term is equal to the p^, and these are greater than 
any other term. 

If be not an integer, let be its integral part ; then 

the + 1)^ term is the greatest. 


Case IIL Let »d)e negative. 

Let n = — w, so that m is positive *, then the numerical 

* I . 

value of the multiplying fac^r is .auj that is^ 




11—2 
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(1) If X be greater than unity we may shew, as in Case II., 
that there is no greatest term. 

(2) If X be less than unity, the multiplying factor will 
greater than 1, so long as 


* 


that is, 

V 

1 

or 

(m - 1 ) £c 
_ - >r. 

1 -iC 


-- (w - 1) £t* 

If l>e a positive integer, denote it by p ; then the 

{p + 1)^’* term is equal to the p^^ term, and these are greater than 
any other tenn. 

If ^ — — be positive but not au integer, let q be its inte^' " 

i — X w ^ 

gral part ; then the (q + 1)*’' term is the greatest. 

If L- ije negative, then m is less chan unity ; and by 

writing the multiplying factor in tljo form ^ we 

see that it is always less than 1 . hence each tenn is less than 
the preceding, and consequently the first term is the greatest. 


190. To find the number of homogeneous produeU ofv dimen- 

stone that can he formed out of then letters a, b, c, and thdr 

powers. 

By division, or by the Binomial Theorem, we have 

_J: — -- 1 + oaj + + a V + 

\ — ax ’ 

t 

~ 1 4- 6a; 4- 6V + 6V + , 

tv 

1 ^ ~ 1 4- cas 4- cV 4- c*a;® -f 
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1 1 

l-oic* 1— 6a;* 1 — ca; 


- (1 +aa? + aV+ ...) (1 + 6a; + 6V+ ...) (1 + ca; + c*a;*+ 

1 + a; (a + 64-c+..,)+ a;* + cth + ac + 6* + he -^c*+ ...) + ...* 

=* 1 + S^x 4 - S^x' + + suppose , 

where are the sums of tlie homogeneous pi^ 

ducts of ojiCy iwoy three, dimensions tJjat can l>e formed of 

a, by c, and their powers. 

To obtain the number of these products, put a, 6, c, each 

equal to 1 ; each term in now becomes 1, and the 

values of S^y S^, so obtained give the number of the 

homogeneous products of one, two, three, dimensions. 


Also 


1 1 1 
1-005* l-6a5* 1 — ca; 


l)ecomes 

Hence 


=. coefficient of aj*” in the expansion of (1 — a;)"" 
n (n + 1 ) (ti + 2) ( 7i>4- 1) ' 



191, To find the number of term^ in the ex^)a7ision of , 
multinomial when the index is a 2 > 08 itive integer. 

In the expansion of 

(Oj + 0,4-Og+ +»,)“, 

every term is of n dimensions ; therefore the number of terms is 
the same as the number of homogeneous products of n dimensions 
that cai\ be formed out of the r quantities o,> a^, ... 
powers ; and therefore by the preceding article is equal to» 

r+H — 1 
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192. From the result of Art. 190 we may deduce a theorem 
relating to the number of combinations of n things. 

Consider n letters a, 6, c, d, ; then if we were to write 

down all the homogeneous products of r dimensions which can be 
formed of these letters and their powers, every such product 
would represent one of the combinations, r at a time, of the n 
letters, when any one of the letters might occur once, twice, 
thrice, ... up to r times. 

Therefore the number of combinations of n things r at a time 
when repetitions are allowed is equal to the number of homo- 
geneous products of r dimensions which can be formed out of n 

|» + r — 1 

letters, and therefore equal to - or "‘^’‘"*(7 . 

^ jr 91-1 " 

That is, the number of combinations of w things r at a time 
when repetitions are allowed is equal to the number of com- 
binations of w-i-r-1 things r at a time when repetitions are 
excluded. 

193. We shall conclude this chapter with a few miscel- 
laneous examples. 


(1 - 2a;)® 

ExanvpU 1. Find the coefficient of x** in the expansion of • 

The expression = (1 - 4x + ix®) (1 +PiX + • ♦ • + • • •) suppose, 

c 

The coefficient of x** will be obtained by multiplying p,., 

- 4, 4 respectively, and adding the results ; hence 

the required coefficient =p,. - 4p,._^ + 4p,._2. 

But J?r= ( - 1)' - . pix. 3, Art. 188.] 

Bence the required coefficient 

= (-!)’■ ~ 4 ( - 1)’-1 + 4 ( _ i ) r -» 

** =^^[(r + l) (r+2) + 4r(r+l)+4r (r-1)] 

•:=t^*l'(9r«+8r+2). 
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Example 2. Find the Talue of the series 

^|£.8 ^ |£.82^11TP ^ 

. „3.6 1 3.5.7 1 8. 6. 7. 9 1 

Th 6 expression =? + -jy ^ 32 + * 5 ^.+ — r:: irA+ - 


1 3 ' Ss*" 


8^^ 


3 5 


8 5 7 


3 5 7 9 


2*2 22 2 * 2*2 2 », 2 * 2 ' 2*2 2 ^ 

■^1^ * 32 “*“ ~[3 |4 •a4+ -- 

3 8 5 

_ 2 2 2jj /2' 

“^■^1 |2 * V3, 


3 5 7 

2 2'2*i /2\* 

|3 * (a) ■■• 




= 32=3v'3. 

Example 3. If n is any positive integer, shew that the integral part of 
(3 +/s/7)** an odd number. 

Suppose 1 to denote the integral and / the fractional part of (3 + ,y7)**. 
Then I+/«8"+Ci3^'-V7 + ^7a3«“3. 1 + (1). 

Now 3-^7 is positive and less than 1, therefore ^ proper 

fraction; denote it by/'; 

/'=3"-C7i3«“V7 + C723«-2. 7+C733»-3(V7)«+ (2). 

Add together (1) and (2) ; the irrational terms disappear, and we have 
I+/+/'=2(3» + C8 3«-^7+ 

= an even integer. 

But since / and/' are proper fractions their sum must be I ; 

.*. 1= an odd integer. 


EXAMPLES. XrV. c. 

Find the coefficient of 

3 “ho? 

1, in the expansion of * 

ft ’ • XI. • jf 44-2a-a* 

2. in the expansion of . 

8t in the exp^^^of . 
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-2+^+:*?* i,. 

4. Find the coefficient of it*** in the expansion of j|.y y r * 

5. Provo that 

11 1.3 1 1 . 3 , 5. 7 1 „ ^ 

^ 2* 2 2. 4' 22 2.4.6* 2-^ 2. 4,6.8* 2* ‘ V^* 

6. Prove that 


, 3 3.5 3.5.7 . 

^'8=l + 4 + 4_g + 47^j-2'^ 


7. Prove that 


, 2» 2»i(2w+2) 2«(2« + 2)(2»+4) , 

^+'3 +”“37(5“ + sTe'.'a +' 


„ w(« + l) w (» + l)(?t + 2) 

^■^3"*" 3^(j ' T”' 


3.6.9 


= 2* I 

8. JVove that 

7n |t + -1- ^ I 


}• 


, 14 ■*■ 7 . 14.21 


+ 


Anil j.** a. + I 

“4" |1 + 2 + ”274 + “2:T. 6” ” 1 • 

9. Prove that approximately, when a* is very Buiall, 


lb. Shew that the integral part of (5 + 2^6)” Is odd, if he a 
lK)sitive integer, 

11. Shew that the integral i)art of (8 + 3 is odd, if ?i be a 
positive integer. 

12, Find the coefficient of in the exi>ansioii of 

^ (l-2.r+a3?2-4'r»+ 

( l\4n 

it? + - j is equal to the coefficient 

of ^ the expansion of (1 - 4s) ^ “ . 

14 Prove that the expansion of (1 - a?®)** may be put into the form 

(1 - 4- 3«a? (1 - a?)®* " * 4* — ( 1 -- .r)** " * 4- 
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15. Prove that the coefficient of af^ in the expansion ^ 

1,0, - 1 according as n is of the form 3?;i, 3/a — 1, or 3w+ 1. 

16. In the expansion of (a-h6+c)® find (1) the nnniber of tehns^ 
(2) the sum of the coefficients of the terms. 

17. Prove that if n he an even integer, 

111 I 2«-i 

llj a-l |5ia-5^ |a-l |l ~\n * 


18. If ^o> ^‘n coefficients in the expansion of 

(1 + .^*)’S when n is a positive integer, prove that 

(1) + + (-l)rc, = (-l).-^^^. 

(2) C(, - 2ci + Scg - 46*3 -f + ( - 1 -f 1)0,* - 0. 

(3) + (-l)«C,*2^0, 01' ( - 1)^C„, 

8 

according as n is odd or even. 


19. 


20 . 


If denote the sum of the first n natural numbers, prove that 

(1) (l-;r)“3 = JJi + 5,.«7-f«3.r2 + 

| 2w+4 

( 2) 2 (,?j «2n + «2 ~ 1 + + 1) = ’ 


_ 1 .3.5.7 (2a-l) 

2,4r6.8r.....2« 


, prove that 


(1) e2« + 1 +^ri72n + M2n- 1 + + + 2 + Mn + 1 = g- 

(2) + +(~l)*‘“Vn-l7» + l} 


21. Find the sum of the products, two at h time,* of the coefficients 
in the expansion of (1+^)", when n is a positive integer. 


22. If (7 + 4 y/ZY “P + A where n and p are jwsitive integers, and fi 
a proiier fraction, shew that ( 1 - ^3) (^ + /9) = 1 . 


23. If Co, Cl, c^, are the coefficients in the expansion of 

( 1 + 0 ?)% where » is a positive integer, shew that 


* 2^3 


+ — ” 


1 1 

'+! + »+ 




CHAPTER XV. 


Multinomial Theorem. 


194. We have already seen in Art. 175, how we may 
apply the Binomial Theorem to obtain the expansion of a multi- 
nomial expression. In the present chapter our object is not 
so much to obtain the complete expansion of a multinomial as 
to find the coefficient of any assigned term. 


Example. Find the coefficient of in the expansion of 

(a + 6 + c+d)^^. 

The expansion is the product of 14 factors each equal to o + 6 + c + d, and 
every term in the expansion is of 14 dimensions, being a product formed by 
taking one letter out of each of these factors. Thus to foim the 
we take a out of fi,ny four of the fourteen factors, b out of any two of the re- 
maining ten, c out of any three of the remaining eight. But the number of 
ways in which this can be done is clearly equal to the number of ways of ar- 
ranging 14 letters when four of them must be a, two b, three c, and five d ; 
that is, equal to 

^This is therefore the number of times in which the term appears 

in the final product, and consequently the coefficient required is 2522520. 


195. To find tJte coefficient of any assigned terun in the ex- 
pansion of (a + b + c -f d + . . ,)P w/tere p is a positive irUeger. 


The expansion is the product of p factors each equal to 
a + 6 + c + <i-t-..,, and every term in the expansion is formed by 
taking one letter out of each of these p factors ; and therefore 
the number of ways in which any term a^h^cyd^ . . . will appear 
in the final product is equal to the number of w'ays of arranging 
p letters when a of them must be a, must be 5, y must be c\ 
and so on. That is, 

<* 

the coefficient of u^epfd ^ ... is 
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CoK. In the expansion of 

(a + + coj® + 

terra involving ... is 

If. 


or 


Lll^lLli 

If. 


(«»•)» <<£c”)* .... 


a^h^cyd^ ... a^+2y+3fi + ... 


lil^bili- 

where a + ^ + y 4-S4- ... 

This may be called the general i^rm of the expansion. 


Example, Find the coefficient of ic* in the expansion of (-11 + ftaj+c**)**. 
The general term of the expansion is 

-i|- '..(1), 

Hiill 

where o4-i3 + 7 = 9 . 

We have to obtain by trial all the positive integral values of g and y 
which Satisfy the equation p+2y=^5; the values of a can then be found from 
the equation a + /3 + 7 = 9* 

Putting 7 = 2, we have ^=1, and a = 6 ; 
putting 7 = 1 , we have /3=3, and a=5; 
putting 7 - 0 , wflshave /3 = 6 , and o=4. 

The required coefficient will be the sum of the oorresponding values of the 
expression ( 1 ). 

Therefore the coefficient required 

= 252a«6c« + 604a«63c 4 . 126o<6». 

196. 7V> find the general term in the expansion of 

(a + bx + cx*+ dx®+ 
where n is any rational quantity. 

By tlje Binomial Theorem, the general terra is 

a'-» ^ ...f, ' 

If ' . 

where p ie a positive iuteuer. 
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IS 


And, by Art. 195, the general term of the exjmnsion of 
(&« + cx* + Jaj* + ..*Y 

Ij. - IfidicP ...3^+^+^ + -, 

where y, 8 , . . are positive integers whose sum is 

Hence the general term in the expansion of the given ex- 
pression is 


where 


f-l-y + 8+ ... ^p. 


197. JSince {a + hx coif ■¥ doi^ ■¥ may be written in th^ 
form 


a { 1 + - 05 + - a;* + - » + ... ) , 

\ a a a / 


it will be sufficient to consider the case in which the first tenu 
of the multinomial is unity. 

Thus the general term of 

(1 + 8o 5 -f* ca5* + dx^ + . . .)" 


IS • 


where 


P + y + S+ ...=p. 


JExample. Find the coeflacient of in the expansion of 

8 

(1 - 8a: - 2a:* + 6a:*)*, 


The general term is 

. \t\i\i 


(-sf (-2)"* (f>)^ . 


(!)• 


We have to obtain by trial all the positive integral values of jS, 7 , 8 which 
satisfy.the equation / 3+27 + 6S=3; and then p is found from the equation 
The required coeffieient will be the sum of the corresponding 
vulnes Cf the expression ( 1 ). 
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In finding /$, 7 , a, ... it will be best to oommenoe by giving to d euooessive 
integral values beginning with the greatest admissible* In the present case 
the values are found to be 

7=0, /3=0, p = l; 
a=0, 7=1,. ^=1, pr=:2; 
a=0, 7=0, /3=3, p=8. 

Substituting these values in (1) the required coefficient 





(-3)» 



4_4 

3“3* 


198. Sometimes it is more expeditious to use the Binomial 
Theorem. 


Example. Find the coefficient of x* in the expansion of (1 - 2« + 3a;*)-». 

The required coefficient is found by picking out the coefficient of x* from 

the first few tenns of the expansion of (1 - 2x'-’ 3i*V^ by the Binomial 
Tlieorem; that is, from ^ ^ 

1 + 3 (2x - 3x2) + 6 (2x - 8x»)2+ 10 (2x - 3x2)8 + 15 (2x - Sx*)^; 

we stop at this term for all the other terms involve powers of x 
than X*. 

The required coefficient = 0 . 9 + 10 , 8 ( 2 )* ( - 3 ) + 15 ( 2 )^ . 

= -66. 


EXAMPLES. XV. 

Find the coefficient of 

1. a^l^d^d in the expansion of {a-b-c+dy^. 

2 . a^lM in the expansion of (a + 5 - c - o?;®. 

3. in the expansion of (2a + 6+3c)^ 

4. in the expansion of (ox? - btf+ozy. 

5. in the expansion of (1 + 3^ - 

6. in the expansion of (l-|-2xf-f 3x?2)’^.- 

7* in the expansion of p 4- 2.*? - a?*)®. 

afi ia the expansion of (1 - 2a74 S.'c® - , 
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Find the coefiBoieut of 

9. .X®* in the exjpansion of (1 - 2.r + 

.1 


10 . 


a 

12 . 


.r^ in the expansion of (1 -2^’ 4* 3a?*) *. 

1 

.r® in the expansion of (1 — 2a?+3a:**-4a?-’^)*. 

( '37* a4\ ”* * 


13. ,r* in the expansion of (2 - 4a?+3a?*)“*. 

_s 

14. in the expansion of (1 +4a?*4-10a?*+20./‘) \ 

15. 0 ?'* in the expansion of (3~ 15a7®+18a;®)”^ 

1 

16. Expand (1 - 2a? - 2,v^)* as far as 

2 

17. Expand (1 + 3a?* - 6.3?®) ® as far as x^\ 

4 

18. Expand (8 - 9a?® + 18.3;?*)® as far as a?®. 

19. If (l+a?+a?*+ +a?^»)**“«o4-aia?-|-ajj.rM* 

prove that 

(1) «» + «! + ^2 + C*’ + 1)“. 

(2) «! + 2a2+ +^i> . np{jp’¥\ )\ 


•20. If ^01 ^3 coefficients in order of the expansion 

of (1 4-074-0?*)“, prove that 

V “ + ( ~ {1 - ( - 

21. If the expansion of (1 + 0 * 4 - 0 ?*)“ 

be ao+®i*^+^2^^+ ••• 4- ... 4-aa»i?*”, 

shew that 

a(^4“(3S3-f’CKg 4- ^ ... =» n’24'<3tii4'<35g4" ... ~ 3“ K 



CHAPTER XVr. 


Logarithms. 

199. Definition. The logarithm of any number to a given 
base is the index of the power to whicli the base must be raised 
in order to equal the given numl>er. Thus if a* = A, x is called 
the logarithm of to the base a. 

Examjtles. (1) Since ^^^=81, the logarithm of 81 to base 3 is 4. 

(2) Since 10^ = 10,102=100, 10»=1000, 

the natural numbers 1, 2, 3,... are respectively tlie logarithms of 10, 100, 
TOOO, to base 10. 

200. The logarithm of iV^to base a is usually written log,i\r, 
so that the same meaning is expressed by the two equations 

a3 = log,A. 

From these equations we deduce 

an identity which is sometimes useful. 

Example, Find the logarithm of 32^4 to base 2^/2. 

Let X be the required logarithm ; then, 

by definition, (2^2)^=324/4; 

1 2 
(2 . 22 )«= 2 ®. 2 ®; 

3 27 


hence, by equating the indices, 
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201. When it is understood that a particular system of 
logarithms is in use, the suffix denoting the base is omitted. 
Thus in arithmetical calculations in which 10 is the base, we 

usually write log 2, log 3,,..... instead of log^o2, log,^j3, 

Any number might be taken as the base of logarithms, and 
corresponding to any such base a system of logarithms of all 
numbers could be found. But before discussing the logarithmic 
systems commonly used, we shall prove some general propositions 
which are true for all logarithms independently of any particular 
base. 


202, logarithm of 1 is 0. 

S’or a®=l for all values of a\ therefore log 1 . 0, whatever 
the base may be. 

203. The logarithm of the base itself 1 . 

JFor a^ - a; therefore log^a = 1 . 


204. To find ths logarithm of a •product. 

Let MN be the product ; let a be the base of the system, and 
suppose 

log.il/, y-log.iV; 
so tliat a* = if, o? - N, 

Thus the product MN = a* x 

whence, by definition, log, Jfi7= sc + y 

= log,if+log,ir. 


Similarly, log, MNF - log, M + log, N + log, P\ 
and so on for any number of factors. 

MxwmpU. log 42 = log (2 x 8 x 7) 

V =log2 + log8+log7, 

205. To find tits hgcurithm of a fraction* 


M 


let ^1^3 tlie fraction, and suppose 


as = log, 3/, y=log,Jr; 


so th^t 



Thus the fraction 


whehce, hy definition, 


ir ~ a* 

-a*-- 

, M 

--log.iW-log.iV. 


■■m 


Kxample, log (4 ji) = log 

=log30-log7 
=log (2x3x5) -log 7 
= log 2 + log 3^ log 6 - log 7. 

206, To find the logarithm ofia number raised to any power ^ 
integral or fractional. 

Let \ogfM*‘) l>e required, and suppose 


then 


X — log^M, so that a* — M ; 

M^=-(ay 


whence, by definition, 
that is, 

Similarly, 


log„(il/'’) ==/> log. iW. 
]og,(i/') = bog,iW. 


207. ft followB from the results we have proved that 

(1) the logarithm of a product is equal to the sum of the 
logarithms of its factors ; 

(2) the logarithm of a fraction is equal to the logarithm of 
the numerator diminished by the logarithm of the denominator ; 

(3) the logarithm of the power of a number is p times the 
logarithm of the number ; 

• 1 

(4) the logarithm of the r*'* root of a number is equal to ^th 

of the logarithm of the number, ^ 

Also we see that by the use of logarithms the operations of 
multiplication and division may be replaced by those of addition 
and subtraction ; and the operations of involution and evolution 
by those of multiplication and division, 

H* H. A. 


12 
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Example 1, 
logc. 




Exi>reBS the logarithm of in terms of log a, log h and 


, Ja^ , a* 


3 

~logtt^~log 

g 

^ - log rt - (log c® 4- log h^) 

3 

= - log fl - 5 log c - 2 log 6. 


pjxample 2. Find x from the equation n* . ^ 

Taking logarithms of both sides, we have 

a; log a - 2 j; log c = {3a: + 1 ) log ; 

X (log a - 2 log c - 3 log ?/) =log h ; 

loR?> 

‘ ‘ ^ log a - 2 log c - 3 log 6 * 


EXAMPLES. XVI. a. 


Fiiic\ the logarithms of 

1. 16 to base ^<^2, and 1728 to base 2 v^3. 

2. 125 to base 5 and ’25 to base 4. 

* 3. to base 2-^/2, and *3 to base 0. 


4. •0625 to base 2, and 1000 to base -01. 

5. '0001 to base *001, and *i to base 9^3- 

/ 6. , —j, a / a ^ to base a, 

, i‘ 

m 

^ 7, Find the value of 

10&128, log,2fQ. log„,49. 

• " 

Bxprog^ the following seven logarithms in terms of logo, logb^ and 

log«i. , 

a, 1c>g(\^^P)®, 9. 10. lQg(v^a-*i®). 
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m 


11, log(%/ a~^b X if a6“®). 
13. log 1 , 


12. k)g(^a’V^^-5-^^^Va)- 

..{(S)'V(^)l.^ 


4/e 10/g 1 2 2" 

16. Shew that log = 4 " 6 ~ 3 


16. Simplify log-v/TaoV^g-i. 273. 

17. Prove that log ^ - 2 log | + log = log 2. 

Solve the following equations r 

19. 

21 . 

22. If log(^y)=(/, and log - = 6, find logji? and log^. 

y 

23. If “ * . 6®^ a* ^ . 5***, shew that x log ^ = log a. 


18. 

4 

a*+i 


20. 


fy-V 


ilat, 


24. Solve the equation 

(«* - %aW + A - (a - 6y-^*(a + hy 


Common Logarithms. 

208. Logarithms to the base 10 are called Oommoil liOgar<‘ 
ithXHS; this system was first introduced, in 1615, by Briggs, a 
contemporary of Napier the inventor of logarithms. 

From the equation 10" = iV^, it is evident that common logar- 
ithms will not in general be integral, and that they wHl not 
always Hm) positive. * 

For instance 3154 > 10® and < 10^ j 

log 31 54 « 3 + a fraction. 


12—2 
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Again, -06 > 10'"* and < 10"* ; 

log *06 ~*2 + a fraction. 

209. Definition. The integral part of a logarithm is called 
the characteristic, and the decimal part is called the mantissa* 

The characteristic of the logariilini of any number to tlie 
base 1 0 can be written down by inspection, as we shall iiow shew. 

210. To determine the characteristic of the logarithm of any 
number greater than unity. 

Since 10‘ 10, 

10 *^ 100 , 

10 **=- 1000 , 


it follows that a nuinl»er with two digits in its integral part lies 
between 10* and 10*; a number with throe digits in its integral 
part lies between 10* and 10**; and so on. Hence a number 
with n digits in its integral part lies between 10""' and 10". 


Let JV l)e a nuinbor whose integral part contains n digits; 
then 




log = (n — 1) + a traction. 


Hence the characteristic is n - 1 ; that is, the cJux/rmteristic of 
the logarithm of a numher greater than unity is less by one than 
the number of digits ni its integral part^ and is positive. 


211. deiemnine the characteristic of the logaHthm of a 
decimal fraction. 


Since 


10 " = 1 , 

1 

10 

J 
100 

1 

1000 


10 "' = 
10 "** = 
10 "*== 


-• 1 , 

= * 01 , 


• 001 , 
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it follows that a decimal with odiO ciplier immediately after the 
decimal point, such as *0324, %ing greater than *01 and less 
than *1, lies between 10“* and 10“ a number with two ciphers 
after the decimal point lies between 10'’® and 10“®; and so on. 
Hence a decimal fraction with n ciphers immediately after the 
decimal point lies between 10“^'*'^*^ and 10’". 

Let be a decimal beginning with n ciphers ; then 
(»+^) + a fraction , 

log /> = — (n + 1) + a fraction. 

Hence the characteristic is - (?^ -f 1) ; that is, tJhe cJKMrckcteriatic 
of the logarithm of a decimal fraction is greater by unity than the 
number of ciphers immedixitely after the decimal pointy and is 
negatiDe, 

212. The logarithms to base 10 of all integers from 1 to 
200000 have been found and tabulated ; in most Tables they are 
given to seven places of decimals. This is the system in practical 
use, and it has two -great advantages : 

(1 ) From the results already proved it is evident that the 
characteristics can be written down by inspection, so that only 
tlie mantissai have to be registered in the Tables. 

(2) The mantissa are the same for the logarithms of all 
numbers which have the same significant dibits; so that it is 
sujfficient to tabulate the mantissae of the logarithms of integers. 

This proposition w© proceed to prove. 

213. Let N be any number, then since multiplying or 
dividing by a power of 10 merely alters the position of the 
decimal point without changing the sequence of figures, it follow^ 
that N y. lO'*, and N 10’, where p and q are any integers, are 
numbers whose significant digits are the same as those of N. 

Now log {N X 10’') = log log 10 

-log K+p (1). 

Again, log (N ^ 10’) = log — g log 10 

-logJT-y ^(2), 

In (1) an integer is a.d46d to log.^, and in (2) an integer is 
subtracted from log that is, the mantissa or decimal portion 
of the logarithm remains unaltered. 
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In this and the three preceding articles the mantissso have 
been supposed positive. Tn order to secure the advanttiges of 
Briggs* system, we arrange our work so as altmys to ho&p tJie 
mantissa positive^ so that wlien tlie mantissa of any logarithm 
has been taken from the Tables the characteristic is prefixed 
with its appropriate sign according to the rules already given. 

214. In the case of a negative logarithm the minus sign is 
written over ilie characteristic^ and not before it, to indicate that 
the characteristic alone is negative, and not the whole expression. 
Thus 4*30103, the logarithm of *0002, is equivalent to - 4 + *30103, 
and must be distinguished from — 4*30103, an expression in which 
both the integer and the decimal are negative. In working with 
negative logarithms an arithmetical artilice will sometimes be 
necessary in order to make the mantissa positive. For instance, 
a result such as — 3*G9897, in which the whole expression is 
negative, may be transformed by .subtracting 1 from the 
characteristic and adding 1 to the iriantissa. Thus 

- 3*69897 - - 4 + (1 - *69897) - 4*30103. 

Other cases will be noticed in the Examples. 

Example 1. Required the logarithm of *0002432. 

In the Tables we find that 385963^ is Oie mantissa of log 2432 (the 
decimal point as well as the characterkcio being omitted) ; and, by Art. 211, 
the characteristic of the logarithm of the given number is ~ 4 ; 

,*. log •0002432=4*3859030. 

Example 2. Find the value of ^*00000106, given 

log 106=2*2174839, log 697424=5*8434908. 

Let X denote the value required ; then 

\ 1 

log a;=log (*00000165)® = ~ log (*00000165) 

‘ =i (6-2174839); 

the numtiifsa of log *00000165 being the same as that of log 166, and the 
characteristic being prefixed by the rule. 

Now i (6-2174839) = ^10 -f 4-2174a39) 


=2-8434968 
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and '8434968 is the mantissa of log 697424; hence is a number consisting 
of these same digits but with one cipher after the decimal point. [Art. 211.] 

Thus ' x = ‘0697424. 

215. The method of calculating logarithms will be explained 
in the next chapter, and it will there be seen that they are first 
found to another base, and then transformed into common loga- 
rithms to base 10. 

It will therefore be necessary to investigate a method. for 
transforming a system of logarithms having a given base to a 
new system with a different base. 


216. Suppose that tlie logarithms of all numbers to base a 
are known and tabulated, it is required to find the logarithms 
to base 5. 


Let N be any number whose logarithm to base h is in- 
quired . 

Let 2/ - hig^iVj so that y‘ 

• •• log«(6') = log,i\r; 

that is, y log.’6 log,iV ; 

'' log,6 ’ 

^®8wV=i^^xlog.i\r (1). 

Now since N and h are given, \og^N and log^6 are known 
fix>m the Tables, and thus log^A^ may be found. 


Hence it appears that to transform logarithms from Imse a 

to base h we have only to multiply them all by j-— ; this is a 

constant quantity and is given by the Tables ; it is known as the 
modidvs, * 
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Tliis result may also be proved directly as follows : 
Let X — log^ft, so that a" 

then by taking logarithms to base 6, we have 
a;log,a=-log^6 
= 1; 


log.& K log, a - 1. 


218, The following examples will illustrate the utility of 
logarithms in facilitating arithmetical calculation ; but for in- 
formation as to the use of Logarithmic Tables the reader is 
referred to works on Trigonometry. 

4 9 

Exau/^le 1. Given log 3 = *4771213, find log {(2*7)* x (•81)»-^(90)i}. 

«r 

The required value = 3 log ™ t log i log ilO 

lU O lUU 4 


= 3(log3»-l) + |(log8‘-2)-|(log3*+J) 


= (9 + l|_|)log3-(3 
97 

= *-^log3-6H 


8 5\ 

5*^4) 


=4*6280766 


= 2*7780766. 


The student should notice that the logarithm of 5 and its 
powers can always l>e obtained from log 2 ; tlius 

log 5 = log -- log 1 0 — log 2 = 1- log 2, 

2 


Example 2. Find the number of digits in 875“, given 
log 2 = -3010300, log 7= *8460980. 
log (875“) = 16 log (7x126) 

= 16 (log 7 + 3 log 6) 
=16(log7+3-81og2) 

= 16x2-9420080 
=47*072128; 

heUoe the number of digits is 48. [Ait. 210.} 
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BxampU 3. Given log 2 and logd, 5nd to two places of deoixnals the 
iralne of x from the equation 

Taking logarithms of both sides, we have 

(3 - 4x) log 6 + (a; + 5) log 4 = log 8 ; 

(3 -4a;) (log 2 + log 3) + (a; 4- 6) 2 log 2 = 3 log 2; 
a; {- 4 log 2 - 4 log 3 + 2 log 2) =3 log 2 - 3 log 2 - 8 log 3 - 10 log 2 j 

_ 10 log 2 + 3 log 3 ♦ 

2 log 2 + 4 log 3 
_4-ai6639 
""2-5105452 

= 1-77... 

EXAMPLES. XVI. b. 

1. Find, by inspection, the characteristics of the logarithms of 
21735, 23*8, 350, *035, *2, *87, ‘875. 

2. The mantissa of log 7623 is *8821259 ; write down the logarithms 
of 7*023, 762*3, *007623, 762300, *000007623. 

3* How many digits are thei-e in the integral part of the numbers 
whose logarithms are respectively 

4*30103, 1*4771213, 3*69897, *66515? 

4. Give the j>osition of the first significant figure in the numbers 
whose logarithms are 

2*7781513, ‘6910815, 5*4871364. 

Given log 2 =*3010300, log 3 = *4771213, log 7 = *8450980, find the 
value of 

5. log 64. 6. log 84. 7. log *128. 

8, log *0126. 9. log 14*4. IQ, log4g, 

11. logi'il. 12. log a/p . 18. log-y^. 

14. Find the seventh root of *00324, having given that 

log 44092a88 = 7*6443636. 

15. Given log 194*8445 = 2*2896883> find the eleventh root of {3d*2)»- 
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16. Find the jiroduct of 37-20.3, 3-7203, '0037208, 372030, having 
given that 

log 37-203=1-5705780, and logl9156.31 = 6-2823120. 

17. Given log 2 .and log .3, find log ^ • 

1 

18. Given log 2 and log 3, find log (4^48 x 108‘*-^iv^f>). 

19. Calcnlato to six decimal places the value of 




294 X 125\g 
42 X 32 / ’ 


given log 2, log 3, log 7 ; also log 9070‘22C = 3*9579053. 

20. Calculate to six places of decimals the \'alue of 

(330^49)*-r-y22x70; 
given log 2, log 3, log 7 ; also 

log 11 1*0413927, and log 17814*151 6 = 4*2507051. 

21. Find the number of digits in 3^2 ^ 2**. 

( 2i\ioo 

is greater than 100. 

23. Detenniiio how many <^hers there are between the decimal 

/]^\1000 

point and the first significmit digit in j « 

Solve the following equations, having given log 2, log 3, and log 7. 

24. 3*-2=5. 25. 5*=103. 26. 5'i“3*=2*+s*. 

27. 21*=22*+'.5* 28. 2*.6*-“=5^,7^'* 


29. 1 30. ^^■~^~V:=4-v ^ 

3* =3.2» + V 22*"'^ =33y-*J‘ 

31. Given logi(,2 = *3010.3, find logo^OO. 

32. Given logi(,2 — *30103, log^^7 = *84509, find log;^/^ and logV27. 



CHAPTER XVII. 

p:xponential and logarithmic series. 


219. In Chap, xvi, it was stated that the logarithms in 
common use were not found directly, but that logarithms are 
tiist found to another base, and then transformed to base 10. 

In the present chaptei* wo shall prove certain formulse known 
as the Exponential and Logarithmic Series, and give a brief ex- 
planation of tlie way in which they are used in constructing a 
table of logarithms. 


220. To expand a* in ascejidkig powers of x. 

By the Binomial Theorem, if 

(-^)“ 

1 nxhtx—l) 1 ‘iix (nx - \) (nx — 2) 1 

1 ^-, 7 * |3 •«' + 

+ ”/ I V ^ 

!! - I? 

By putting »;=: 1, we obtain 
/I . ^ 1 1 1 n \ nj\ nj 

+ 13 * » 


.( 1 ). 




But 
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hence the series (1) is the sb** power of the series (2); that is, 

1*=,+ 

!'+>*—+ — |s — *■ j > 

and this is ti’ue however great n may be. If therefore n bo 
indefinitely increased we have 

, af X* , 1 1 1 

+ )■ 

. ,,111 

The senes 1 +1 f-- +rs-*t'rr-^ 

\1 li 

is usually denoted by e ; hence 

_ - a? 

1 s* = l + ir + |^- + |g +l^ + 

Write cx for a;, then 

^ _ cV c^cc” 

s» = l + c*+---+-p3- + 

Now let c*“«, so that c = log,a; by substituting for c we 
obtain 

a* - 1 -!- a; log,a 4- — VI'- - + — rl— + 

\i r 

This is the Exponential Theorem, 

Cor. When n is infinite, the limit of 

Also as iir the preceding investigation, it may be shewn that 
when n is indefinitely increased, 

/- a:\" - of X* 

’ 

that is, when n is infinite, the limit of = e*. 
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221. In the preceding article no restrictaon is ^placed upoil 
the value of « ; also ance- i is less than unity, the expansions we 
have used give results arithmetically intelligible. [Art. 183.] 

But there is anotlier point in the foregoing proof which de- 
serves notice. We have assumed that when n is infinite 


Ir 


the limit of 

/or all valu$$ qf r. 

This is easily seen to l>e true in simple cases; thus when 

x{x-~-) 5 , 

V VhJ £C* 

r ^ 2 the limit of " "'" p; "" Js obviously j-^ ; we Cfiii shew by in- 
duction that the assumption is true always. 

Assume that for any value of r, 

1 .: \l 

where E diminishes without limit when n increases without limit. 
Multiply each side by the factor ~ n) ^ 

X (x 

\ nj \ nj (X , f a; ^ 

jrjji " \1 jr / V + 1 (»" + 1 

_ 1 ^ r i x r ^ ) 

~ [r 4- 1 n ' jr ’ >+ 1 jr + 1 (r + 1) »/ ^ 

Now when n is infinite the second term of (1^ is zero, for 

^ -!L is finite ; also, by hypothesis, E diminishes indefinitely, 

LT * 

whilst its coefficient remains finite. Hence the limit of the, 
expression on the left of (1) is • 

Thus by induction the proposition is true universally. 


..J 

!)«/ 
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222. The series 


1,111 


which we have denoted by e, is very important as it is the base 
to which logarithms are first calculated. Logarithms to this 
base are known as the Napierian system, so named after Napier 
their inventor. They are also called natural logarithms from the 
fact that they are the first loganthms which naturally come into 
consideration in algebraical investigations. 

When logarithms are used in theoretical work it is to be 
remembered that the base e is always understood, just as in 
arithmetical work the base 10 is invariably employed. 

From the series the approximate value of e can be determined 
to any required degree of accuracy ; to 1 0 places of decimals it is 
found to be 2-7182818284. 


Example 1, Find the sum of the infinite serieH 

,111 


We have crrl^-l-f- J + . 

[i li i.t 


and by putting a; = - 1 in the series for c*, 

1 t . 1 1 1 

‘ e*r 

. + + J + J + 

hence the sum of the series is a (^ + 


Example 2. Find the coefficient of x'^ m the expansion of 


1 - ojr - iF® 




^{l-ax~x^) cr^ 


= } . 
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The eoeffioient required^ 


{-If (-ir’a (-ir» 


F 

]r 


|r-I |r-2 
{l+ar-r(r-l)>. 


223. To ea^oand logj(l + x) iu ascending powers ofx.. 
From Art. 220, 

a-' = 1 + 2 / log,a + - “j 3 “ + 


1 


+ ® ^ ;3 ' J *•' 


Now let y be diminished indefinitely, then the terms involving 
y on tlio right will ultimately vaniUi, and we have 

1 

log/x i:; the limit of ^ , when y^O. 

Write 1 -1' X for a, then 

log^(l + x) — the limit of - {(1 + a?)^- 1}, when y = 0, 

t/ 

= t)m limit of I ^ ?/. (y - 1)_(3^Z_2) ^ ) 




1.2 


1.2.3 


7 


=- the limit of x 4 I x‘ + *’ 4 . , . 

1 . J 1,^.0 

But when y ~ 0, this last expression reduces to 


X X 


X af X 


■■■ i<,g,(l + x)--x- j + j --^+. 
This is the Logarithmic Series. 


Note. In the above inveatigation we cannot use the expansion of (1 
by the Binomial theorem if a:s> 1 ; hence the series here found for + • 

does not hold when a; > 1. Alsp we have assumed that on the right-hand 
side of equation p) the Series of terms which involve y will ultimately 
vanish when y is indefinitely diminished. It will be shewn in Chap, jxu 
that the Expansion of is convergent; so that the series within the 
brackets in (1) is finite ; hence 


y ^ 1 
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224. Except when x is very small series foi' log«(]. ^ s?) 
is o£ little use for numerical calculations. We can, however, 
deduce from it other series by the aid of which Tables of XiOgar- 
ithms may be constructed. 

1 W 1 

By writing - for as we obtain log^ ; lieiice 

7l» /tf 

V 

log.(n+l)-log.n=--^.+ 3 ^,- (1). 

By writing — — for as we obtain log^ ; hence, by changing 

signs on both sides of the equation, 

log.r4 - Iog.(rt - 1) = ^ + 2 !;“ Sn" 


From (1) and (2) by addition, 

Wg,(w+l)-log.(«.-l) = 2(|i+g^^^, + ^A, + ...) (3). 

From this formula by putting w = we obtain log^ 1 - log,2, 
that is log^2; and by effecting the calculation we find that tlie 
value of loge2=^ *69314718..,; whence log^8 is known. 

Again by putting n — 9 we obtain log^lO ~logg8; whence wo 
find log, 10 = 2 *30258509..., 


To convert Napierian logarithms into logarithms to base 10 
we multiply ^0' which is the modulus [Art. 216] of the 

common system, and its value is 2 » 3 Q 95 ^ 5 09 — ’ ’43429448...; 

we shall denote this modulus by 

In ‘the Proceedings of the Royal Sodety of London^ Vol. xxvn. 
page §8, Professor J. 0, Adams has given the values of c, ft, 
log# 5 to more than 260 places of decimals. 

225. If we multiply the above series throughout by ^ we 
obtaiin Icntnulss adapt^ to the calculation of cmnmon hg€t,dfhim. 



EXPONENTIAL ANO LOGARITHMIC tSfEBIEiS. 


that is, 

Similarly from (2), 



log,„M-log,„(«-l) = ^ + 



...( 1 ). 

...( 2 ). 


I’rom either of the above results we see that if the logarithm 
of one of two consecutive numbers be knoWn, the logarithia of 
the other may be found, and thus a table of logarithms can be 
constructed. 


It should be rejnarked that the above formula) are only needed 
to calculate the logaritlims of prime numbers, for the logarithm 
of a composite number may be obtained by adding together the 
logarithms of its component factors. 

In order to calculate the logarithm of any one of the smaller 
prime numl)ers, we do not usually substitute the number in either 
of the formulae (1) or (2), but we endeavour to lind some value 
of n by which division may be easily performed, and such that 
either + 1 or n — 1 contains the given number as a factor. We 
then find log(ri + l) or log(n— . 1) and deduce the logarithm of 
the given number. 


Example. Calculate log 2 and log 3, given /t= -43429448. 

By putting »=:10 in (2), we have the value of log 10 -log 9; thus 
1 - 2 log 3 = -043429448 + -002171472 + -000144765 + -000010857 

^ + -000000868 + -000000072 + -OOOOQOOOO ; 

1- 2 log 3 =-045767488, 
log 3 = -477121266. 

Butting 7i=80 in (1), we obtain log 81 -log 80; thus 

4 log 8 - 8 log 2 - 1 = -005428681 - -000033929 + -000000283 - -000000003 ; 

3 log 2 = -908485024 - -006395032, 
log 2= -801029997, 

In tlie next article we shall give another series for 
loge(n+ l)-log,w which is often useful in the construction ^ 
liOgaritbmic Tables, For furtlier information on the subject tlie 
reader is referred to Mr Qlaisher’s article on LoffoHtkms in the 
JSncyc3bp0fsdm Britaimica* 
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226. In Art. 223 we have proved that 
log.(l +«:) = 
changing x into - x, we liave 




log,(l-.«) — ” 3 “•••• 

By subtraction, 

, 1 + a; _ / a;', x' \ 

Put I ^ ^ -■ s;o that X' ^ : we thus obtain 

1 - X , n 271 -f 1 


log.(« + 1) - log„n - 2 


1 


i 3(2« + l)" 




Note. Tliis series converges very rapidly, but in practice is not always 
so convenient as the series in Art. 224. 

227. The following examples illustrate the subject of the 
chapter. 

Exam^}4> 1. If tt, /3 arc tlio roots of the equation rt.r^ + 6a;4-c = 0, shew 
that log {a — hx + cx'^) - log a + (a + /3) .r - -i - + --4" ~ 

i 9 

h c 

Since a + /^~ ~ , a/i=r- , \vc have 
^ a ^ a 

a ~ bx f - a {1 + (a + /i) a* + a^x*} 

=a (1 + ax) (1 + /3.C). 

log {a - hx + cx®) log a + log (1 + ax) + log (1 4 fix) 

. aV aV _ fi’^x^ 

= loga-l-a.r- g ' 3 -•*•+^■’2 ' '3 

= loga-f-(o + /3)x ^ g ^ ... 

ExaitvpU 2. Prove that the coefficient of x” in the expansion of 
log (1 + x + X-') is - - or - according as w is or is not a multiple of .'1. 

log (1 + X +.X®) =r log i — -- = log (1 - x*) - log (1 - x) , 

JL — X 

„ x” X^ > X^ / X® ic** \ 
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If n u a multiple of 8, dcuote it by 3r; thou the coefficient of «»i8- 

from the first series, together with from the second serios; that is, the 

3 1 2 

coefficient is — + - , ot - - . 

71 n 71 

If n is not a multiple of 3, docs not occur in the first series, therefore 

the required coefficient is - . 

11 

2:JS. To prove that c is incomiihensuTahle. 

For if not, l(*t ^ > where ni and n are positive integers ; 

Oh - _ 1 1 1 1 

then ~ ^ 1 I- I 4 - 1 4 - 4... 

7h IjD p |yi.4- I 

multiply both sides by |?i; 

’'‘1^ V!l ^ ’ 0‘+1)(^2T(«T3) + -- 

1 1 _ 1 

' 75 4- 1 ^ (/5 4- 1 ) (75 4- 2)’ (714- 1 ) (75 -f- 2) (/I 4- 3) ‘ 

is a proiJC]' fraction, for it is greater tlian and less than the 

n + i' 

g<wmetri(*al jirogression 

1__ __1 1 

74 4- 1 ^ (75 4-1)^^ ( 744 - ' 

that is, less than ^ ; hence an integer is equal to an integer plus 
a fraction, which is absurd ; therefore e is incommensurable. 


EXAMPLES. XVn. 


1. Find the value of 


. t . 1^ 1.1 1 

^ 2'''3 4^5 


2. Find the value of 


i.J^. +JL .. . 

2 2. 2*^3. 2^ 4. 2*^6. 2* • ’ 


18—2 


-f 
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3. Shew that 

log.(n+a) - log.(« _ „) =2 g + 4 ....) . 


4. If 

Hhew that 

5. Shew that 


ar ar 

;v— 

y2 yi 

•'-•"+f2-^T3 + -- 


a-h 1 fa-h\^ 1 /a-hY , , , 

^+2 ■^3( a j +••• =-!<>&« -H'A 


6. Find the Napierian logarithm of correct to sixteen places 
of decimals. 


7. Prove that ^ i 2 ^ + . . . . j . 

8. JVove that 

i.g,(i t ,r.(i .-2 *£>*■■■)■ 


9. Find the value of 

.r! _ y2 + 1 (j.-« - y) + 1-3 (,l'« - - y!) + . . . . 

10. Find the numerical values the common logarithms of 7, 11 
and 13 ; given /x = * 43429448 , log 2 ~ * 30103000 . 

11. Shew that 

+ i - i (*■ * j') * K“' * i-) + " + i) ■ 

12. Prove that 

log.(l +ar+2.,;2)=;u- + - : 

and find the gouex’al term of the series. 

13. Prove that 

1 1 b.v^ 35.?7^ 65.?.** 

iog,.. — „ «5.r- ' + L 

and find the general terra of the series. 


g&c ^ gap ^ 

14. Expand hi a series of ascending powers of dir. 
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15. Express |(ei*+e~'*) in ascending powers of .r, where t = V-i. 

16. Shew that ' > 

l..g.(.t-+2/0 = 21og.(..s7.)-],.g.,v-{^-^-^ , ...J . 

17. If a and jS l>e the roots of -jD.r+g^=0, shew that 

log,(l +ju.r+S'.r*) = (a +/S)x- .^•2+ 


18. If .r < 1 , find the sum of the series 

1 „ 2 _ 3 . 4 

19. Show that 

n) “ ^ ~ 2 {»+ 1) ~ 2.3(?i 


+ 1)2 3.4(»+iy‘ 


20. If rv'" expanded in a series of ascending 

1 "T* "t" 


1 


powers of .r, shew tiiat the coefficient of a*” is — if n he odd, or of 
3 

the form 47a + 2, and - if n bo of the fonn 4??i. 
n 


21. Shew that 


22. Prove thf^f ; . 


23 33 43 

’+L2 + |3 + i4+--^^- 


2 log, n - log. (« + !)- log. (" - 1 ) = ,78 + • 

23. Shew that ^ 

71 ^ 3/1® • 

24. If log. -a, log,|^=-6, log. y=c, shew that 

log,2*=7a-2& + 3c, log^3=ll€t~36 + 6c, log,6 = 16a-4&+7o; 
and calculate log, 2, log, 3, log, 5 to 6 places of decimals. 
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229. In this chapter we shall ex])lain how the solution of 
questions connected with Interest and discount may Im siinplihed 
by the use of algebraical forinuku. 

We shall use the terms IniereM^ Discount ^ PreseiU Vahie iu 
their ordinary arithmetical sense ; but instead of taking as the 
rate of interest the interest on .£100 for one year, we shall hnd it 
more convenient to take the interest on £ 1 for one year. 

230. To find the interest aiui amotmt of a given sum in a 
given time at simple interest 

Let P be the principal in pounds, r the interest of £1 for one 
year, 7i the number of years, 1 the interest, and M the amount. 

V The intei'est of P for one year is 7V, and therefore for n years 


is Pnr ; that is, 

1 ^ Pnr (1). 

Also M^P + I] 

that is, M- /^ ( 1 H ^ir) (2) . 


Frojii (1) and (2) we see that if of the quantities P, w, r, /, 
or P, w, r, J/, any three be given the fouHh may be found. 


231. To find the present value and discount of a given sum 
due in a given time, allowing simple interest 

Let P be the given sum, V the present value, D tlie i 
r the interest of £1 for one year, n the number of years. 
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Since V is the sum which put out to inteapest at the p^seut 
time will in n years amount to P, we have 

F=F(l+nr); 


And 




P 

1 -1- nr * 


D = P-- 


F- P- 


P 

1 4- nr * 




Pnr 
1 + nr' 


Note. The value of D given by this equation is called the tme discount 
But in practice when a sum of money is paid before it is due, it is customary 
to deduct the interest on the debt instead of the true discount, and the 
money so deducted is called the bank^r^s discount; so that 

Banker’s Discount =JVir. 

True Discount = , 

1 4 nr 


Example. The difference between the true discount and the banker’s 
discount on £1900 paid 4 mouths before it is due is (>.v. 8d,; find the rate 
per cent., simple interest being allowed. 

Let r denote the interest on £1 ior one year ; then the banker’s discount 

lOOOr 

is — , and the true discount is ' i . 

^ ,1 


1900r 
’ 3 ' 


1900/‘ 

3 

, 1 
i + .T r 

«'S 


whence lOOOr® = 3 4 r ; 

_l=tVlT^0^1±151 
*'* 3B00 “ ' 3800 ‘ 

Eejecting the negative value, we have ^ ; 

rate per cent. = 1007== 4. 


232.* To find the interest and amount of a given sum in a 
given time at compoimd interest. 

Let P denote the principal, R the amounli of £1 in one year, 
n the number of year^ I the interest^ and M the amount. 
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The amount of P at the end of the first year is FR ; and, since 
this is the principal for the second year, the amount at the end of 
the second year is PR x R or PR^, Similarly the amount at the 
end of the third year is Pl^, and so on ; hence the amount in 
n years is PR ' ; that is, 

M=^PRi 

I^P{R-l), 

Noth. If r denote the interest on £1 for one year, we have 
R=l + r. 


233. In business transactions when the time contains a 
fraction of a year it is usual to allow simple interest for the 
fraction of the year. Thus the amount of £l in year is 

7 ' 

reckoned 1 + ^ ^ amount of P hi 4]^ years at compound 


interest is PR* ^ • Similarly 

n + — years is PR” f 1 + —V 
m \ mj 


the amount of P in 


If the interest is payable more tlian oiice a year tliere is a 
distinction between the nominal annual rate of interest and that 
actually received, which may be called the true animal rate ; thus 
if the interest is payable twice a year, and if r is the nominal 


annual rate of intex’est, the amount of .£1 in half a year is 1 + - 

4U 

and therefore in the whole year the amount of £1 is 0 j 

or 1 + r H* r 5 so that the true annual rate of interest is 
4 

r* 


234. If the interest is payable q times a year, and if r is 
the noijiinal annual rate, the interest on £1 for each interval is 
r 

- , and therefore the amount of P in 7i years, or qn mtervals, is 

In this case the interest is said to be ^‘converted into principal** 
q times a year. 
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If the interest is convertible into principal every momeniy 
then q becomes infinitely great. To find the value of tile amount^ 

T \ 

put ^ ~ > SO that q - rx ; thus 

the amount -- P 4- p = P |^1 + | 

= [Art. 220, Cor.,] 
since x is inlinite wljen q is infinite. 

235. To find the preatnt vtdvs and discount of a givmi mm 
dve in a given time^ allowing compound interest. 

Let P be the given sum, V the present value, D the discount, 
U the amount of i;l for one year, n the number of years. 

Since V is the sum which, put out to interest at the present 
time, will in w years amount to P, we have ' 

P=F/r; 


and 


T -- ^ PR^‘^ 

ir ’ 

7)==:P(l--7r”). 


Example. Tho present value of £672 due in a certp.in time is £126; if 
compound interest at 4^ per cent, he allowed, find the time ; having given 

log 2='3(a03, ]og3=-47712. 


100 


1 i> 25 

24* “^^=24- 


Here 

Let n bo the number of years ; then 

072=120 (I®)"; 

, 25 , 672 

••• 

, 100 , 16 
nloggg=log.g-; 

n (log 100 - log 96) = log 16 - log 3, 

_ 4 log 2 - log 3 

* ”~^-^li;g2'-iog8 

•72700 


■01773 


=41, very nesiriy; 


thus the time is very nearly 41 years. 
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EXAMPLES. XVin.a. 

# 

When required the following logarithms may be used. 

log 2 = -301 0300, log 3 -=‘4771213, 
log 7 = -8450980, log 1 1 « 1 *041 3927. 

1 . Find the amount of £100 in 50 years, at 5 per cent, compound 
interest; given log 114-674 = 2*0594650. 

2 . At simple interest the interest on a certain sum of money is 
£90, and the discount on the same sum for the same time and at the 
rate is £80 ; find the sum, 

3. In how many years will a sum of money double itself at 6 per 
cent, compound interest 1 

4 . Find, correct to a farthing, the present value of £10000 due 
8 years hence at 6 per cent, compound interest ; given 

log 67683*94 = 4*8304856. 

5 . In how many years will £1000 become £2500 at 10 per cent, 
compound interest V 

6. Shew that at simple interest the discount is half the harmonic 
mean between the sum due and the interest on it. 

7 . Shew that money will increase more than a hiindralfold in 
a century at 6 ^ler cent, compound interest. 

8 . What sum of money at 6 per cent, compound interest will 
mnount to £i000 in 12 years i Given 

log 106 = 2*0253059, log 49697 = 4*6963292. 

9 . A man borrows £600 from a money-lender, and the bill is 
renewed every half-year at an increase of 1 8 per cent. : what time will 
elapse before it reaches j^6000 ? Given Jog 118 = 2*07 1 882. 

10 . What is the amoiint of a farthing in 200 years at 6 per cent, 
compound interest i Given log 106= 2*0253059, log 1 15*0270 = 2*0611800. 


Annuities. 

23§. An annuity is a fijced sum paid periodically under 
certain stated conditions ; the payment may be made either once 
a year or at more fi*equent intervals. Unless it is otherwise 
stated we shall suppose the payments annual. 

An annuity certain is an annuity payable for a fixed term of* 
years independent of any contingency; a life annuity is an 
annuity which is payable duiing the lifetime of a person^ or of 
the! survivor of a number of persons. 
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A deferred annuity^ or reTereion, is an annuity which does 
not begin until after the lapse of a certain number of years ; and 
when tlie annuity is deferred for n years, it is said to commence 
after n years, and the first payment is made at the end of w + 1 
years. 

If the annuity is to continue for ever it is called a perpetuity ; 
if it does not commence at once it is called a deferred perpetuity. 

An annuity left unpaid for a certain number of years is said 
to be forborne for that number of years. 


237. To find the amount of aii annuity left unpaid for a given 
number of year allowing simply interest. 

Let A be the annuity, r the interest of £1 for one year, n the 
number of years, M tlie amount. 

At the end of the first year A is due, and the amount of this 
sum in the reiuainirig w - 1 years is d + - 1) r.4 ; at the end of 

the second year another A is due, and the amount of this sum in 
the i-emaining (n-2) yeai*s is A -i-(ri-2)rd ; and so on. Now 
j)/is the sum of all these amounts; 

M-{A -f (vi - l)ryl} + {d + ('/i.-2)rd} + ^ (d \ rA) f d, 

tlie series consisting of n terms; 


+ (1 + 2 4- 3 + 

>~nA + ^ rA. 


238. To find the amount of an annuity left unpaid for a 
given number of years, allowing cornpound interest. 

Let A be the annuity, Ji the amount of £1 for one year, n 
the number of years, M the amount. 

At the end of the first year A is due, and the amount of this 
sum in the remaining n- l years is at the end of the 

second year another A is due, and the amount of this sum,in the 
remaining n - 2 years is dir*""*; and so on. 

+ -^Alf + AH^A 

ia 

= d (1 + ton terms) 
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^ 239. In finding the present value of annuities it is always 
customary to reckon compound interest; the results obtained 
when simple interest is reckoned being contradictory and un- 
trustworthy. On this point and for further information on tlie 
subject of annuities the reader may consult Jones on the Vdlm 
of Annuities and Reversiomwy Payments^ and the article Annuities 
in the Encycloycedia Britannica, 

240. To find the present ralue of an annuity to continue for 
a (jlven number of years ^ allowing compound interest 

Let A be the annuity, It tlic amount of .£1 in on<j year, n 
tlie number of years, Tthe required present value. 

The j^resent value of A due in 1 year is AR ~^ ; 

the present value of A clue in 2 years is AR ''‘ 

the pi’eseiit value of A due in 3 years is AR^'^] 

and so on. [Art. 235.] 

Now is the sum of the present values of the different 
payments ; 

]^--AR'^ i A R~’^ + A R ~^+ to a terms 




1 -/r* 




R-1 


Note. This result may also be obtained by dividing the value of il/, 
given in Art. 238, by ii". [Art. 232.] 


Cor. If we make n infinite we obtain for the present value 
of a perpetuity 


R-\ 


241. If mA is the present value of an annuity A^ the annuity 
is said t-o be worth m years’ purchase. 

In the case of a perpetual annuity mA = ~ ; hence 

r 


1 

r nite per cent. ^ 
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that is, the number of years^ purchase of a perpetual annuityl*^fe 
obtained by dividing 1 00 by the rate per cent. 

As instances of perpetual annuities we may mention the 
income arising from investments in irredeemable Stocks such as 
many Government Securities, Corpomtion Stocks, and Kailway 
Debentures. A good test of the credit of a Government is fur* 
nished by the number of years’ purchase of its Stocks; thus the 
3 p. c. Consols at 99 are worth 33 years’ purcliase ; Russian 5 p. c. 
Stock at 95 is worth 19 years’ purchase; wliile Peruvian C p. c. 
Stock at 18 is only wortli 3 years’ purchase. 


242. To find the present value of a deferred annuity to 
conirtience at the aid of p years to eontinne for n yearSy allow- 
iny cmnjtound interest. 

A be the annuity, JR the amount of XI in one year, V the 
present value. 

The first payment is made at the end of (p + 1) years. 

[Art. 236.] 

Hence the present values of the fii’st, second, third... pay- 
ments are respectively 

Arr^^^-'\ ... 




- j/r 


1 -yr" 

i-A * 


to n terms 


AR2 _ 

"A-l 'A-i * 

Cor. The present value of a deferred periyetuity to commence 
after year.s is given by the formula 


243. A freehold estate is an cst#ite which yields a perpetual 
annuity called the rent / and thus the value of the estate is equal 
to the present value of a perpetuity equal to the rent. 

It follows from Art. 241 that if we know thenuml>er of years’ 
purchase that a tenant pays in order to buy his farm, we obtain 
the rate per cent, at which interest is reckoned by dividing 100 
by the number of years’ purchase. 



HIGHEH ALGEBRA. 


Example, The reversion after 0 years of a freehold estate^ is bou(|^t for 
£20000: what rent ought tlie purchaser to receive, reol^oning compound 
interest at 6 per cent.? Given log 1*05 =*0211893, log 1*340096 = *1271358. 

The rent is equal to the annual value of the perpetuity, deferred for 6 
years, which may be purchased for £20000. 

Let £A be the value of the annuity,* then siiioo R = l*05, we have 


20000 = 


A X (l*05)-« 
*05 


.*. x(l*05)-6=1000; 

log A log 1*05 = 3, 

log.4 =3*1271358 = log 1340'09(>. 

.4 = 1340*096, and the rent is £1340. Is. lid. 


244. Suppose that a tenant by paying dow’n a certain sum 
has obtained a lease of an estate for + 9 years, and that when 
q year.'s have elapsed lie wishes to renew the lease for a t^erm 
p-\-n years; the sum that he must pay is called the fine for 
renewing n years of the lease. 

Let A be the annual value of the estate ; then since the 
tenant has paid for of the pA-n years, the fine must be equal 
to the present value of a deferred annuity to commence after 
p years and to continue for n years ; that is, 


tlie line - 


Air^ 


Air^*-” 
n-i ‘ 


[Art. 242.] 


EXAMPLE. XVin.b. 

Tlie interest is supposed compound unless the contrary is stated. 

1. ' A person borrows £672 to be repaid in 5 years by annual in- 
stalments of £120; find the rate of interest, reckoning simple interest. 

2, ** Piud the amount of an annuity of £100 in 20 years, allowing 
compound interest' at per cent. Given 

logl*045 = *0191163, log24-117 = 1-3823260, 

3# A freehold estate is Ixiught for £2750 ; at what rent should' it 
be let BO that the owner may i-oceive 4 jier cent, on the purchase money? 

4. A freehold estate worth £120 a year is sold for £4000 ; find the 
^ate of interest. 
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8. How many years^ purchase should be given for a freelneSd 
estate, interest being calculate<l at per cent. ? 

6 . If a perpetual annuity is worth ,25 years’ purchase, find the 
amount of an annuity of £625 to oontinu^or 2 years. 

7. If a perpetual annuity is .worth 20 ycai’s’ purchase, find the 
annuity to continue for 3 years which can be purchased for £2522, 

8. When the rate of interest is 4 per cent., find what sum must 

be paid now to receive a freehold estate of £400 a 3^ear 10 years hence; 
having given log 104 = 2*01 70333, log 6 75565 = *8296670. * 

9 . Find what sum will amount to £500 in 50 years at 2 per cent., 
interest being payable every moment; given e“^ = *3078. 

10 . If 25 years’ purchase muGst be paid for an annuity to continue 
w years, and 30 years’ purchase foi* an annuity to continue 2w. years, 
find the rate per cent. 

IL A man lK)rrows £5000 at 4 \^r cent, compound interest; if the 
princiiwil and interest are to bo repaid by 10 equal annual instalments, 
find the amount of eiich instalment; having given 

log 1*04 =*01 70333 and log 676031 =5*829667. 

12 . A man has a capital of £20000 for which ho receives intei^t 
ut 5 i^r cent, ; if he s])ends £1800 every year, shew that he will be 
ruined before the end of the 17“' year; having given 

log 2 = *3010300, log 3 = *4771213, log 7 - *8450980. 

13 . The animal rent of an estate is £500; if it is let on a lease 
of 20 years, calculate the fine to Im paid to renew the lease when 7 years 
have elaps^ allowing interest at 6 per cent, ; having given 

log 106 =2*0253059, log4*688385 = *6710233, log3*118042 = *4938820. 

14 . If «, 5, c years’ purchase must be paid for an annuity to cou- 
iinue w, 2a, 3a years respectively; shew that 

15 . What is the present wortn of a perpetual annuity of £10 
payable at the end of the first year, £20 at the end of the second, 
£30 at the end of the third, and so on, incieasing £10 each year; 
interest being taken at 5 per cent, jwr annum ? 
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INEQUALITIES. 


245. Any quantity a is said to bo 'greater than anotlier 
quantity b whon a-h is positi\o; thus 2 is greater than -3, 
because 2 - (- 3), or 5 is positixe. Also h is said to be less 
than a vf]\enkt-a is negative; thus -5 is less than ~ 2 , because 
— 5— (~ 2), or - 3 is negative. 

In accordance with this detinition, xoro must bo regarded as 
greater than any negative quantity. 

In tlio present chapter we shall suppose (unless the contrary 
is directly stated) that the letters always denote ix‘al and positive 
quantities. 


246. If a > 5, then it is evident that 

a \ c 5 4- c ; 
a — C'^ h — ( ; 
ac > be , 

'a b 

that is, an ineqiialitij wifi still hold after each side has been 
imreased^ diminished^ nmltlpUedy or divided bij the same positive 
quwniity, 

247. Tf 

l)y adding c to each side, 

c ; 

'Which shews that hi an inequality any term may be transposed 
from one side to the other if its sign he changed* ' 

If a> by then evidently b 

that ^ if the sides of an inequality he trmsposetl^ the dgn qf 
infpadiUy mmt he reversed. i 
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If a > 6, then a 5 is positive, and 6 - a is negative ; thal^ 
is, - rt - (— b) is negative, and tlierefor© I 

hence, if the siffns of all the terms of an imqnality he olkdngedy | 
the sign of inequality must be reversed^. - ' 

Again, if a > Z>, tJieii --a < — and therefore 

- cbc < — ' . 

that is, if the sides of an^ inequality be multiplied by the samc\ 
negative quantity^ tJ^e sign of inequality must he reversed. f 


248. If a, > b^^ 


rt, + +...+«„> 6, + 6, + i,+ ... +6„; 1 

and W» -- *»• 

249. If a>b^ and if jt), q are positive integers, then 

11 p p f ^ 

or > if ; and therefore a'^ > b '^ ; that is, a" > b\ where n is any 
positive quantity. 

- Further, \ < i ; that is a"” ^ 6“". 

' a” h’^^ I 

1 

250. Tho square of every real quantity is positive, and 
therefore greater than zero. Thus (a ^ bf is positive ; 

a*— 2aZ» 4* > 0; ^ 


Similatly 




that is, the arithmetic 9nean of two positive quantities is 
than their geometric mean. f ^ 

The inequality i:>econies an equality when the quant^|fl 
eqtial. 

S51. . The results of the preceding article will he 
useful, especially in the case ^ inequalities in whi(di|j^^^| 
are involved syfuiinetrically.% ' 
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I 3. If cr, ?>, c denote positive quantities, prove that 

I * a® + Z»®4-e®> + U&; 

I and 2 (//^ + ft'* + r®) > 6c (6 + c) + co (c + a ) -t ah {a i h). 

Eor 6^ + c® -26< » .. . (1); 

‘2ta; 

f a‘^ + y^2ah; 

l^srhence hy addition a- hh^ tc' * hr + < a + ah. 

It may be noticed llmt this lesult is true for an?/ leal values of a, 6, c. 


Af?ain, from (1) 6- br-t^c-'^hr (2); 

6‘ + 6--6c{6+r) m. 

By writing down the two similar inequalities and adding, we obtain 
2 (t7 H 6® 4- c"^) - ' hr (6 W ) + (c 4- a) + ah {a 4* h). 

li should be observed that (3) is obtained from (2) by intioducing the 
factor c, and that if this factor be negative the inequality (3) will no 
longer hold. 

Example 2 If a? may have any real value find which is the greater, 
af®4*l or ,^4 r. 

r* 1-1- (r‘'^4- -.r^- (j^ 1) 

* Now (.r - 1)*^ is positive, hence 

J7’4 1 > or <; 

^ according as a; 4-1 is positive or negative; that in, according ns j: -> or ^ “ 1. 

\ If a: = - 1, the inequality becomes an equality. 

i 

f 

^252. L<4 a and b be two positive quantities, S their sum 

^ ^ their product ; then from the identity 

quantit ^ ^ 

2^f7 =. {a 4- by - {a - 6)“, 

V 

^ iP =. - (a - h)\ and - iP -f (a - by. 

which shee, if IS is given, P is greatest when a^h\ and if P is 
one f is les-st wlren 

that positive qimntiiiee is giveoy thdr producj ^ 

xnoqnoMiy nMUj^n th^y <trt equal ; and if the product <f two position 
" , ^veUf their sum isjemt when dtey are equal ! I 


( 3 ); 

. ... m. 
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^ 4|53. To find the greatest value of a product the mm (f mho$$ 

factors is constant 

Let there be n factors 6, c, ... k, and suppose that their 
sum is constant and equal to s. 

Consider the product abc k, and suppose that a and b are 
any two unequal factors. If we replace the two unequal factors^ 

a, b by the two equal factors ^ J ^ the product is increased 

Jj 

while the sum remains unaltered; hence so long as the product 
contains two unequal factors it can be increased toithout oMermg 
the sum of the factors ; therefore the product is greatest when all 
the factors are equal. In this case the value of each of the n 


factoi’s is ^ , and the greatest value of the product is , or 
^a + 6 4* c 4- . . . + 


Cou. If rt, 6, c, k are unequal^ 


/a \ 4-r 4- . .4- K" , , 

( n ) 


that is, 


<7 4-64-04 ... t-A* 


{abc ... k)‘\ 


By an extension of the meaning of tlie tenus arithmetic m 
and geometric mean this result is usually quoted as follows : 

^ hjhc arithmetic mean of any number of positive quantities is grei 
J^than ifie geometric mean f 

Example. Shew that (I*" + 2^ + »>• + t- »’)’*> ( [n)*- ; 

where r is an 7 real quantity. 



ir+2'+3''+ +«” 


> n^«: 


ri'-+2'+8’'+...+n«'\* 


vbenOe we obtain the result reqnlrecL 


.. . 

eqnlrecL y 
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Tojind the greatest mlue of a“b“c’^. . . whm a + 1» 4* c 
^^4or^artiti m^n^^^...hemgpoeit\remUg^e, 

Since m, w, jt>, .. are constants, the expression , will 

be greatest wten(^^J(-*) Q' is greatest. But this last, 
expression is tlie product of wi-i- /m 4 . factors whose sum is 

, or a4 /i f r*» , and therefore con- 
stant.^ Hence will be greatest wlien the factors 


m * 9i * y> ’ 


are all equal, that is, when 


a a h c-i 

m n p * tH \-n+ 2^-^ 


Thus the greatest value is 


(aj¥h,c\ 

\m -f >/ + y> + / 


Ermiple, Pind the gicate&t >alue of {a-^a’)^{a- i}* ioi any real value 
jt X numerically less than a. 

The given expression is greatest when ^ ~ in greatest; but 

i-mu of the factors of this expression is ^ \ ^ ^ (^4 0 ’ 

^oe {a -I- a:)® (a - is gieatest ’when ^ ^ , or r ^ J 

gj . 8 ^ 

Tiufl the greatest values is -^y a^, 

Th^detenmnntioii of 'inauhnum and minimum values 
^ often be siuTpTy efle cted^“T >y"l;he soTiHjoTrpF^ quad- 

Equation tliair by tlie foregoing inctTiodg^ Instances of 
already occurred in Chap, ix : we add a further 

Vtrhich integer into two integral ^larts whose product 

/rowt ^®**‘'* 

- ^« + l; the two parts by x and 2n^l*-x\ and 

H ; Whenoo 




^ bat tbd quantity under ike radl^ 

* (ic (0?eater than^J (2n+l)^, <wr#«i^ 

* value most be 7t^ + n, m '’ri/f^^a^n+ifot ii‘, 
and n+1* 

256 . Soiiietiines we may u&e the following tuebliod 

Example, find the minimum value of ^ • 

Put <j+a:=y ; then 

the expression = ^-" — — - — — ^j^l) 

y 

(a r) (& - c) , , 

-=;'^ '' '^w^•a-c+6-f 

y 

A “i) +a- c i-h-cr+i ijii 0 -e){b-e).. 

Hence the expression is a minimum when the square term is zero 9 
IB when y=:iy(a~c)(/>-c). -» ^ 

Thus the inimmimQt Ttdoit is ^ ^ 


*~ (fA-Ji-c + 2 (6 r). 


ftnd tho oorrespondiug v»lue of j is ^ , <-) (* - c) - f 


EX^ntUiS. XlZ.a. 

IVove that {ab+ t^^)(a^^h^)'>Aahxy, 

X, Prove that (/>+ c) (0^ a) (a + 6) > 8a Z k 

Shew that the sum of any real poMiti\e quaui(|lt/ 4 nd 
TOciprocsil IS never lesb than 2 

^If 1, and ^+y^=l, shew that aJs4-6y<l 

’"if a^+6^+<.®'=*l, and r®+y2+z^=l, shew that 

Is ^ 

6 . II a>b, shew tb^t and 

Shew that 

A Bind which is th^yeater Sa6* or a*+2b*. 

9* ^ Prove tbjat '' 

UC Shew that ^ (®+ ^+e), 
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Which is the greater or sc^+x+% for positive values of 4 :? 

Shew that + \Za^x > 5ax* +^a^^ if .v> a ., 

lA Find the greatest value of x in order that 7a;‘^+ll may be 
greater than j;®+ 17^. 

15. Find the minimum value of ]2.r-f40, and the maximum 
value of 24r - 8 - ^ 

^ Shew that ( \nY > 3^*‘, 2 . 4 . 0. . .27i < (/i-f 1 )\ 

Shew that {x+y-\‘zf > ^"Ixyz. 

Shew that %♦» > 1 . .3 . 5...(23i - 1). ^ 

If n be a positive integer greater than 2, shew that 
2"> l+w 


Shew that • 


21. Shew that 

+.y + sy >27{y-\-z-x)(z-^x- //) (a* H-y - 
(y)) ^ys^{y-hz-x){z+x‘-y){x+y-z). 

22 . Find the maximumvalaeoj^/7..^.)4(24..x.)ft^vhen.rlies between 

7 a,nd -2. 

T.. Jxi" . . 1 , (5-f-^)(2 + ^-) 

' 1 . 23. r ind the minimum value of — - - . 


*257. To prove that ^ a and b are positive and unequaly 

b*® /a+bX*'' ... . 

— ^ j j except wimi ni is a ijositive proper fraction. 


We have a”' + h* 


, fa-\-h a - 6\” fa. + 5 a - h\f 
2 "^) ^(”2 ¥) ^ 


and 


since is less than we may expand each of these 

ei^ressions in ascending powers of . [Art. 184.] 
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0) is » positive integer, or any negative 

tlie terms on the riglit are positive, and tlierefore '' ' 

a" + 6"‘ /n + 6\» 

'~T' ^(~j • ' . 

('2) If m is positive and less than 1, all the terms on 
the right after the first are negative, aucl therefore 


a” 4- h*" fa + h 
2 


/a + b\” 


(3) If «a> ] and positive, put w = wlierc »k 1 ; .then 

ill ’ 

... 

1 

^i^+/ry^ a+_b 

(iT + h" '''f + ^Y 

... ^ . 

Hence the proposition is established. If m=^0, or l,,th^ 
inequality becomes an equality. * 

*258. If there are n positive quantities a, b, c,...k, tJ^yi 

, ' a™+b'^-f c"' + ...4-k”' /a-l-b4-c+ ... +kV‘ 

n ; . 

unless ni is a 2 )ositive proper fraction. 

Suppose m to have any value not lying between 0 and 1 , 

Consider the expression a”' + + c’" + . . . 4- and suppose 
that a and h are unequal ; if we replace a and h by the two equal 

quantities j value of « + &4-c4*...4-A; remains 

altered, but the value of a” 4- 5” + c’" 4- . . . diminished, since 

/a + Vsf 
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HeSQce so long as any two of the quantities a, bj c,...k are uneqtial 
the expression 6" + c” + ... + A;”* can he diminished witliout 
altering the value of a + 64-c4-. and therefore the value 
of a*” + 6” 4 - c” + . . . + ^•** will be least when all the quantities 
a, b, Cy.,.k are equal. In this case each of the quantities is equal 

(i + b’\'C‘h,,.+k 

to ; 

n 

and the value of a”* 4- b”' -f c” 4- . . . 4- then becomes ^ , 

Hence when a, 6, are unequal, 

a 4- & 4" C*” 4" ... 4" /ct4~6-f-C4* ...4- 

71 \ 71 J 

If 771 lies l>etween 0 and 1 wo may in a similar manner prove 
tliat the sign of inequality hi the above result must l>e reversed. 

The proposition may be stated verbally as follows : 

The arithmetic 7nea7t of the m*^^* 

is gi'eater thaTi the i^mer officer ariiimietic 77iean in all cases 
'except (j and 1. 


*259. If a and b positive integers^ and. a-^b, a7id if be a 


> positive qua7itity, 




For 


0+3 i+«,+(i-i^ +(i-3(i 

l the series consisting of a 4- 1 terras j and 
the series consisting of 5 4- 1 terras. 


* After the second tci-m, each terra of (1) is greater than the 
corresponding term of (2) ; moreover the number of terms 4n (1) 
is greater than the number of terras in (2) ; hence the proposition 
is established. 
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Topro^e tlu,t 

if X and y are pro2)er fraciions and positive^ and x > y. 


For 

Vl+a; 

A / 1 ^ 




y i-x 

, Vi-y 


according as 

1 , 1 + iC 

-log- — > or 
X ° 1 —a; 

y 1 -y 

’ 

But 

-iog-;-'*=2f 

X ® 1 —x \ 

. a;® X* 

[Art. 226]; 

and 

ilog 1 ■*■^--=2 / 

y ^ 1 -y ■ V 

,35 

.). 


1 , 1 +03 

. *. - log > 

X ® 1 - aj 

1, 1 + y 

~ log , 

y i-y 



proved. 


*261. To prove that (1 + (1 - x<T^ i 

/a + 


deduce that 


1 K /a + o\? 


Denote (1 + (1 - jc)’ ' l)y V] then 

log 7^ == (1 + x) log (1 + a;) + (1 - x) log (1 - x) 

- X {log (1 + a:) ~ log (1 - £c)} + log (I -f a;) + log (1 — a;) 

■= 3 + 5 2 (2 + 4 ^ C J 

/ aj® X* \ 

, • “Ho■"5T4■"6T6^••r 

Hellce log P is positive, and therefore i’> 1 ; 
that is, (1 +*)*♦'{! -*)'-*>l. 
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In this result put where 

Now put u + z — n, — z - b, so that u — — ; 

an fo + bX*^ 

••• • 


« EXAMPLES. XIX. b. 

‘ 1 . Shew that 27 (a^ + M + 1“*) > (a + 6 + c)*. 

2 . Shew that (>i + 1 )* < 8 (1 * + 2^ + 324. . , . + 

3 . Shew that the sum of the of the first n oven num 

l>ers is greater than n (?i+ > 1. 

4 . If a and ^ are i)ositive quantities, and a > / 3 , shew that 




Hence shew that if n > 1 the value of 




lies between 2 am 


5 . If cf, 6, c are in descending order of maguitvule, shew that 

(“?•)■< C^D*- 


Shew that 




7 . Prove that ~ log (1 +a’’*) < i log (1 + a"), if m > n, 
A/ If n is a positive integer and ^ < 1, shew that 

c — .. ^ 

n+l n 
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„ ^ If a, Z», G arc in H* P. and n > 1, shew that 2K 

^ 10. Find the maximuttl^kio of 31 ^ (4a - .r)^ if .r is jxjsitive and less 

than 4a; and the maxijtnum value of ^'-*(1 -a*)^ when x is a projieft* 
fraction. 


"'ll. If X is positive, shew that log(H-ir) < x and > 2 ^'^ • . 

. lli If .r+y + 2 ;=l, show that the least value of -+i + -' is t) ; 
• ' ' if ^ X y z ^ 

and that (1 - .v) (1 (1 - ^ ^yz. 

13. Shew that + 

14. Shew that the exjiresaions 

a{a-h){a- c) + h {h- <:) (ft ~ a) + c {a - a) (c - ft) 
and (a - ft) (a - c) + ft^ (ft - c) (ft - a\+ (c ~ a) (c - ft) 

arc both positive. 


15. Shew that (.r’”+^”‘)’‘ < {.r^-hy*^)”\ if « 


J13 Slinw tlirtit .M' 

17. If a, ft, c denote the sides of a 


‘•.“.PfT*- 


^JiLshew that 


(1) a^{2y-g)(p-r) + b^(q-r)(q—p)-{-c^ (^r-~p)(r-q) 

oannot be negative i p, r being any real quantities ; 

(2) a^yz + h^zx + <^xy cannot be positive, if a; +y -^z- O. 

18. Shew that [1 |3 j5 |2?i-l > ([?i)" 

19. If a, ft, 0 , d, are p positive integers, whoso sum is equal 

to n, show that the least value of 

[a is ( 1^)^"'* (|^+2.)’'i 

where q is the quotient and r the remainder when n is divided by jp. 
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UMITING VALUES AND VANISHING FRACTIONS. 


262. If a be a cousGuii finite the fnu^tion -- can 

be made m small jjus >ve please by sufficiently increasing x ; that 
is, wo can make - approximate to zero as nearly as we please 
by taking x large enough ; this is usually abbreviated by saying, 
** when X is infinite the limit of ~ is ’’ 

Again, the fraction - increases m x docre/iS(^s, and by making 
N as small as we please we can make ^ as large as we j)lease ; 
thus when x is zito ~ has no finite limit j this is usually ex- 
pressed by saying, when is zero the limit of - is infinite.’’ 

X 


* 263. When we say that a quantity vnthout Umii 

or M we mean that we can suppose tho quantity to become 

greater than any quantity we can name. 

Similarly wlien we say that a quantity decreases wiUwtU ^ 
limit, we mean that we c^xl suppose the quantity to become 
L smaller than any quantity we can name. 

3 The symbol oo is used to denote the value of any quantity 
: which is inttefinitely increased, and the symbol 0 is used to 
the value of any quantity which is indefinitely dimi- 
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264. The two statements of Art. 262 may now be written 
symbolically as follows : 

if a; is CO , then ~ is 0 : 

X 

if id is 0 , then ^ is co . 

X 

But in making use of such concise modes of expression, it 
must 1)6 rememlmred that they are only convenient abbreviations 
of fuller verbal statements^ 

205. The student will Ijave liad no difficulty in understanding 
the use of tlie word limit, wherever we have already employed it; 
but as a clt^ar conception of the ideas conveyed by the woi^s 
Hunt and limitin/j value is necessary in the higher branches of 
Mathematics we proceed to explain more precisely their use and 
meaning. 


266. Definition. If y and if when x approaches a 

value a, the function f(x) can be made to differ by as little as 
we please from a fixed quantity fc, then 6 is called the limit of 
y when x a. 

For instance, if S denote the sum of n terms of the series 
1 + ^ + 2, + + • ■ • ; then A* 2 - . [Ait. 56.] 

Here S is a function of n, and can be made as small 

a 

as we please by increasing 71 ; that is, the limit of aS* is 2 when 
n is infinit^^. 

267. We shall often have occasion to deal with expressions 
consisting of a senios of terms arranged according to powers of 
some common letter, such as 

+ a,x 4- 4- 4 - » 

where the coefficients finite quantities 

iiidependeut of x, and tlie number of terms may be limited or 
unlimited 

It will therefore be convenient to discuss some propositi^ 
connected with the limiting values of such expressions^ under . 
certain conditions. 
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268. Tkt limit of the series 

a„ 4-ajX + a^x* + a3X*4- 

wlien X is hidefinitely dhninished is a^. 

Suppose that the series consists of an infinite number of terms. 

Let h be the greatest of the coefficients ; and 

let us denote the given series by + S ; then 

S < 65 c 4- hx^ + 4- . . . ; 

and if a; < 1, we liave S < - . 

1 - a; 

Thus when x is indefinitely diminished, S ca:^ be made as 
small as we please ; hence the limit of the given series is a^. 

If the series consists of a finite number of terms, S is less 
than in the case we have considered, hence a fortiori the pro- 
position is true. 


269. In the series 

a^ + a^x 4- a^x® -1 a^x® + . , 

hy taking x small enough we may make any term as large as we 
please compared with the sum of all that follow it , and by taking 
X large enough we may make any term as large as we please 
compared with the sum of all that pi'ecede it. 

The ratio of the term a. x” to the sum of all that follow 
it is 



When X is indefinitely small the denominator can be made 
as small as we please ; that is, the fraction can be made as large 
as we please. 

AgAin, the ratio of the term a.ac” to the sum of all that 
precede it is 



+~a~-y' +•••’” « -,y + +~- ‘ ' 

where y-- • 

^ X 
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/ 

/When X is indefinitely large, y is indefinitely small ; hence, 
yi in the previous case, the fraction can be made as large as 
ye please. 

/ 270. Tlie following particular form of the foregoing pro- 

position is very useful. 


In the expression 

ax'* 4 - 4 - 4 - a^x 4 - 

consisting of a finite number of tenns in cleaceiuling powers of a?, 
by taking x small enough the last term can be made as large 
as we please compared with the sum of all the terms that precede 
it, and ])y taking x large enough the first term can be made 
as large as we please compared with the sum of all that follow it. 


Example 1. By taking n large enough we can make the first term of 
71*- 5?r*- + 9 as large as we please compared with the sum of all the other 

tenns ; that is, we may take the first term ti* as the equivalent of the whole 
expression, with an error as small as we please provided n be taken large 
enough. 


— 2 — 4 

Example 2. hind the limit of 4. y" ''^hcn (1) x is infinite; (2) x is 

zero. 

(1) In the numerator and denominator we may disregard all terms but 

Sx^ 8 

the first ; hence the limit is , or v . 

5x^ 0 

- 4 1 

(2) Wlien X is indefinitely small the limit is - - , or - , . 

8 2 


Example 3. 


Find the limit of 



w'hen X is zero. 


Let P denote the value of tli© given expression ; by taking logarithms we 
have 

log ~ {log (1 4- a‘) - log (1 - sr) J 

X 

( *3 \ • 

1+ 4- g [A^rt. 226.] 

Hence the limit of log P is 2, and therefore the value of the limit 
required e\ 
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VANISHING FRACTIONS. 


271. Suppose it is required to find the limit of 
x^ + ax- 


■when x=--a. 

If "we put x~a + 7^, then h will aj)pro£ioh tlie value zero as x 
approaches the value a. 


Substituting a + h for a;, 

.T® + ax -- 2a* 
£c*- a* 


3ah + /t* 3a -f A 


2a + 


and when h is indefinitely small tlie limit of this expression 

. 3 

IS g. 

There is liowever another way of regarding the question ; for 

x^-eax — 2a* _ (a? — a) (a: + 2a) __ x + 2a 
a;* - a* {x — a) (« + a) x + a^ 

and if we now put £C = a the value of tiio expression is 
as before. 

2 


If in the given expression 


a;* + 035 — 2a® 


we put x~ a before 


simplification it will be found that it assumes the form - , the 

value of which is indeterminate; also we see that it has this 
form in consequence of the factor a; -a appearing in both 
numerator and denominator. Now we cannot divide by a zero 
factory but a§ long as x is not absolutely equal to a the factor 
af - a may be removed, and we then find that the nearer x 
Ap|)roaches to the value a, the nearer does the value of the 

fraction approximate to ? or in accordance with the definition of 

Art. 2fiG, 


when as = a, the limit of 


as* + aa’ - 2a* 


IS 5. 
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272. If / (i) and ^ (x) are two functions of a?, each of which 
. becomes equal to zero ibr some particular value a of aj, the 

0 


fraction 

Fraction. 


«A(«) 


takes the form and is called a Vanishing 


Example 1. If iv=3, find the limit of 

x^~ 5a:2 + 7xj-3 
ar* - - 5a; - 3 

When a;— 3, the expression reduces to the hideterminate form-; but by 

removing the factor x-Z from numerator and denominator, the fraction 

becomes When a? = 3 this reduces to which is therefore the 

jr® + 2a;+l 4 

required limit. 

Example 2. The fraction 


Jdx- a - tjx + a , 0 , 

•v y becomes -jr when a?=o. 

x~a 0 


To find te lim it, multiply numerator and denominator by the surd con- 
jugate to ^/3j?- a- Vic + a; the fraction then becomes 


(Sj-g) ~ (a; + <?) 


Ql* . _ _ 

(aj-tt) ijdx-a + jx-^a) * JSx -a+ 

whence by putting x=a we find that the limit is -p- . 

V2g 

1 ” i^x 0 

Example 3. The fraction - — becomes g when a;= 1, 

To find its limit, put a;=l + ^ and expand by the Binomial Theorem, 
Tims the fraction 


1 1 , 
■3+9 ''"- 


1 snr 




Now hs^ when a;s 1 ; hence the required limit is | * 

u 


273. . Sometimes the roots of an equation assume an in- 
determinate form in consequence q| some relation sttbsistiag 
between the coefficients of the equation, 

Ji. H*A. '15'' 
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For example, if 


003 + 5 = 005 + eZ, 
(a-c)x=:d^hj 

d-h 


^ ^ CO — c o 

^ ab' — a ^ ah*—ab ’ 


But if c = o, then x l)eooraes , or oo ; that is, the root of 

a simple equation is indefinitely great if the coefficient of x is 
indefinitely small. 

274. The solution of the equations 

oo; + % + <3 S3 0, a'x + h'y + c' - 0, 

hc'-b'c 
ab' — a'b 

If ah' - a'b - 0, then x and y are both infinite. In this case 
a' h' 

— c= - = m suppose ; by substituting for o', 6', the second 
« 6 ^ p 

equation becomes «» + + — = 0. 

m 

c' ~ 

If — is not equal to c, the two equations ax + by c 0 and 

^ d 

005 + 4- — = 0 differ only in their absolute terms, and being 

inooviaistent cannot be satisfied by any finite values of x and y* 

If ^ is equal to c, we have ^ ~ ^ , and tlie two equations 

are now identical. 

Jlere, since be' - 6'c = 0 and ca' - c'o ~ 0 the values of x and y 
*0 

each assume the form - , and the solution is indeterminate. In 

fact the present case we have really only one equation 
involving tUM unknowns, and such an equation may be satisfied 
by an ti^imited number of values. [Art. 138.] . 

The reader who is acquainted with Analytical Geometry will 
have no difficulty in interpreting these results in connection with 
Hie geometry of the straight line. || 
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276. We shall now discuss some peoulii^rities which may 
arise in the solution of a quadratic equation; 


Lifi:'/the equation be 

f' ' 

If c = 0, then 


whence 


oaf + bx^ e-0. 


aa? + hx-0; 
flc = 0, or — 



that is, one of the roots is zero and the other is finite. 

If 6 = 0, the roots are equal in magnitude and opposite in* 
sign. [Art. 118.] 

If a = 0, the equation reduces to -6ac + c = 0; and it appears 
that in this case the quadratic furnishes only one root, 

namely — g . But every quadratic equation has two roots, and in 

order to discuss the value of the other root we proceed as follows. 


Write - for x in the original equation and clear of fractions; 

y 

thus 

cy* + 6y + a = 0. 

JSow put a = 0, and we have 


cy* + 6y = 0 ; 

h ' c ^ 

the solution of which is y -- 0, or — - ; that is, a? = oo, or — ^ . 

Hence, in any quadratic equation one root will become infimJle 
if the coefUcient of x“ hecoTnee zero. 


This is the fonii in which the result will be most frequent]^ 
met with in other branches of higher Mathematics, but the 
student should notice that it is merely a convenient abbreviation 
of the following fuller statement : 

In the equation oa;* + 6aj + c = 0, if a is very small one ’root is 
very large, and as a is indefinitely dinunished this rootjbeoom^ 
indefinitely gieat. In this case the finite root approximates 

to -I as its limit. 


The cases in whioh*^ more than^one Of the coefficients yatjfah 
may be discussed in a similar manner. 


1 ' 5 — ^ 2 , 
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EXAMPLEa XX. 


Find the limits of the following expressions, 


(1) when /F=oo, 
(2j?-3)(3-6^) 

(3 + 2^) (^5) 
(4^-9)(i+.r;- 
1 -.r2 ^ 1 ~.r 
‘ “i? • 

Find the limits of 

_ ^+1 , _ 

7. -o- - - , when x=^ -1. 

9 1 when ^ c= 0. 

log(l+^0 


v' X - /^2a -f f^x - 2(/ 

1 -^r+log.-?? 


(2) when x=0. 
« ‘(ar^-i)« 


(.t?-3)(2-5.r)(.ar4*l) 

(2.r-l)3 

(3--.r)(^+5) (2-7.1:) 


8. , when .r — 0. 

,v 

(>ynx _ pWiO 

10 , ^ when ,i? — a. 

.r — a 


, when .r~2r/. 


, when ,r — 0. 


1 - \/2.r-.; 


, when . 17 - 1 . 




when 


(a3 _ ^5^2 + (a — x'f 
V + 007 + 07^ — V o'-^ - a.r + 


, when ,17 “0. 


when 71 — fic. 


%+l) ' 


17v log ■ 7 > when w — oo . 

V '*'«/ 

18. when .17=0. 

V o— .r’ 
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CONVERGENCY AND DIVERGENCY OF SERIES. 


276. An expression in which the successive terms are formed 
by some regular law is called a series ; if the series terminate at 
some assigned term it is called a finite series ; if the number of 
terms is unlimited, it is called an infinite smries. 

■^Tn the present chapter we shall usually denote a series by 
an expression of the form 

+^^ 3 + ...... 

277. Suppose that we have a series consisting of n terms. 
The sum of the series Avill be a function of w; if n increases 
indefinitely, the sum either tends to become equal to a certain 
finite liinity or else it becomes infinitely great. 

An infinite series is said to be convergent when the sum 
of the first n terms cannot numencally exceed some finite 
quantity liowever great n may be. 

An infinite series is said to be divergent when the sum of 
the first n terms can 1>6 made numerically greater than any finite 
quantity by taking n suflS.ciently great. 

278. If we can find the sum of tlie first n terms of a given 
series, we may ascertain whether it is convergent or divergent 
by examining whether the series remains finite, or becomes in- 
finite, when n is niade indefinitely great. 

For isxample, the sum of the first 7^ terms of the series 

1 *“ £C** 

. 1 +«+a^ + a!*+ ... is — r- • 

■»' ' 1 -* 
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If m is numerically less than 1, the sum approaches to the 
finite limit , and the series is therefore convergent 

If a; is numerically greater than 1, the sum of the first 

— 1 

n terms is r-, and by taking n sufficiently great, this can 

be made greater than any finite quantity; thus the series is 
divergent. - 

If a: = 1, the sum of the first n terms is n, and tlierefore the 
series is divergent. 

If ic " - 1, the series becomes 

1 - 1 + 1 - 1 + 1 - 1 + 

The sum of an even number of terms is 0, while tlie sum 
of an odd number of terms is 1 ; and thus the sum oscillates 
between the values 0 and 1. This series belongs to a class 
,/which may be called oscillating or periodic convergent series, « 

279. There are many cases in which we have no metliod 
of finding the sam of the first n terms of a s^jries. We proceed 
therefore to investigate rules by which we can test the con- 
vergency or divergency of a given series without effecting its 
summation. 


An infinite series in which the temis are alternately 
y positive and negative is convergent if each term is numerically 
ihcm the preceding term. 

Let the series be denoted by 


where 




The sedes may be written in each of the following 

(#oms:* 

(wpy «,) + K - «.) + K - w.) + (1). 

«. - M.) - - w.) - - «7) - ■ (2). 

From (1) Vie see that the sum of auj number of terths is 
is quantify •, and from (2) that the sum of any number 

of terms is less than ; hence the series is convergent ^ 
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281. For example, the series 


, 1 1 1 1 1 , 
^ 2 '^ 3 “ 4 '^ 5 " 6 '^ 


is convergent, 
sum is log, 2. 


By putting os — 1 in Art. 223, we see tlmt its 




Again, in the series 

2 3 4 _^5 6^7 

1 2'*'3 4‘^5 6"^ 


each term is numerically less than the preceding term, and the 
series is therefore convergent. But the given series is the sum of 


and 


, 1 1 11 1 

2 3 4 5 6 

1 - 1 -H 1 - 1 Vl - 1 + 


( 1 ). 

( 2 ). 


Now (1) is equal to log, 2, and (2) is equal to 0 or 1 according 
as the number of tenns is even or odd. Hence the given series 
is* convergent, and its sum continually approximates 
log^ 2 if an even numl^er of terms is taken, and towards 1 + log, 2 
if an odd number is taken. 


2v-2y An infinite series in which all tfiS terms are of the sam^ L 
sifn is divergent if each term is greater than some finite grtofUityj 
however small. 


For if each term is greater than some finite quantity a, 
the sum of the first n terms is greater than na ; and this, by 
taking n suflicicntly great, can be made to exceed any finite 
quantity. 


^8^ Before proceeding to investigate further tests of con- ^ 
vergency and divergency, wo shall lay down two importantly, 
principles, which may almost be regarded as axioms. 

I. If a series is convergent it will remain oonveij^^t, atw^ 

if divergent it will remain divergent, when we add or remov« 
any finite number of its tenns; for the sum of these t^rms is| 
a ‘finite quantity. * 

II. If a series in which all the terms are positive is con-| 

vergent.^ then the series is convergent when s0me or all of thei, 
terms are negative; for the sum is clearly gi^esSbest whep alll 
the terms have the same sign. > I 

We shall suppose tliat all the terms are positive, unlass^tlm 
contrary is stated. 
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/ series is convergejU if /ra m a ml^ c ^ 

ratio of each term to the preceding i^n u 
HSWSmlsome qua/rdUy which is itself numerically less than unity ^ 

Let the series beginning from the iixed term be denoted by 

Wj 4- + 

, , u u u 

and let -^<r, -5<r, -^<r, 

w, w, 

where r<l. 

Then u^’¥u^ + + ... 

/i u. u.. n ti u u \ 

-w (1h — f-— .—^4' 

<itj (l+r + r’ + »-“+ 

that is, < I— - , since r < I . 

I -f 

Hence the given series is convergent. 

* 

285. In the enunciation of the preceding article the student 
should notice the significance of the words “from and after a 
fixed term.*^ 

Consider the series 

1 + 203 + dotf + ix^ + 4 /feSC'*"’ 4 . . .. 

Here ^ 

71-1 \ 9.-1/ 

and by taking n sufficiently large we can make this ratio ap- 
proximate to a? as nearly as we please, and the ratio of each term 
to the preceding term will ultimately be x. Hence if «; < 1 the 
series is convergent. 

But the ratio — will not be less than 1, until < 1; 

'^^-1 ' 

that is, until n > . 

' 1 -X 

Here we have a case of a convergent series in which the terms 
may increase up to a certain point and then berih to decrease. 
* 99 1 

F<»: example, if a; =r then r = 100, and the tenns do not 

100 1 - a? 

be^n to decrease until after the 100^*^ term. 
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(§86^ An infimte series m which ull the terms are oj tike same\ 
sign ts divergent if from and after some faced term the raUo ifmch\\A 
term to the preceding term is greater than unity or equai to miity, I 

Let the fixed term be denoted by . If the ratio is equal to 
unity, each of the succeeding terms is equal to and the sum 
of n terms is equal to ; hence the series is divergent. 

If the ratio is greater than unity, each of the terms after the 
fixed term is greater than , and the sum of n terms is greater 
than nUj ; hence the series is divergent. 


287. In the practical application of these tests, to avoid 
having to ascertain the particular term after which each term is 
greater or less than the preceding term, it is convenient to find 

; the limit of when n is indefinitely increased ; let this limit 

f be denoted by X. 

If X<1, the series is convergent. [Art. 284.] 

If X> 1, the series is divergent. [AH, 286.] 

If X = 1, the scries may be either convergent or divergent, 
and a further test will Ije required ; for it may happen that 

< 1 hut continually approachhig to 1 as its limit when n is 

hidefinitely increased. In this case we cannot name any finite 
quantity r which is itself less than 1 and yet greater tliaii X. 

Hence the test of Art. 284 fails. If, however, > 1 but con- 

tinually approaching to 1 as its limit, the series is divergent by 
■ AH. 286. 


We shall use “im as an abbreviation of the words 

n , 


‘the limit of — ^ when n is infinite.” 


\Jibmmple 1. Find v/hether the series whose term is is con- 

rorgont or divergent. 

% _ (w+ l)a;" ^ _(«+!) (n-1)^ * / 


Lim 



Here 
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m. 


if ^<1 the series is ooxnergent; 
if «> 1 the series is divergent. 

If jis=l, then Lim and a further test is re<iuirod. 


Example 2, Is the series 

ia + 22j; + 32a;2 + 4^0:8+. 

convergent or divergent? 


Here 

Hence 




if a;<l the series is convergent ; 
if > 1 the series is divergent. 

If 4J=1 the series becomes 18 + 2® + 38 + 4®+..., and is obviously divergent. 

Example S. In the series 

a+(a + d5)r + (a + 2d)r®+...+(a+ n-1 . 

Lim 

^n-i a + (n-2)d 

thus if r < 1 the series is convergent, and the sum is finite. [See Art. 60, Cor.] 

^28^ 1/ tJtere me two infinite series in each ofmphich all the 
! are positive, and if the ratio of the corresponding terms in 

1/ mhe two series is always finite^ tlw two series are hath convergent^ 
both divergent. 

Let the two infinite series \)e denoted hy 

+ Wg + + , 

‘ and + 

The value of the fraction 

w. + + +u 


lies between the greatest and least of the fractions 
vf V, 


[Art. r4.] 


and ig therefore a finite quantity, L say ; 

^ Wj + tig + Wg+ ... + w.^s=Z(f7j •*-t?g + 'yg+ ... +«?J. 

Hence if one series is finite in value, so is the other; il one 
, |iBfiies is infinite in value, so is the oiier; which proves the 
proportion. 
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289. The application of this principle is very important, lidr 
by means of it we can compare a given series with an 

E r whose convergency or divergency has been alrea^^esta^ 
The series discussed in the next article will frequently 
be found useful as an auxiliary series. 

The infinite series ^ 


(^905 


i } ^ ^ 

p + 2'’ ■ 


, ^ L 

3 *' 4 '’ 


is <dways divergent except when p is podtme and greater tJmn 1. 


Case I. Let ^ > 1. 

The first term is 1 ; the next two terms together are less than 
the following four terms together^are less thauj^; the fol- 


lowing eight terms together are less than ; and so on. Hence 

.1 • • 1 X, T 2 4 8 

the senes is less than 1 + + |j* gi» > 

that is, loss than a geometrical progression whose common ratio 

3 

^ is less than 1, since p > 1 ; hence the series is convergent. 


Cams IT. Let^? = l. 

The series now becomes l4-~+i+r + “+ .,. 

2 o 4 5 

2 1 

The tliird and fourth terms together are greater than j 2 ^ 

4 1 

the following four terms together are greater than g or ^ ; the 

^ 8 1 
following eight terms together are greater than i[0 2 ^ 

on. Hence the series is greater than 

,1111 


and is therefore divergent. 


[Art. 280.] 


Case JII. Let /» < 1, or negative. 

Each term is now greater than the <K>rrespon<ling term in 
C^se II., therefore the series is divergent. 

Hence the seri^ is always divergipnt except in the case when 
p is positive and greater than unity* 
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Example, Prove that the series 
2 3 4 




« + l . 

n.*" 


Is divergent. 


Compare the given series with 14^4^+ +^4 

A D n 


Thus if and denote the w.**" terms of the given scries and the 
auxiliary series respeotiYely» we have 

_ W + 1 . 1 _ + 1 

i5„ ‘ n "" 71 * 

hence Lim therefore the two series are both convergent or both 

divergent. But the auxiliary series is divergent, therefore also the given 
series is divergent. 

This completes the solution of Example 1. Art. 287. 


291. In tlje application of Art. 288 it is necessary that the 
limit of — should bo finite : this will l>c tlie case if we find our 
auxiliary series in the following way * 

Take the term of the given series and retain only the 
highest powers of n. Denote tlie result by ; tliou the limit of 
9( 

— is finite by Art. 270, and may be taheii as tiic term of 
. ■* 

the auxiliary series. 


Example 1. 
divergent. 


Bhew that the serios whose 7/‘** term 


IS -- IS 

;73M-»+27n 6 


As 71 increases, approximates to the value 

^ _i 

4/s- 


1 „ j «/2 

Hence, if v,*=--i,-we have which is a finite quontity; 

therefore the series whose term is ~ may be iakerf as the auxiliary 


iSeries. But this senes 3s divergent [Art. 290J ; therefore the given series is 
divergent. 
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Example 2. Find whether the aeries in whieh 

Here i? “ 


is convergent or divergent. 




^ 1 


If we tal?e ?’*= » we have 


*^-=- . 


■ 3 9m'' 


+ .. 


i;„ 3 

But the auxiliary series 

111 


ia+ aa + ya *“ 
is convergent, therefore the given series is convergent. 


2 Oil. To shew that the expansion of {\ 4-x)" hy tim binomial 
Thxorem is convergent when x < 1. '0 

Let 7//^, represent the 7’^** and (r + l)^*' terms of the ex- 
pansion; then 

u., 7t~r-f-l 

= X, 

r 

When r > + 1, this ratio is negative ; that is, from tlixs 

jx>int the terms are alternattdy positive and negative When x 
is positive, and always of the same sign when x is negative. 

ifl’ow when r is infinite, Lim — - - =* x numerically ; therefore 

since cc < 1 the series is convergent if all the terms are ot the 
same sign ; and therefore a fordori it is convergent when some of 
the terms are positive and some negative. [Art, 283,] 


293. To shew that the expansion of b,^ in asomding powers 
qfxis convergent for every value ofju • 

• and therefore lAm < 1 whatever he 
tJie value <n x\ hence the seri^ is convergent 
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294. To shew that tlhe eocpa/rision of log (1 +a;) in ascending 
pQicers of m is convergent when x is numerically less them 1. 

Here the numerical value of — — = - — ^ a;, which in the limit 

n 

is equal to x ; hence the series is convergent when x is less tiian 1. 

If a;=l, the series becomes + 
vergent. [Art. 280.] 

If « = — 1, the series becomes — 1— i— i-j— ..., and is 

divergent. [Art. 290.] This shews that the logarithm of zero is 
infizxite and negative, as is otherwise evident from the equation 
6— -0. 

295. The results of the two following examples are important, 
and will be required in the course of the present chapter. 

^Example 1. Find tho limit of when x is infinite. 

Puta;=ey; then 


loga; _ y _ 


y 

1 + J/ + I + I + 

1 


r~ 5 p ’ 

y + l+12 + |3+- 

also when x is infinite y is infinite ; hence the value of th«^ fraction is zero. 
^Example 2. Shew that when n is infinite the limit of nx^—0, when x<l, 
JjOi x =^^ , so that y > 1 ; 

y 

also let so that n log y s log z ; then 

y" z logy logy z 

Now when n is infinite z is infinite^ and ^£=-0; also logy is finite; 

z 

therefore Ltm nx*^=s0, 

k • 


290* It is sometimes necessary to determine whether the 
product of an infinite number of factors is finite or not. 

Suppose ^the product to consist of n factors and to be denoted by 

w,; 

then if as n increases indofi.nitely < 1, the product will ulti- 
npfiely be isero, and if > 1 the product will be infinite ; hence in 
that the product may be finite, must tend to the limit !. 

11 
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Writing 1 + «, for u^, the product becomes ■ 

(l+u,)(l +«.)(! + ,;.) (l+O-' 

Denote the product by P and take logarithms ; then 

log P := log (1 + »,) + log (1 +»,)+... + log (1 + «,) ( ly , ' 

and in order that the product may be finite this series must to 
convergent. 

Choose as an auxiliary series i 

!’,+«, + «,+ +v^ ( 2 ). 

Now Lim rr Uvt ^ ) = 1, 

I . \ 

rsince the limit of v is 0 when the limit of u is 1. 
r “ ” . 

Hence if (2) is convergent, (1) is con Urgent, and the given 
product linite. 


Example, Shew that the limit, when n is infinite, of 
1 8 3 5 5 7 2a-l 2n + l 
2*2*4*4‘0‘6 2a 

is finite. 


The product consists of 2n factors; denoting the Bucoessive pairs hy 
«i I Wg, «a, . . . and the product by P, we have 

P=t(lU,«, 


where 


__ 2n - 1 2?t + l _ - 1 

■* 4^^’ 


but 


1 og P = log + log zfa + log Wg + . . . + log w,^ 


and we have to shew that this series is finite. 


( 1 ). 


Now loga,=log (l - J-,-...; 

therefore as in 2, Art. 291 the 6ei;ies is oonvergent, and the given product 
is finite. 

297 * In matheiitalieal investigations infinite seipes occur so, 
it^uently that the necessity of determining their convergemiy or 
di^^rgency is very important ; and unless we take car© that: the 
aeries we use are convergent^ we may be led to absurd conduSl^niS^ 

[See Arfe. ml 
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For example, if we expand (1— aj) “ by the Binomial Theorem, 
we find 

(1 ~ xy^ 1 + 2a; + 3aj® + 4a;“ 4- 

But if we obtain the sum of n terms of this series as ex- 
plained in Art. 60, it appears that 

1 - x” fix'* 


1 + 2a; 4- 3a;® + . . . + 


{ \ - xf 1 - X ' 


whence 


1 , ^ « o ^ 

7 ^ r„= 1 4- 2a; 4- 3a;® 4- ... *4 4- r . 

(1 -a;)* (i 1 

By making n infinite, we see that 
garded as the true equivalent of the infinite series 
1 4- 2a; + 3a;® 4- 4ar* + 


when 7 = 'ro4- vanishes. 

(l-a;)" 1-a; 


If n is infinite, this quantity becomes infinite when a;=^l, 
or a;>l, and diminishes indefinitely wJien a;<.l, [Art. 295], so 
that it is only when a; < 1 that we can assert that 


1 

a-*? 


1 4- 2a; 4- 3a;® -h 4a;® f to inf. ; 


and we should l»e led to erroneous conclusions if wo were to use 
the expansion of (1 - a;)~® by the Binomial Tlieorem as if it were 
true for all values' of x. In other words, we can introduce the 
infinite jseries 1 4* 2a; 4- 3a;^ 4- . . . into our reasoning without error 
if the series is convergent, but we cannot do so when the series 
is divergent. 


The difficulties of divergent series have compelled a distinction 
to be, made between a series and its algebraic^ equivalent For 
example, if we divide 1 by (1-a?)®, we can always obtain as 
.. many terms as we please of the series 


1 + 2a; 4- 3a;* 4- 4a;® 4- 


'^Ikatever x may be, and so in a certain sense ttiay be 

' its algebrmccd equimlent ; yet, as we have seen, the equi'^ 
really exist except when the series is ccm- 
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Vergent. It is therefore more appropriate to speak of 
as the generating fwmtion of the series 




1 + 2£C + 3iC^ + 

being that function whicli when developed by ordinary alge- 
braic rules will give the series in question. 

The use of the term generating Junction will be more fully 
explained in the chapter on Recurring Sepes. 


EXAMPLES, XXL a. 

Find whether the following series are convergent or divergent: 

l" 1 „ _ 1 - 4 . 

^ ’ 

r and a being ix)sitivo quantities. 

1 1. _1 1 

1.2‘''2.3"^3.4'''4.6‘'' 

3 /i _ 1 1 _ _ _ J ■ 

V -'M .(a'+I)(y+ir (x+2)Cy + 2) (i+3)(.y+3)'^ 

.a?audy being positive quantities. 

^ .r* .ri 

172 + ^ + 3^4*^ O ^ 

Z .r . .r" . , 

J .2‘*'^"*' S'c’^TTs’^ 

_ 



8, H-3;r + 6.r2+7a?®4'9;ri-|- 

■* 2 3 £ 

l7* 27» 3i> 4P 

» 

«« 3a 8«15. w-® — 1* 

.ll-*+6^+iO*®+i7^+-'-+TO"^'^ 

H. H. A. 16 
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12. 




14. + 


>»• (?-r^(M)’*(^i)’- 


1 3^ 4^ 

^ 33 4* 5'^'^* 


17. Tost the series whose general terms arc 

Ji¥+l-n. (2) Jn<+1- Jn*-l. 


18. Test the scries 

S‘^.7+T^.r+2‘'’.V+3''' ’ 

1- + .^ + 1 A- - 2 + .d:’2 + • 

X l>eing a positive fraction. 


19. Shew that the series 


2P 3»^ 4»' 

'+i2+r3+]4+- 


is convergent for all values of p. 

20. Shew that the infinite series 

'*^1 + ^8 + ^3 + '*'^4 4- 

is convergent or divergent according as Liniyu^m <1, or >1. 


21, Shew that the i)roduct 

2 2 4 4 6 Wj^2 

^ 1*3* 3* 6 ‘5 w-3’w-l*?t-] 

is finite when n is infinite. 

* 22. Shew that when no term in the expansion of (I + a7;[^ is 
infinite, exeept when n h negative and numerically greater than unity. 
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*298, The* tests of convergency and divergency vre have 
given in Arts. 287, 291 are usually sufficient. The theorem 
proved in the next article enables us by means of the auxiliary 
series 

111 1 
-ii'+'2y' + 3i' + ••• + — 

to deduce additional tests >vhich will sometimes be found con- 
venient. 

If Uq, are the general terms of two infinite series 
in which all the terms are positive^ then the Miseries will be C(m- 
vergemt wfwn the y-series is coiivergent if after some particular t&rm 

u v , . » 

^ ^ J and the M-series will he divergent wli^en the y-series is 

tt-i 

divergent if . 

Jjct US suppose that aiid are the i)articular terms. 


u, 


Cask I. 

M, M, V, 

. ... j 

then 


t/j + 4- Wjj + . 




* 

= n, ( 1 - 1 - . 

\ y'l ^^8 

’±•4 

M, 



< A + s + . 
V «, V, 

”1 


that is, 

< (v. 4- V. 4 V + 

\ 1 a a 



Hence, if the v-series is convergent the w-series 
vergent. 

Case II. 

Let . 

M, V, «. V, 


then 


4- -1- 4 




/. M. 

■= «, { 1 + . 
\ «i «= 


...) 


>U^.(l + ^ + -* . 
\ ». 




16 - 5 ! 
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that is, > + + 

Hence, if the ??-series is divergent the w-series is also di- 
vergent. 


*300. We have seen in Art. 287 that a series is convergent 
or divergent according as tho limit of the ratio of the w*'' term 
to the preceding term is less than 1, or greater than 1. In the 
remainder of the chapter we shall find it more convenient to use 
this test in the equiv alent form : 

I A series is convergent or divergent according as the limit of 
|the ratio of the term to the succeeding term is greater tlian 1, 

[or less than 1 ; that is, according as Lim > 1, or < 1. 

Similarly the theorem of the preceding article may ho 
enunciated : 


The w-series will be convergent when the v-series is convergent 

U 'V 

provided that Lini > Lim — — : and the ?^series will be di- 

vergent when the 'y-series is divergent provided that 


Lhn 






tLim 


series whose gensral term is u„ is convergent or dir 
vergent according as Lim |n — ly j > 1, or < 1 . 

Ijet us compare the given series witli tho auxiliary series 
whose general term v , is . 


When > 1 the auxiliary series is convergent, and in this 


case the given 

series is convergent if 




^(n+i) 

rfcf* 1 

1 + lY- 




, UI I . 


that is, if 




i-U...; 



1 « 

2n® 


or % • 

i 

«( 

“.+1 / 

n(»- 1) 

~ 2n ^ 

thit is, if 




i)}>p. 
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But the auxiliary series is convergent if jp is greater than 1 
by a finite quantity however small ; hence the first part of the 
proposition is established. 

When p < 1 the auxiliary series is divergent, and by proceed- 
ing as before we may prove the second part of the proposition. 

/ ^ 

» Find whether the series 

X I 1,S 1.3,5 ^ V" 

3 ■^ 2 . 4' 6 ■‘■ 2 . 4 . 6' 7 ^ 

is convergent or divergent. 

Here Lim =~; hence if xd the series is convergent, and if a;>l 

«.V+1 

the series is divergent. 

If x== 1, Lim = 1. In this case 


and 


(2«-3) 

2'. 4 . 0 (2w - 2) * 2~n“~ 1 * 

. ^(2n + l) ' 

Un+i ) 

hence when x=l the series is convergent. 

/The aeries whose general term is u,, is convergent or di- 
vergent, according as Lim [n log j > 1, or < 1. 


term is 


Let us compare the given series with the series whose general 
, 1 




When p>l the auxiliary series is convergent, and in this 
case the given series is convergent if 

[Art. 300.] 

i3iat is, it log — - >p log -i- — ^ ; 

^M+l ' ' 

or if log - 




■5;? 
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that is, if 


JAm f « log — 

\ ^11+ r 


Hence the first part of the proposition is established. 

When ^ < 1 we proceed in a similar manner ; in this case the 
auxiliary series is divergent. 




Find whether the series 

2*ar3 4*x* 

li"' II 


is convergent or divergent. 

Here — ( n -f _ 


w»‘ 


Lim - = 


|-rH 1 

1 


[Art. KO Cot.]. 


Hence if a:<~ the series is convergent, if x> » the series is divergent. 


If «=-, then 


««+i 


Hr 

.•. ]«« V=log,-.log(l+y 


2n 

, «n 1 1 

nlog — 

2 3a 


... 


hence when “ the series is divergent. 

*^3. *liZwi — ^^ = 1, and also " - 1^1 - 1 the 

tests given in Arts. 300, 301 are not applicabla 

To disooyer a further test we shall make use of the auxiliary 

serieit whose general term is — In order to establish 
w; ^ n (log ny 

conyergenqy or divergency of this series we need the theorem 
, jkoved in the next article. 
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^ *304. 1/ ^ (n) is positive for aU positive integral values qf n 

and continually ^minishes as n increases^ and if b, he cmy positvo^ 
integer^ tlten tlie two infinite series * . 

^(1) + <^(2) 4- ^(3) + ... + -f ..., 
and a0(a) + a*^(a®) + a®<^(a*) -h ... 4- a'*0(a'') + ... , 
are both convergent^ or both divergent 

In the first series let us consider the terms 

*^(a*4-2), <^(«*4.3)/ (1) 

beginning ■with tlie tenn which follows 

The number of these terms is or of (a - 1), and each 

of them is greater than hence their sum is greater than 

a*(a- that is, greater than ^ x a* («*■*■*), 

a 

By giving to k in succession the values 0, 1, 2, 3, . . . we have 

</»(2) 4-<^{3)4- <^(4)4- ...... 4- <^(a) > - — X a<^(a); 

a 

4-1)4- <f>{a 4* 2) + <f)(a 4- 3) 4“ 4- ^ ^ ^ ^ 

a 


therefore, by addition, Si - ^(1) > 

a 

where S ^ , S^ denote the sums of the firet and secpnd series respec- 
tively; therefore if the second series is divergent so also is the 
first. 

Again, each term of (1) is less than </>(«*), and therefore the 
sum of the series is less than (a — 1) x 

By giving to k in succession the values 0, 1, 2, 3... we have 

<^(2) 4- <^(3) 4-<^(4) 4- 4- <^(a) < (a - 1) X 

-f- 1) 4* 4^ia 4- 2) 4- 4- 3) 4- 4- < (a ~ l^x a^ia^i 

therefore, by addition 

hence if the second series is convergent so also is the first* 

'Nc3?a. To obtain the general term of the second series we ti^e ^(n)*the 
general term of the first series, writ© instead of « and multiply by a\ 



248 


EIQHKE ALGEBRA. 


*305. The series whose general term is j^Ylog n) » ^ comergmt 

^ p > 1, <md divergent if p or 1. 

By the preceding article the series will \ye convergent or 
divergent for the same values of p as the series whose general 
term is 

„ _ 1 ^ 2 

^ a” (log a^y ' {n log af * (log af ^ vf ‘ 

The constant factor is common to every term ; there- 

(logaf ^ 

fore the given series will lie convergent or divergent for the same 
values of p as the series whose general term is ~ . Hence the 
required result follows. [Art. 290.] 


.( 1 ). 


*306. The senies wlwse general term is u^ is converge'^U or di~ 
vergenJL according as Liin |^|n — 1 ^ — 1 1 log nj > 1, or < 1. 

Let us compare the given scries with the series whose general 

term' is • 

n(logw)^ 

When > 1 the auxiliary series is convergent, and in tliis 
case the given series is convergent by Art. 299, if 

(n 1 ) {log (n + 1 )}'' 
n {log nj" 

Now when n is very large, 

log (h + 1) ~ log n + log (^1 + t=: log n + - , nearly ; 

Hence the condition (1) becomes 

> y, 

\ \ nlognj 

thatis, ^ + 

\ n/\ nlognj' 

iks^ is, 


w - 1 p 

2. >1+^4. — ^ 


n nlog»^ 
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or 




V“.+. / 


Hence the first part of the proposition is esbiblished. The 
second part may be proved in the manner indicated in Art. 301. 


Example. Is the series 

22 22 .42 22 . 42 . 02 

1 + 32 + 32; 52 + 32“ + 

convergent or divergent? 

Here «« =(!^±^=l + :^+ (1). 

2*n4-l » -i"* 

Lim — - — 1 , and we proceed to the next test. 

«n+l 

«• 

Lim |w ~ 1^1 -= 1 , and we pass to the next teat. 

Fro.n(2), -l) - ij ,o« „ . 

since Lim — ^ — = 0 [Art. 295 ] j hence the given scries is divergent. 

71 


*307, We have shewn in Art, 183 that the use of divergent 
series in matliematical reasoning may lead to erroneous results. 
But even when the infinite series are convergent it is necessary to 
exercise caution in using them. 

For instance, the series 

- X* ar* a;* 

is convergent when aj=l. [Art. 280.] But if we^iultiply the 
series by itself, the coeflScient of a*"* in the product is 


1 
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Denote tins by ; then since 

1 1 1 _ 

a„ > — , and is therefore infinite when n is infinite. 

’ 

If £c=l, the product becomes 

and since the terms ^'*«+a ••• infinite, tlie series has 

no arithmetical meaning. 

This leads us to enquire under wlmt conditions the product 
of two infinite convergent series is also convergent. 

*308. Let us denote the two infinite series 

+ a,5c + + . . . -f- + . . . , 

6„+6,a: + 6X+6,ar’+...+i,*'”4 ... 
by A and B respectively. 

If wo multiply these series together wo obtain a result of 
the form 

+ («1^ + ««^l) » + («A + *“+••• 

Suppose this series to be continvsd to infinity and let us 
denote it by C ; then we liave to examine under what conditions 
C may be regarded as the true arithmetical equivalent of the 
product AB, 

First suppose that all the terms in A and B are positive. ^ 

Let A^^, denote the series formed by taking the first 

2n + l terms of B, C respectively. 

If we multiply together the two series A^^^ B^^^ the coefficient 
of each power of x in their product is equal to the coefficient of 
the like power of a? in. (7 as far as the term cc®"; but in A 
there are terms containing powers of x higher than £c®“, whilst 
a:®" is the highest power of x in ; hence 

If we ^orm the product AJi^ the last term is but* 

includes all the terms in the product and some other terms 
Insides; hence 
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Thus is intermediate in value between and 
whatever be the value of n. 

Let A and B be convergent series ; put 
A^ = A-X, B^^B-Y, 

where X and Y are the remainders after n terms of the series 
have been taken; then when n is infinite X and Y are both 
indefinitely small. 

AB^^.(A-‘X)(B^Y)^~AB^BX--AY+XY; 

therefore the limit of ^^2?^ is AB^ since A and B are botli finite. 

Similarly, the limit of A^^B^^^ is AB, 

Tlierefore C which is the limit of must be equal to AB 
since it lies between the limits of AJi^ and 

Next suppose the terms in A and B are not all of the same 
sign. 

In this case the inequalities A^^B^^ > > AJS^ are not 

necessarily true, and we cannot reason as in the former case. 

Let us denote the aggregates of the positive terms in the 
two stnies by P, respectively, and the aggregates of the 
negative terms by iV', so that 

d = P-.ir, B^F--N\ 

Then if aach of the expressions P, P\ iV, N' represents a con- 
vergent series, the equation 

AB^ PF - iYP'- PN' + NN\ 

has a meaning perfectly intelligible, for each of the expressions 
PFy NFy PN\ NN' is a convergent series, by the former part 
of the proposition ; and thus the product of the two Series A and 
P is a convergent series. 

Hence the product of two series will he convergent provided 
ihat the sum of all the terms of scmie sign in. each is a con- 
vergent series. 

But if each of the expressions P, X, P\ 'X represents a 
divergent* series (as in the preceding article, whersi also F =^P 
then all the expressions PP\ NP\ PN\ NN* are 
divergent series. Wlien this is the case, a careful investiga- 
tion is necessary in each particular example in order to ascertain 
whether the pr^uct is convergent or not. 
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^EXAMPLES, XXtb. 

Find whether the following series are convergent or divergent : 
I 1.3.5 X* 1.3. 5. 7.9 

o * ^ IT /. • O ^ n 4 It O l 7\ • 1 O ‘ • 


' 2 ' 4 ^ 2 . 4 .G* 8 ^ 2 . 4 . 6 " 8 . 10 * 12 


^ 3 . 3.6 . 3.6.9 . 3.6.9.12 . 

2 . 1 + ^ + 7 . 10 . 7 riO . 13 . le"^ ■*■ ■ 

„ „ 2* 2* . 42 , 2* . 42 . C2 _ , 

3. ^+5 — 7*^+0 — :• — ir"7?^+o A K 


3.4*" ^3.4. 5.6*^ ^3.4. 5.0.7. 8 


, , 2.r . 3lr2 4.V 

l+T2+-i3-+“l4-+l6+- 


1 12 13 14 


6. 


2 ®%B*. 43 2 * . 4 “ . 6 * ' 


7 1 X ® 1 ®) X ( ^ l- g)( 2 - «) 

/• 1 - 1 - |2 12.22 


a being a proj^er fraction. 

a4-.r ' (a4-2j:)2 ((i + 3.i*)^ 

8 . —+— 12 - +—■ |- +• 


9. 

l.y l . 2 . y ( y + l ) 


(2+a) (1 ^ a) a (1 - «) (2 - a) (3 - a) 

■■ ■ 1*."2C32 ■' “ 


X °(°+l)(°+2)3() 3+I)(g+2)... , 

1 . 2 . 3 .y(y+l)(y+ 2 )' * 


10. 4-^(log2)«+4;*(log3)«+4;‘ (log 4)»+ 

u.’ i+„+“^).l<yi^>+ 

,« ». W ^ II _ . ... 

12, If ^ 

int^er, shew that the serit^ is oonvergeni if 

J| r X i» ^itive, ipad divergent if -d - a - 1 is negative or aero* 
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Undktekmined Coefficients. 

309. In Art. 230 of the EletKmUafry^ Algebra, it was proved 
that if any rational integral function of x vanishes when 
it is divisible by as — a. [See also Art. 514. Cor.] 

Let + PjOs"*’ + 

be a rational integral function of x of n dimensions, which 
vanishes when x is equal to each of the unequal quantil^es 

^ 3 > 

I>cu(^te the function by /{x); then since /{x) is divisib^ 
by a? - r'j , we Jiave 

/{x)^{x-aJ(j}^-'+ ), 

the quotient being of - 1 dimensions. 

Similarly, since /(x) is divisible by we have 

p^'~' + -(■«-«,) + ). 

the quotient being of n — 2 dimensions ; and 

pp^~‘ + = («-«.) ( a *""’ + )• 


I^rooeeding in this way, we shall finally obtain after n di- 
visions 

/{x)=p,{x-a,){x-aX«-%) {*-«.)• 

310. 1/ a rational integral function of n dlmendone vomiajiss 
for more ikan n values of the vcmable, tihe coefwmd of mack power 
of the mmahk must he zero. 

Let the function be denoted by /(«;), wh^e 
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and suppose that /(fic) vanislies when x is equal to each of the 
unequal values a^, a^} then 

/(*) =Po (*-«■) (*-«.)(«- «») (« - «.)• 

Let c be another value of ns which makes /(£c) vanish; then 
since y (c) = 0, we have 

(<=-«,)(«-«.) (c-«) = «; 

and therefore Po~0y since, by hypothesis, none of the other 
factors is equal to zero. Hence f (a;) reduces to 



By hypothesis this expression vanishes for more tlian n values 
of £c, and tlierefore ^ 0. 

In a similar manner we may shew that each of the coefficients 

Jpg, must be equal to zero. 

This result may also be enunciated as follows : 

If a rational integral function of n dimensions vanis}i<es for 
more than n values of the variahlcy it must vanish for every value 
of the variable. 

Cor. If the function f(x) A^anishes for more tlian n values 
of Xy the equatio7i f (x) 0 has more than vt roots. 

Hence also, if an equation of n dimemions has more than n 
roots it is an identity. 

Example. Prove that 

[x-h) jx^c ) (x-c) {x -^) ^ -a) (.r 

(a - b) (a - c) (6 - c) (b~a)^ (c - a)' ‘(c“- b) 

This equation is of tivo dimeuBionB, and it is evidently satisfied by each 
of the three values a, b, c; hence it is an identity. 

311. 7/* ttoo rational integral functions of n dimensions me 

equxhl for more than n values of the va/riahley they are equal for 
every valuo of the variable. 

Suppose that the two functions 

+/>,*“■•+ +1>,, 

q^’ + qX~' + + + , 

Y'e equal for more than n values of x ; then the expression 

- %) »’’ + O’, - ?,) *"■’ + O’.- S',) *"■’ + + {/’, - q.) 
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vanlsheis for more than n A’^aluos of x; and therefore, by the 
preceding article, 

= 

that is, ■ 

Po Pi =<ll^ Pu = '/-• 

Hence tlie two expressions are idemtical, and therefore are 
equal for every value of the variable. Thus 

if two rational integral fuwtiom are identically equal, we 7iiay 
equate the coefficients of the like powers of the va^riahle. 

This is the principle we assumed in the Elermnta/ry Algehra, 
Art. 227. 

Cor. This proposition still holds if one of the functions is 
of lower dimensions than the other. For instance, if 

4- 4- 4-,;#^ 

+ 93*'”“ + ; + 9.- 

we have only to suppose that in the aboA^o imestigation -■ 0, 
<jr j = 0, and then o obtain 

A = 0. = 0. i'3 9,. ;’3 = 93» 9^, = 9,- 

312. The theorem of the preceding article is usually referred 
to as the Principle of Undetermined Coefficients. The application 
of this principle is illustrated in the following examples. . 

Example 1. Find the sum of the series 

1 « 2-|-2 . 3-1-3 . 44" 4* w {n-\- 1). 

Assume that 

1.24-2. 34*3. 4 + ... 4 a (a4-l)=J4-B7i4-Cn2 4-Z)MS4-^V-i 
where A, C, D, F,... are quantities independent of n, whose values have 
to be detenniucd. 

Change n into w 4- 1 ; then 
1. 24-2 ,3 + ..^4-n(n4-l)4-(a4-l) (a4-2) 

= J 4- J? (a 4- 1) 4- C (« + l)a + D (a 4- 1)3 -f F (« 4- 1)* 4-^. . . . 

By subtraction, 

(«+l) {n4-2)=B4- C {2n4-l) + I> (3n®4*3n4-l)4-£ (4w3-f 6n3 4*4«4-lj4- .... 

This equation being true for all integral values of n, the ooefiEicients of the 
respootive powers of n on each side must be equal \ thus E and iiU succeeding 
CQ^cients must be equal to zero, and 

3Z) = 1; 8B4'205=8; I)-fC4-B=:2; 

7»=J. 


whence 
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Henoe the sum = A + y + n®+ 

To find A, put «==1 ; the series then reduces to its dr»t term, and 
2=A + 2, or A-0. 

Henoe 1 .2 + 2 . 3 + 3. 4+ ... +n(n + l)-^ to (m + 1) (n+2). 

Note. It 'will be seen from this example that when the term is a 
rational integral function of 7 f, it is suffici^'nt to assume for the sum a 
function of « which is of one diuiension higher than the to^*^ term of tho 
series. 

Example 2. Find the conditions that jr'^+jpj;® H gr + r may be divisible by 

+ flji 4 h. 

Assume a:3+px2 + gfr + r=(r + I‘) (j:^ + aj* + 7>). 

Equating the coefficients of tho like powers of a*, "vve have 
k + a^p, ak + b kb = r. 

7 * 

From the last equation = ^ ; hence by substitution we obtain 
+a=rp, and ^ b=q ; 

that is, r=i)(p-a), and ar=h {q-b); 

which are the conditions required. 


EXAMPLES. XXII. a. 

Find by the method of Undetermined OocffioicjitH tlie sum of 

1. 12-1-3® + 5® 4- 7^ + .. .to n terms. 

2. 1.2. 3 + 2. 3. 4 + 3. 4. 5 + .. .to n tonm. 

3. 1 . 22+2 . 32 + 3 . 42 + 4 . 52 + ...to 11 terms. 

V 4. 12+32 + 52 + 72 +. ..to TO terms. 

5, + 2* + 3^ + 4^ + ...to TO terms. 

6. Find the condition that may be divisible by a 

factor of the form ^ + 2flW7 + a®. 

7» Find the conditions that *^hx^+cx + d may be a perfect cnlie. 

* ^8. Find the conditions that rt2^+6.r®+<3a?2+flKr+/2 may bo a 

perfect square. 

^ ft Prq«ve that <wj*+26A-y+cy^+2dIiF+2<w+/ is a perfect square 
if 

. r, i 
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' 10, If +<«?+<# ifl divisible by + A®, ppov^ that ad^hc . . 

11. \t - hqs + 4r is divisible by (a? - c)^, shew that ^ = r*, 

12. Prove the identities : 

^ ^ {a~-h){a-c) {b~c) (b-a) (c-a)(c--b) 

^ (a -/>)(</.- ^j) (c^. “ (3?) (6 - c) {b — d) (b — a) 

( ■r-fl?) (ar-g) (a^-a) (.??-/») _ , 

(f* - or) (^ - /^) ('/ - a) (d - ?i) ((i- r) 

13. P’iiid the condition that 

ax^ + 2hxy + bff + 2ya? +'‘^ + o' 
may bo the product of two factors of the form 

p^‘ +gj/ + r, f'x + ^ if + v\ 

( 

14. If ^^Ix-^my^-nz, »;=n.r-4-/y+«i#, i'--=?7W7 + /7y-b^^f, and if the 
same equations are true for all values of jr, y, z when rjy ( are ititer- 
ohanged with x, y, z respectively, shew that 

r* + 2mw=l, m^+S/zi^O, n^-{‘2!m^0. 

15. Sliew that the sum of the piXHlucta u-r together of the n 

quantities a, a^, ..o" is 

l){rt'”^2-^l). 1) i(n-r)(ii-r+lJ. 

(«- i)(f>- 1) “ 


313. 1/ infinite series aj^4* a,x + n x“ + a^x’+ is equal 

zero for every finite value of x for whim the series is convergent^ 
then each coefficient micst be eqtail to zero identically* 

Let the series be denoted by S, and let Sy stand for the ex- 
pression 4- a^x + + ; then S ~ a^ + xS ^ , and tlierefore, 

by hypothesis, + xS^ 0 for all finite values of ac. But since 8 
is convergent, aS', cannot exceed some finite limit; therefore by 
taking x small enough xS^ may be made as small as we jdease. 
In this case the limit of ^ is ; but 8 is always zero, therefore 
mlist be equal to zero identically. 

Kemoving the term we have xS^ - 0 for all finite values 
scj that is, +a^ + a 5 tic* 4* vanishes for all finite values of as, 

Similarly, we may prove in succession that each of t^|e 
oo^cients »j, a,, a^, is equal to zero identicaDy, 

m a*x : ' ■ 


1? 
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314. 1/ two infmite senes are cormrgmi nmd equal to one 
cmotlher for extery finite value of the variable^ the coefficients of like 
powers of the variable in the two series are equal. 

Suppose that the two series are denoted by 

+ a^x 'f a^ -f a^j^ + 

and Afj + A^x + + ; 

then the expression 

A)*‘^ 

vanislies for all values of x within the assigned limits j therefore 
' by the last article 

that is, «„ = A„, a, -A„ a, = A,, a^-^A^, ; 

which proves the proposition. 

2+a?® 

Example 1, Expand ^ series of ascending powers of x as far 

as the term involving afi. 

2 + a;® 

Let .. , 

where Aqi ai» ag,... are constants whoso values are to be determined; then 
2+4:®~(l + .E~ar*) (a0 + aiar+a2fiij“ + aj,a;®+ 

In this equation we may equate the coefficients of like powers of x on 
each side. On the right-hand side the coefficient of x'^ is 
and tbereforci since sc^ is the highest power of x on the left, for all values ol 
«>2 we have 

+ <*n-l “ == ^ » 

this will suffice to find the successive coefficients after the first tliree hav< 
been obtained. To determine these we have the eciuationn 

aow2, a^+UossO, 

whence 003=2, ~2, a3=?5. 

Also whence Ojs: - 7; 

^ a4+flj~ 003=0, whence 00=12; 
naid 00+04-03=0, whence fl0= -19; 

“ , 2+d^ 
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MmmpU 2. Prove that if n and r are poeitlve imtagers 

w" - n (n - !)•■ + (« 2l2z^JZLzD _ s)^ + . . . 

ifl eqital to 0 if r Y>e leBB than 7^ and to \n if r=n. 

( a? 

* + ‘g^+|8- + ]4+ ) 

“3:*^+ terms containing higher powers of 
Again, by the Binomial Theorem, 

(e*- l)«=e«- (2). 

By exi>anding each of the terms wo find tliat the coefficient 

of ic'* in (2) is 

7^ (n-l)** n(n-l) (n>2)»’ n(w-l) (n-2) (n-3)*- 

i’:"”' \L ■ li ' li ■ 11 

and by equating the coefficients of in (1) and (2) the result follows. 


Example 8. If 2/ = ooj 4- ta?* + cac* + 

express u. in ascending powers of y as far as the term involving p®. 

Assume x=py + qy^ + ry® -f 

and substitute in the given series ; thus 

y:=a{py + qy*+ry^+ ...) + &(py+gy*+ ...)* + c 
Equating coefficients of like powers of y, we have 

a;j = 1 ; whence P = ^ • 

(tq 4- 0 ; whence ^ • 

ar + 2I)pq + cp^ = 0 ; whence r — ^ . 


Thus 


y by^ {2l)‘-ac)y* 


This is an example of Reversion of Series, 


Con. lyhe series for y be given in the form 
A+<wf + 6a?*+ca!®+ ... 

put y-Aaas; 

then , 

fiiom wblch« may be eatpanded in ascending powers of that U of 
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EXAMPLES. XXn. b. 

Expand th© following exprestdoiis in ascending powers of a; as far 
as J7®. 


1 . 

4. 


1+2 j- 

1 

2 - a; 


2 

5. L.__. _ . 

1 4- — cw — .r"* ’ 


3 1+^ 

S+.’p+i®' 


6. Find a and b ho that the 7<“* term in tlie expansion of ~'rl 


may be (3n - 2)^'"“ h 

7. Find cij hj c h<» that the coefficient of .r** in tbo expansion of 

8. If «/2 4- 2y = ^ (y 4- 1 ), shew that one vaJno of y is 



9. If r,r'+a.i'~-'^—0f shew that (»ne value of a* is 

^ 

a a* a? 

Hence shew that .r~*009f39999 is an fipijroximate solution of the 
equation ^'•^4 100a*- 1 =0. To how many pliicet of decimals is the 
result coiTect ? 

10. In the expansion of (l4'^’)(l“r«^')(l4-nV)(l4-6e^A?) the 

nber of factors oeing infinite, and a < 1, shew that the coefficient of 


nmuber 
is 


1 






(1-w) (l-6t0 

11, When a < 1, find the coefficient of a^ in tlie exjxxnsion of 

\ 

(1 - aA') (i - a'x) (1 - aV) tf> inf. ' 

12. If n is a jiositive integer, shew that , 

(1) »» + > - n (w - 1)- + » + - 2)" * ‘ - =-i» |»^1 ; 

(2) n* - (» + 1) (n - 1)* + (n - 2)” - = 1 ; 

the series in each case l)eing extended to n tenns j and 

(3) ]»-n2«+’^~^3'‘- =(-!)« |n; 

f 


(4) (»+;>)» 




W ^es the last two cases being extended to 7 » 4 - 1 terms. 



OIIAPTER XXIll. 


Partial Fractions. 


315. In elf^mentary Algebra, a group of fract3oii.s connected 
by the signs of addition and subtraction is reduced to a more 
simple fonn by being collected into one single fniction whose 
denominator is the lowest common denominator of the given 
fractions. But the converse process of separating a fraction into 
a group of simpler, or •pariiril^ fractions is often re(juired. For 


example, if we wish to expand ~ — ^ series of ascend- 


ing powers of Xy we miglit use the method of Art, 314, Ex. 1, and 
so obtain as many terms as we please. But if we wish to find the 
general tenn of the series this method is inapplicable, and it is 
simpler to expro.ss the given fntetion in the equivalent form 


1 2 
1 — as ^ 1 — 3x * 


Each of the expressions (1 — cc)'’‘ and (1 —3a;)'* 


can now be expanded by the Binomial Theorem, and the general 
term obtained. 


316. In the present chapter we sliall give some examples 
illustrating the decomposition of a rational fraction into paHial 
fractions. For a fuller discu.ssion of the subject tiie reader is 
I’eferred to Serret’s Cours d^J hjMrre Si^phieurey or to treatises on 
the Integral Calculus. In these works it is proved that any 
rational fraction may be resolved into a series of partial fractions; 
and that to any linear factor a; — a in the denominator there cor- 

A 

responds a partial fraction of the form to any linear 

factor x-b occurring ttvice in the denominator there correspond 

• 0 

two partial fractions, — \ and 7 — If as — 6 occurs 

^ {x-by 

JB 

times* there is an additional fraction . — and so on. ffo 
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any quadratic factor af-hpx-^q there corresponds a partial 

fraction of the form ■ • if the factor oif + px + g occurs 

ar-^-pX’^-q 

Px^Q 

twice, there is a second partial fraction 


Here the quantities dj, P, <?i a*re all 

independent of x. 

We shall make use of these results in the examples tliat 
follow. 


Example 1. 


Separate 


5jr~ ll 
2:x^+x - 6 


into partial fractions. 


Since the denominator 2x*+a: - 6=(.r+2) {2x - 3), we assume 

/jjc-n A J} 

where A and B are quantities independent of x whoso values liavo to be 
determined. 

Clearing of fractions, 

5a; - 11 = .1 (2x - 11) + U {x + 2). 

Since this equation is identically true, we may equate coefficients of like 
powers of x ; tlius 

2.1+I?=5, -3.4 + 21?= -11; 

whence .4 = 3, I? = - 1. 

5j;-11 ^ 3 1 

2d:^+ic- 6 jp + 2 2ic-3’ 


Example 2. Uesolve 


mx + n 
(x~a) (j;+t) 


into partial fractions. 


Assume 


A B 
' a;-a x + 5’ 


OTJC + n 
(a:-a)(aJ+5) 

mx + n=^A{x + h)+B(x-a) (1). 

We might now equate ooeffioients and find the values of A and J?, but it 
is simpler to proceed in the following manner. 

Since A and B are independent of we may give to x any value we please. 
In (1^ put «-a=0, ora;=a; then 

ma^n 
a + b ’ 


A = 


putting a; + 5=6, ora;= -5, 


^ aT6“ • 


VlX-{ ‘1t 

(a~a)(a; + 6) 


s A. \ 

'a + S \ ac-a a;+6 / 



FBACXIom 


S68 


ExangtU 8. Besolve 




Aeawcae 


{2a:-l)(9-ae^ 
28*-n®» - A 


into partial' fraetion^ 




(3*-!) (3+®) (3-*) 2a:-l"^8 + a; 3-® 

. • . 23® - llx® = J (3 + ®) (3 - *) + B (2* - 1 ) (3 - a:) + O (2* - 1) (3 + *). 
By putting in aucoesaiou 2®- 1=0, 3+*=0, 3 - ®=0, wo find that 
J = l, B=4, C=-l. 


( 1 ); 


23®-U®« 

(2®-i)'(9-iS)' 


'2®-l‘''8+® 


1 

3 - aj* 


\y^xample 4. 


Assume 


llosolve X into partial fractions. 

3.r‘^-f.r-2 A B ^ 

(®-2)-(l-2®) “rr2®'*'®-'8'^(i-2)l’ 


3®2+®-2 = /t (®-2)«+B(l-2®)(®-2) + (7(l-2®). 


Let 1 -2a: = 0, then 



let a!- 2 -a 0, then 




To find equate the coefficients of a;*; thus 

3 = /( - 2/i ; whence /? = - 1 . 

u 


^Example 5. 


Aasame 


3a;Hx--2 _ 1 5 4 

(j: -- 2)« (i - 2 'xj ”” 3(1- 2u;) 8 (x - 2) “ (x - 2)a ' 

Hesolve partial fractions. 

42~lfix Ax+B C / / 

■(x’‘ + l)(x-4) »=*+! ■^x-4’ 

42-19x={.4.c-fU)(»-4) + t;(x2 + l). 


Let x=4, then C=-2; 

equating ooeffioients of 0= A + C, and A ^2; 

equating the absolute terms, 42 = - 4B + C, and B =s - 1 1, 

- J* 


317. The artifice employed in the following example will 
sometimes be found useful. f 
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Bf f T> 1 9ar*“ 24aj* + 48a; . . 

lUisolve - 7 — ouTnrn' partial &aoti<m6« 


Assame 


(a;-2)M:e+l) 

9ai^ - 24ir* + 48ar A f (.t) , 
7^- 2)J (ji+ 1)' “« + 1 (i-2)* * 


whero A is some oonstant, and / (x) a fanction of x whose value romaina to 
be detennined* 

9a?»-24a;8 + 48j;=A (a;- 2)^ + (« + !)/ (a?). 

Let -1) then J=-l. 

Substituting for A and transposing, 

(a? + 1) / (x) = (as “ 2)'* + 9x* - 24x^ -f 48x = aH + 16 ; 

/(x) = x3+16. 

x® + 16 

To determine the partial fractions corresponding to ^ , put x - 2= z; 


then 


a-a + lfi _ (z 4 2)» 4- Ifi _z^ + + 12^ f 24 

(x-“2j‘* z* z'^ 


1 6 12 24 

Z + i5+-^+ ii 

1 6 


12 


24 


9^-24xM-48x 
(xV2)4>+l) = 


■x-2 (x-2)‘^^{x^2)'»^(x-2)** 

12 


24 


11 6 ^ 

■ i + 1 ~ 2 (x - 2)'^ 2)8 ^ (i » 2)* • 


318. In all the preceding examples the numerator has bjeeii 
of lower dimensions than the denominator ; if tliis is not the case, 
we divide the numerator by the denominator until a remainder is 
obtained which is of lower dimensions than the denominator. 


Example, 


Besolve 


6x8 ^ 53.2 _ 7 

ax^‘2x“-T 


into partial fructionH. 


By division, 

6i» + 5.T!>-7 „ „ ar-4 

3i2--2x-i "'^®'^’^^3x2~2x-l ‘ 

and 

8x-4 5 1 

^-2a!-l“3a; + i''‘a:-l’ 


Gx® 4- Sx® - 7 rt ft 5 1 

3x8 ^"^‘"^Sx+i^x--! 




319, We shall now explain how resolution into partial 
fractions may be used to facilitate the expansion of a rational 
irabtion in ascending powers of x. 



rAETIAL FRACTIONS, 


* » iT “ 2 

1. Fixid the genetAl term of — r-r^ wlien expanded in a 

series of ascending powers of sc. 

By Ex. 4, Art. 316, we have 

3ar«+4:-2 _ 1 . 5 4 

■(;c-2)«(1-2j:)"‘ 3<l-2x)''3(x-2) (j:-2)« 

1 5 4 

3(1 - 2*) 3 (2 -a) ~ (2-*)=* 


Hence the general term t)f the expansion is 


m t)f the expansion is 
\ 3 ^ 6 • 2^ r J 


t I “T ST 

Kx-amplc 2. Expand - in ascending i>owers of x and find 

(1 -r JTj T •T*/ 


the general lemi. 
Assume 


7 + sc A ^ lix + a ^ 


ASBume — T- = - + ; 

(1 + .r) (1 +.r-) 1 + Jc l + j!*- 

l^x^A (l + a:S) + (/l;c+C)(l + *). 

Let l -i- then .I = 3 ; 
e<iuatiiii' the absolute tomis, 7 = .4 ^ C', whence <7—4; 
equating tho coefllcients of a:®, 0=r^ +ii, whence // ■= - 3. 

(1 -f ;r) ^4-x-‘) 1 + ar 1 + a:® 

-8(l+;r)-U(4--3x)(l + a:®)'i 

— 3 {1 .T-fa;*- i ...j 

+ (4 - Bjr) {1 - ar2+a:< - -f- ( - 1 )Px^p+,„ } , 

To find the coefficient of ar’’ : 

(1) If r is even, the coeflicient of x*' in tho second series is 4 {-!)*; 

r 

therefore in the expansion the coefficient of a;’’ is 3 -i- 4 ( - J) 

(2) If r is odd, the coefficient of af in the second series is -* 3 ( - 1) 

r+l 

and the required coefficient is 3 ( - 1) - 3. 


• ' EXAMPLES. ZXm, 

Eesolve into partial fractions : 

- n 4^13vir 
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x(j7- 1) (2a:+8)* 

/p«-a3P®-at?3+io 

(.^+1)2 (^-3) • 

2.r8- llx+6 
5^ -f-6.a7* + 5j7 

(P^lTOr+T)** 

Eiiid the geneml term of tlio following expressions when expanded 


ascending powers of x. 

1 o ^ 

* l + llx+28xa' 

fix+a .. a* + 7i» + 3 

(a+xn'i-x)' x^+ix+io' 

15. 

2x-4 

16. 

4 + ar+-2a?2 

(l-x^j(l-2.v)- 

(l-x)(l+x-2ie*)' 

17. 

3 + 2x-.e* 

18. 

4+7x 

(2 + 3.r7(l+^)^’ 

19. 

2.1?+ 1 

(^•-1) (^2+1)* 

20. 

1 - .r+2ji?2 

“(1-X)3 

21. 

# 1 

,. 22. 

- cx) 

3-2x> 

(1 — ax) (1 — bx) (1 

(2-3u?+.va)‘‘*‘ 

23. 

Find the sum of 7i 

terms of the series 


1 

X 



(i +x) (i+x^) ■*■ (i+x-^) (1 +‘^‘) ■*' (1+^5) (1 +.!<; - 

/gx ^(1 - O^) , ) J. 

^ ' (1 ’{‘x) (1 + ax) (1 + oC^x) (1 + ax) (1 +a'^j?) (1 + a''*;r) 


24. When :p < 1, find the sum of the infinite series 

1 jr2 

(i-a;)(i-x«) ■*■ (T-^^xi-xo) (i^nr- 


10. 


ie»-10ar+l3 

(a:-l)(x*-6i+6)' 

9 

(^-l)(x+2)®’ 

26j?® + 208.r 

(i*+l) ^+5)’ 
ap»-8^+10 
“.(^“1? * 


5. 

7. 

9. 

11 . 


Sum to n terms the series whose term is ,4 

(1^) (1 - /ff*' ^ <1 - xf ^ 2) ’ 


26. Proue that the sum of the homogeneous products o* 
mens which can be formed of the letters a, 6, c and their powers 
oH + s c) + ii» +s (e-*- a) 4- 


Hal 
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Recurring Series. 


320. A series + w, -f + , 

in ’tvliich from and after a certain term each term is equal to the 
sum of a fixed nurnlier of the preceding terms multiplied respec- 
tively by certain constants is called a recurring series. 


321. In the series 

1 + 2a5 4- 3it;* + + 5a;* + , 

each term after the second is equal to the sum of the two 
prcjceding terms multiplied respectively by the cort^iants 2a;, and 
-a;*; these quantities being called constants l>ecause they are 
the same for all values of n. Thus 


5x*-2a;. 4a;« 4 (- a;*) . ; 

that is, 

and generally when n is greater than 1, each term is connected 
with the two that immediately precede it by the equation 

^ ^ TV. - 2xu^ . 4 a^u ^^0. 

‘d 

‘ , ,^j^7uation the coefficients of and taken 

2. n what is called the scale of 


eries 






1 4 2a; 4- 3a;* 4 4a;^ 4 4 . 


■ my 


.g series in wliich the scale of relation is 


1^2a;4a;*, 




322 . If the scale of relation of a recurring series is given, 
«ny term can be found when a sufficient number of the preceding 



m 
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terms are known. As the method of procedure is the game 
however many terms the scale of relation may consist of> the 
following illustration will be sufficient. 

If I 

is the scale of relation of the series 

- 4 - a^x + 4 - + 

we have 

aj»* — px . 4 - qx^ . + rx^ . 

or « ; 

thus any coefficient can be found when the coefficients of the 
three preceding terms are known. 

333. Conversely, if a sufficient nunil>t)r of the terms of a 
series be given, the scale of relation may be found. 

Example, Pind the Bcalo of relation of the recurring series 

2 4- 5x + 13:^2 + 35^3 4. 

Iiet the scale of relation be 1 -px-qx^; then to obtain jp and q we have 
the equations 13 - - 2^/ *=0, and 35 - 13p -Sq = 0 ; 

whence p = 5, and 5 = - 6 , thus the scale of relation is 

1 - 5a; 4 6x2. 

324. If the scale of relation consists of 3 terms ii involves 

2 constants, p and q; and we must have 2 equations to de- 

termine p and q. To obtain the first of these v^e must know^ 
at least 3 terms of the series, and to obtain the second we 
must have one more term given. Thus to obtfiin a scale of 
relation involving two constants we must have at least 4 terms 
given. " 

If the scale of relation be I -- px qx^ rx\ V 

3 constants we must have 3 equations. To obtain 

these we must know at least 4 terras of the series, * 
the other two we must have two more terms given}^ 
a scale pf relation involving 3 constants, at least 
series must be given. 1 

Generally, to find a scale of relation involving )^k 
we must know at least 2m consecutive terms. 

Conversely, if 2m consecutive terms are given, we may asstJ. 
fot the scale of relation 

# . . i-p,«-py-p^- 
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325. fitid the sum of n terms of a reowrring aeries. 

The method of finding the sum is the same whatever he the 
scale of relation ; for simplicity we shall suppose it to contain ^ 
only two constants. 

Let the series l>e . ' 

4 . a^x + a^x* 4 - ^ (1) 

and let the sum be S ] let the scale of relation be I ; 

so that for every value of n greater than 1, we have 

Now a,a:+ 

-iix -S’.-= -^)a.,a! -pa^x'- ... - 

- >13? S .-. - qap? - ... - qa^_p?~' - S’".-,***’. 

. •. {\-px- q.?) >S' = + («, -pa^) x - {pa,_^ + qa^_^) a? - 

for the coefficient of every other power of x is zero in consequence 
of the relation 

=0. 

. q ffl„ 4- (q, - pa^t X (pa,,, + q>i,_^) .v” + qa.^x"*' 

1 - - qxi^ 1 - - qx^ 

Thus the sum of a recurring series is a fraction whose de- 
nominator is the scale of relation. 


326. If tlie second fraction in tlie result of tlio last article 
decreases indefinitely as n increases indefinitely, the sum of an 

infinites number of terms reduces to ^ 

1 - - gar 

“*a ' ^ we develop this fraction in ascending powers of a? as 
‘d in Art. 314, we shall obtain as many terms of the 
hj^^^’ies as we please ; for this reason the expression 

^ V ' «o + («, -P0’«) le 

3 / .i!' l-px-qa? 

^ qeii&mtl7i>g function of the series. 

, From the result of Art. 325, we obtain 


- «« + <»r® + + 


1 - pa; — ga?* 


.. +a 


(pg.,, + 

1 - pas— gic** 
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from which we see that altiiough the generating function 
a„ + (a, a: 

1 — paj - qocr 

may be used to obtain as many terms of the series as we please, 
it can be regarded as the true equivalent of the infinite series 
a^4-a^x + a^oi^+ , 

only if the remainder 

1 — /)a3 — qoif 

vanishes when n is indefinitely increased : in otlier words only 
when the series is convergent. 

328. When the generating function can l>e expres^od as a 
group of partial fractions the general term of a recurring series 
may be easily found. Thus, suppose the generating function 
can be decomposed into tlie partial fractions 

A_ B G 
\-aof^ T + ^ (I - cxy ’ 

Then the general term is 

{Aar + (- 1)” B}f + (r + 1) Cd^] x\ 

In this case the sum of n terms may be found without using 
the method of Art. 325. 

JSzample. Find the generating function, the general term, and the sum 
to ft terms of the recurring series 

1 - 7^7 - JT® ~ 43a;® ~ 

I>et the scale of relation be 1 -px-qz^; then 

-l + 7p-^=:0, -43-fp+7^ = 0; 
whence p = l, § = C ; and the scale of relation is 

l-a?~Ca:2. 

Ijet^S denote the sum of the series; then 

. ^r=l-7a;- a;®-43a;9- ... 

-a;5= - a;+7®®+ 4'*+..., 

^ -6a;®iSf= -6jE*-f42a;*+ .... 

(l~a;-6a;2)^=l-8a;, 

ivIM i$ the generating ftmotiou. 

' I. ' ^ . 
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1 — 8 * 1 ? 

. If we eepetrate partial fraetionB' wo obtain 

whence the (r + 1)*^ or general term is 


2 1 


iPniting r=0, 1, 2,...n -1, 

the sum to n terms 

- { 2 - + 2««* - . . . -H ( - 1)*^* ~ (1 *1- 3a:V S^x* + . . . + 3*“^ a:’*" i) 

1 + 2* i -8.r ' 


329. To find the genenil term and sum of n terms of the 

recurring series + a, + + , we have only to find the 

general term and sum of the series + a^x + a^a?* + and put 

aj= 1 in the results. 

Example* Find tlie general term and sum of n terms of the series 
1 + 6 + 24 + 84+ 


The scale of relation of the series 1 + 6* + 24»* + 84*® + . . . is 1-5*+ 6**, 

-t • 


and the generating function is 


1 + * 

1 - 5* + 6j:® * 


This expression is equivalent to the partial fractions 
4 3 

1-3* 1-2** 


If these expressions be expanded in ascending powers of * the general 
term is (4 . 3»* - 3 . 2»-) *»•. 

Hence the general term of the given series is 4 . 3^ - 3 . 2*';’ and the sum 
of n terms is 2 (3** - 1) - 3 (2** - 1). 


330. We may n^inind the student that in the preceding 
article the generating function cannot be taken as the sum of 
■ series 


1 + 6:e + 24.4?* + 84ic* + 


h ven X has such a value as to make the series convergent, 
2. I u a? 5= 1 (in wliich case the series is obviously divergent) 
ung function is not a true equivalent of the ^ries, 
meral term of 


5 


1 + 6 + 24 4- 84 + , 


q/'x, and whatever valm x tnay have it will alwa}'^ 
the coefficient of x* in * 

l + 6a?+24a?* + 84a?®+ 


We therefow treat this as a convergent series and find its 
general tern in the usual way, and then put tr « , 
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EZAUPLE8. XXIV. 

Find the generating function and the general term of the following 
series: 

1. l+5a?+9j7®-|-134?^-|- 2. 2 + + 

3. 2-f3.r-|-5;r2_|,9j4+ 4^ 7 - 6A^ + 9.r2+27.T?^ + 

5. 3 + 6.r + 1 4 + 36:fc-3 + oar* + 276.f + 

Find the tenn and the sum to n terms of the following series ; 

6. 2 + 6 + 13 + 36 + 7. -1 h ai‘^+3(Xr*+ 

8. 2 + 7^ + 25jf2+-9U‘5+ 

9. 1 + 2^- + Or 2 + 20a;^ + GGa:* + 212.?;^*+ 

10. -| + 2+0 + 8 + 


11. Shew that the series 

12 f 22 + 3^+42+ +w2, 

13+23 + 31 + 43+ 4., ,3^ 


an> recumng series, and hud their scales of relation. 

12. Shew how to deduce the sum of the first n terms of the re- 
curring series 

a^) + 

from the sum to infinity. 

13. Find the sum of 2w + 1 terms of the series 

3-1 + 13-9 + 41-53 + 

14. The scales of the recurring series 

ao+£«ijB-+«2a?2 + ay!r2+ , 

^ " 

are l+px-^qa^, l + r.r+<.3p2, respectively; shew that the 
g^eral term is (Wu+^n)^ ^ recurring series whoso scal^ 

f ! l-{-{p + r)x+{q+8+pr)x^ + {qr+ps)x^-j-qsX*, \ 

13. If a series be formed having for its n*** term the sum k 
^ a given recurnttg series, shew that it will also fonn a ret 
iiteries whose, Bcale of relation wiH consist of one more term than 
the given series. 
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CONTINUED FJIAOTIONS. 


331. An expresFioii of the forni a -i ■■■■■ « is called a 

f£ 

C 4* - 

e + . 

continued fraction; here the letters a, 6, c,... . may denote any 
quantities Avhatever, but for the present we shall only consider 

the simpler form r*, i- , where «,,«,, - are positive 

a, f — 

integci’ft. This will be usually written in the more compact form 

1 1 

a + 

^ + CKg 4- 


332. When the numljer of quotients a,, is finite the 

continued fra(*tion is said to be terminating ; if the number of 
quotients is unlimited the fraction is called an infinite eondmied 
frc^fion. 


is possible to reduce every terminating continued fraction 
‘ »*dinary fraction by simplifying the fractions in succ^eioti 
n from the lowest. 

? 

' To convert a given fraction into a continibed fraoti/on, 

3* ^ ' 

be the given fraction; divide m by n, let a. be the 
^Aj£ient and p the remainder ; tl^us 

w » 1 

— 3ia. 4*^ =sa- 4--: 

n ‘ n * 


wtmft mw* ifw* 


18 
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4ivide n by p, let lie the quotient and q the i^nminder ; thus 


n q \ 

p p p 


divide p by g, let be the quotient and r the nmiaindef ; and so 
on* Thus 


m 1 11 

— ce 4- ' = a -f 

n ^ 1 ^ a + a + 


a. + — - 


If m is loss than the lirst quotiei\t is zero, and we put 

m 1 


and proceed as Iwfore. 


m 


It will l>e observed that the above process is the saine as that 
of Hiuling the greatest coinniou measure of m and 7 i; hence if m 
and n are comrmnmrahlc we shall at length arrive at a stage 
where the division is exact and the process terminates. Thus 
every fraction whose numerator and denominator are positive 
integers can be converted into a terminating continued fraction. 


Example, 


Reduce to a continued fraction. 


Finding the greatest common measure of 251 and 802 by the usual 
process, we have 


5 

251 

802 

6 

6 

40 


1 

I 1 


imd the successive quoti^ts are 3, 5, B, G ; hence 

' = _L i ^ 

• S)2 8+ 5+ 8-H 6' 

> , S34. The fractions obtained by stopping at the first, 

third, quotients of a continued fraction are called the'Wi ^ 

seodnd, third, convetfeats, because, as will be shewn 

Art. 339, each successive oonve^nt in a nearer ami^ximation 
tti^ true value of tlie continued fraction thairliiy of the 
lifrec^ 
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335, 6hefvo that the conwirg&ntB are aUern(ddy Ubb amd 
greater them the emtinued fraction. 

Let the continued fraction be a. + ^ - 

+ <*3 + 

The first convergent is a, , and is too small because the part 

-i— - ... is omitted. Tlie second convergent is a, + i , and is 

* a’ 

too gimt, because the denominator is too small. The third 
convergent is a + ~ ^ , and is too small Itecause + — is too 

«j, ^ a^ 

great ; and so on. 

When the given fraction is a proper fraction a, =-(l ; if in thisfi 
case we agree to consider zero as the hrst convergent, we mayf 
enunciate the above results as follows : f 

The convergerdH of an odd order are all less^ and tlho conoergents ^ 
of an even order are all greater^ than the continued fraction. 


330. To establish the law of formation of eucceesive con- 
vergents. 

Let tlie continued fraction be denoted by 

1 1 1 


a. + 


then the first thret^ convergents are 

«, rt, a^+\ 1) . 


1 ’ 


a, 


■•d we see that the numerator of the third convergent may be 
by multiplying the numerator of the second convergent 
ijhird quotient, and adding the numerator of the first coti- 
^ ; also that the denominator may be formed in a similar 

3. 

^pose that the successive convergents are formed, in a 
_^r way; let tlie numerators be denoted byp,,p,, and 

denominators by g„... , 

Assume that the law of formation holds for the n"' convergent ; 
that is, supjPbse 


P. “ O'nPn- 1 9. = ». 9-.-, + y.-.‘ 


IR— .2 
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The {n + 1)*'^ convergent differs from the n*** only in hi^ving 
the quotient in the place of a^\ hence the («+ 1)^ eon- 

vergent 




+ S'.-,) 




_ by supposition. 

If therefore we put 

we see that the numerator and denominator of the (/i+ 1)**' con 
vergent follow the law which was supposed to hold in the case of 
the n^\ But the law does hold in the case of the tliird con- 
vergent, hence it holds for the fourth, and so on; therefore it 
holds universally. 


337. It wiU be convenient to call the fwrtial quotient ; 
the complete quotient at this stage being ^ ^ , 

1 ®»i + 8 

We shall usually denote the complete quotient at any stage by k. 
We have seen that 


let the continued fraction be denoted by x ; then x differs from 
^ only in taking the complete quotient k instead of the paj^v ’ ' 
quotient ; thus 

338. If^be tile n** eonvergent to a conthmed fraetiv^ 

p.q.-i-p,^,q. = (-!)”• 

Let the continued fraction be denoted by 

+ X XX 

* 0 , 4 * 0 , 4 - 
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then 

K7.-. + 7.-.) 

= (- l)*(p. shnilarly, 


- (-1)"* (/’.?! -/A 7j)-' 

But = I (-1)'; 

hence 7>. y.. , -71, , y. = (- 1 )"• 

When the continued fraction is less than unity, tliis result will 
still hold if wo suppose that 0, and that the first convergent 
is sere. 

Notk. When we are calculating the numerical value of the Buccessiye 
oonvergents, the above theorem furniehes an easy tost of the accuracy of tho 
work. 

Cob, 1. Each convergent is in its lowest temjs , for if and 
had a coininou divisor it would divide i unity ; 

winch is impossible. 

Cor 2, The difierence between two successive convergents is 
a fraction whose numerator is unity ; for 

9n^ <In 1 9n^n^l <ln<ln X 


EXAMPLES. XXV. a. 


Calculate tlie succoHsive convergents to 

1 2+ 1 _L i_ -L 1 

^ -‘+ 6 + 1 + 1 + 11 + 2 ‘ 

0 ■ J_ JL i_ L -L ^ ^ 

^ 2+ 2+ 3+ i+ 4+ 2+ O' 

J_ 1 1_ 1 1 1 

*■^ 3 + 1 + 2 + 2 + 1 + 9 ’ * 

Expreea tho following quantities as continued fraotionH and find tho 
fourth cont'ergent to ea^. • 

^ m ^ a n 

^ m* • 169* 3927* 2318* 

1 -37. 9. M39. 10. *3029. 11. 4-3lfi. 

. \ 
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12. A metre is 39*37079 iucbes, shew by the theory of oontinued 
fractious that 32 metres is nearly equal to 35 yards. 

13. Find a series of fractions converging to *2422(), the excess in 
days of the true ti\q>ical year over 365 days. 

14. A kilometre is very nearly equal to *62138 miles; shew that 
the fractions ^ are successive approximations to the 
ratio of a kilometre to a mile. 

15. Two scales of equal length are divided into 162 and 209 equal 
parts respectively; if tlieir zero ix>iiits be coincident shew that tho 
31*^ division of one nearly coincides with the 40“" division of the other. 

16. If “i” — r. — is converted into a continued fraction, shew 

that the quotients are n 1 and 1 alternately, and find the suc- 
cessive convergeuts. 

17. Shew that 

n \ Pn + i 1 „ Ph 

' ”yn’ 

\P«. J\ l-n,J \ tfn J\ 

18. If is the «*'" convergent to a contmuiHl fraction, and <»„ the 
corresponding quotient, shew that 

JPii + 2t/i*-2 ~Pn“2yn + 2^^» + a» | • 4" -f 2 "i" • 


339. Mach convergent is rearer to the continut*d fr<vctimi than 
any of the ])receding convergenis. 

Let X denote tho continued fraction, and , ^ 2 L±i 

three consecutive convergents; then x differs from only in 
taking the complete (n^ 2)“* quotient in tlie place of denote 

this by thus x ~ 

^ ^P„3 ^ ^ (Pu^l^nr. ^ ^ 

aibd I ^ - — 

^ 7i»-f I (^K+l 5^ji) 
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Now k is" greater than unity, and is less than henoe on 
both accounts the difference between and x is less than the 

difference between —** and that is, every convergent is nearer 

to the continued fraction than tiie next preceding convergent, 
and therefore a fortiori than any preceding convergent. 

Combining the result of this article with that of Art. 335, it 
follows that 

the eonvergents of an odd order continually increase^ hut are 
always less than the continued fraction ; 

the convergents of an e.ven order continually decrease, hut are 
always greatei' than the continued fraction, 

340. To find limits to the error inade in taking any conv&rgmt 
for the continued fraction. 


Let be three consecutive convergents, and let 

Jc denote the complete (n + quotient; 




Pu ^ 

" h], 




Now k is greater tlian 1, therefore the difference lietween x and 

© , 1 1 

^ is less than , and greater* than — -r r. 

«. * '/.S'.., '/.(9...+5'.) 


Again, since i ^ error in taking instead of x is 

1 

less than — » and greater than 

y. 

341. From the last article it appears that the error in 

taking ^ instead of the continued fraction is less than — ^ , 
9t 1 ^ 

0 P ; that is, less than — - — 3 : hence the laiger 

<*#+! nearer does ^ approximate to the continued fracticm; 
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therefore, any convergent which immediately precedm a targe 
guoUent ie a Tiear appro^eimation to the continued fraction. 

Again, since the error is less than , it follows that in order 

to.^£nd a convergent which will differ from the continued fraction 

by less than a given quantity - , we have only to calculate the 

a 

successive convergents up to — , where is greater tlian 


342, The properties of continued fractions enable us to find 
two small integers whose ratio closely approximates to that of 
two incommensurable quantities, or to that of two quantities 
whose exaot ratio can only be expressed by large integers. 


Example. Find a series of fractions approximating to 3-14159. 

In the process of finding the greatest common measure of 14159 and 
100000, the successive quotients are 7, 15, 1, 25, 1, 7, 4. Thus 

1111111 


3-14159=3 + 


7+ 15+ 1+ 25+ 1+ 7+ 4* 


The Bucoessive convergents are 


8 22 m 3^ 

i’ Y’ 106’ 113’ 


this last convergent which precedes the large quotient 25 is a very near 
approximation, the error being less than ] , and therefore less than 

^00)*’ "r -000004. 


343. Any convergent is nearer to the confirmed fraction than 
any other fraction whose denominator is less than that of the 
convergent. 

Let X be the continued fraction, — ", two consecutive 

* r 

convergents, - a fraction wlioso denominflitor s is less than q ^. . 

If possible, let ~ be nearer to x than then - must bo 
« s s 

nearer to x than [Art. 330] ; and since x lies between and 
. it follows that - must lie between and , 
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» ?.-, S’.?.-, 


»•?.-. ~ »p.-i < - ; 


that is, an mteiger less than a fraction; which is impossible. 
Therefore — " must be nearer to the continued fraction than - . 


<1. 


344. y consecutive convergf^Us to a continued 

fnuition x, timi — is qr eater or h'ss thnn x** accordinq as - is 
qq q 

greater or less than . 

q 


Let k l)e the complete quotient corrt^sponding to the cou- 
verg<mt immediately succeeding ; then x ~ > 

WW+qT ■" ■" 

= (^p' q'-p q) j pg' -p ' 9) 
q^W^+qY 

The factor kl^p'q' - j)q is positive, since p' > p, q > and ^ > 1 ; 

nr)* * . • 

hence > or < x^f according as positive or negative ; 

V P* 

that is, according as or < . 

Cor. It follows from the aliove investigation tliat the ex- 
pressions pq* —p^q^ pp —qq^^ have tliq same 

sign. ^ 


EXAMPLES. X3CV. h. • 

22s 

1 Kind limiis to the error in taking yards as equivalentdio 
a metre, given that a metre is equal to,l -0930 yards. 
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2, " Sind an approximation to 

i+lJL-LJ_ L 

^3+ 6+ 7+ 9+ 11 + 

■which differs from the true value by less than *0001. 

99 

3. Shew by the theory of continued fractions that differs from 
1*41421 by a quantity less than vigoA • 


1 Express , - »» » continued fraction, and 

* a* + (ia'‘+14(t'‘+16(t+/ 

find the thin! convergent. 

5. Shew that the difference between the first aiid convergenis 
is numerically equal to 

tfl?3 Ms 93^4 9tt-l9n 

6. Shew that if is the quotient corresponding to , 

9m 


] 


1 1 


n) a H - - 

^ ^ «M-2+ ««--3+ %+ »2+ 


Pn I 


1 


1 


( 2 ) = 

9n-l «n-2+ «n-3 + 


1 1 
«2 * 


7. In the continued fraction 


1 1 


1 1 


rt+ a+ a-h ‘X + 


shew that 


(1) p,Hp\^i^Pn-lPni-l-^PnPn^ 2^ 

(2) Pn^^H~V 


8. If is the 'nP^ convergent to the continued fraction 
9« 

JL 1 1111 

<i + (t h + d -{• h •\- 

a a, 

shew that 92n=i02»i4 l» 92n-l== ‘g 


9. In the continued fraction 

t J 1 1 1 

£1+ ct+ 


sl^ew that 
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10. Shew that 

to quotients^ 

\ ^ ax^+ <jw?4+ ^ J 

=^cui\+ ^ --- to 2« quotients. 

* a’2+ ^4 + 

’ 11. ^ ^ ^ “* ~ convergeuts to the 

oontinuetl fractions 

JJ_1 1 J_VJ 

<^j+ %+ * ^3+ <*4+ * <^3+ <*4+ ^f>+ * 

rcsi)cctively, shew that 

M=a^P-\-I{, ^^:=^{a^a.J,^\)P■{ayH. 


12. If is the convergent to 

1 

a H“ a + o 4- * * * ’ 

shew that and (j^ are respective!}^ the coefficients of in the 
expansions of 

X , ar + .r* 

aijj 

I - CUV- 1 - aa; - .tr“ 


IjH _ Oil 

n .* 1)00 shew that p^ — <7» - 1 - - 

pution - 1 = 0 . 


wliere a, fi are the roots of the 


13. If is the ounvergent to 


«4 Z^4- a+ 6+ 

that and (/^ tu'c resjKJctively the coefficients of in the 
<?x:\ Elisions of 

1 - («6-f 2)^'^+.r* 1 — («6 + 2)5* + ' 

Hence show that 


ap^=bq^i 


ab 


a-fi » 


i’2n + i“~?2» 




where o, ^ are the values of found from the equation 
1 *- (o^ + 2)4?* 4- A** = 0, 



CHAPTER XXVI. 


INDETERMINATE EQUATIONS OF THE FIRST DEGREE. 


^45. In Chap. X. we Jiave shewn how to obtain tlie positive 
integral solutions o£ indeterminate equations with numerical co- 
efficients; we shall now apply tlie properties of continued fractions 
to obtain the general solution of any indeterminate equation of 
the first degree. 

346. Any equation of the first degree involving two un- 
knowns X and y can be reduced to the form axvk.hy~^Cy where 
«, 6, c are positive integers. This equation admits of an unlimited 
numljer of solutions ; but if the conditions of the problem require 
X and y to be positive integers, tlie nurnl>er of solutions may l>e 
limited. ^ 

It is clear that the equation ax + hy-^c has no positive 
integral solution ; and that the equation ox - 6y - c is equivalent 
to fiy - oa? = c ; hence it will be sufficient to consider the equations 
= c. 

If a and b have a factor m which does not divide c, neither of 
the equations ax^hy^c can be satisfied by integral values of x 
and y ; for ax^hy divisible by rtiy whereas c is not. 

If a, by c have a common factor it can be removed by division ; 
so that we shall sujipose a, 6, c to have no common factor, and 
that h and h are pfime to each other. 

347. To find tfie gen&rvd solution in podtim integers of the 

equation ax — by ^ c. 

* ^ 

Let ^ be converted into a continued fraction, and let - denote 
ifee conva^^t just preceding j ; then ^ a* L [Art. S38.] 
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I* liaq^hp^l^ the given equation may be written 
aa}--hy^c{aq-hp)\ 

Now since a and 6 have no common factor, x--cq must be 
divisible by h ; hence x^cq^ht^ where t is an integer, 

h “ a ^ 

that is, x — ht-\-eqy y at + cp'y 

from which positive integral solutions may be obtained by giving 
to t any positive integral value, or any negative integral value 

numerically smaller than the less of {he. two quantities ; 

also t may be zero; thus the number of solutions is unlimited. 


II, If — hp - — 1, we have 


hence 


ax- by = -c {aq - bp) j 

a (a: + eg) = 6 (t/ -f cp ) ; 

x^cq y-^cp ^ . . 

. • . — r.- ^ an integer ; 

0 a 

% 

x^bt-cq, y-at-cp) 


from which positive integral solutions may be obtained by giving 
to t any pasitive integral value which exceeds the greater of the 

two quantities ~ the number of solutions is uiilimitecL 


III, If either a or 6 isK unity, the fraction ^ cannot be con- 
verted into a continued fraction with unit numerators, a^d the 
investigation fails, Jn these cases, however, the solutions may be 
written down by inspection; thus if 1, the equation becomes 
ax-y^c\ whence y-ax-e^ and the solutions may be found by 

ascribing to x any positive integral value greater thAi - . 

Note. It ahpul^be observed that the series of vedues for x and ^ fwa 
two arithmetwiri loof^sioiis iu which the ooimnon dilEenmces are h and a 
xaiiS^aetively, , ' i«<i 4 

I 



BIOHEE AtGEBRA, 


Find the general solution in positive integers of 29 jp - 4%*t5. 
In converting — into a continued fraction the convergent just before^ 


18 


^ ; we have therefore 

« 9 » 

29x13-42x9 = -!; 

^ 29 X 05-42x45 — - 5; 

combining this with the given equation, we obtain 

29(ar + 05)=42 (y + 45); 

or + 65 t/ + 45 . 

-42 integer; 

henoe the general eolation ie 

3:=42t-66, i/ = 29t-46. 

348. Given one solution in positive integers of tite equation 
ax - by = c, to find tlie general solutiwt. 

liot 4, k lie a solution oi ax-hg~C) then ah — hk c. 

. ax — hy - ah -hk\ 

. a {x — h) =-h {y — k) y 

x-h y-k ^ . , 

— =— ^ - f, an integer; 

h a 

. aj - y~-k + at\ 

which is the general solution. 

349. To fi/nd the general solution in positive hUegers of the 

equation ax + by = c. 

(Z 

Let - be converted into a continued fraction, and let - be the 

h ^ 

conveill^nt just preceding ^ ; then aq-hp^^\. 

L If = 1, vve have 

ax + by==c (aq-hp) ; 

a{cq^x)^h {y cp) \ 

cq-x y^cp ^ 

_ » !£ — i. =r. an integer ; 

0 a 

/. x=^cq — bt^y^at--ep) 
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from which positive integral solutions may be obtained hy giving 
to t positive integral values greater than — and less tlmn ^ . 

€b O 

Tims the number of solutions is limitc^d, and if there is no integer 
fulfilling these conditions there is no solution. 

IT. Ji aq — hp=~'- 1, we have 

ax + bi/ ~ — c (aq — bp) ; 

a{x + cq)-=b(cp~y); 

x + cq cp-j/ j, 

.*, — ^ - a ~ ' integer ; 

. x^ht — cq, y :^cp~ at ; 

from which positive integral solutions may l>e obtained >)y giving 

to t positi\'e integral solutions greater than y and less tlian ~ . 

As Iwfore, the number of solutions is linnted, and there may be 
no solution. 

Ur. Jf either « or & is equal to unity, tlie solution may lie 
found by inspection as in Art. 347, 

330. Given one solution in positive integers of ilie equcUwn 
ax ^ by c, to Jind the general sohUio7i. 

Let A, k bo a solution of ax^by-c; then ah + bk c. 

. ' . ax + by - ah + bk ; 

a{x-h) = b{k-y)-, 

x-h k-y ... 

**■ “ 1 , “ — integer; 

0 a 

. *, x-h'i-bty y - k — at\ 
which is the general solution, 

351. To find the number of solutions in positive integers of the 
equation ax + by = c. 

• t 

Let r be converted into a continued fraction, and Jet ^ be the 
b q 

a 

convergent just preceding j ; theft 
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SB8 

I, liBt <«g— - 1 ; then the general solution is 

{c = cq—btiy^at^cp. [Art, 349,] 

Positive integral solutions will be obtained by giving to t 
positive integral values not greater thai^ ^ , and not less 

tlian — . 
a 

(i) Sup|)ose that - and ^ are not integers. 

Let ~=n + g, 

a o 

where m, n are positive integers and J] g proper fractions ; then 
the least value t can have is m+ 1, and the greatest value is 
therefore the number of solutions is 

c 

Now this is HU integer, and may l>e written — -h a fraction, or 

~ - a fraction, according as f is greater or less than g. Thus the 
ab 

c 

nuTnl»er of solutions is the integer nearest to ^ , greater or less 
according as/ or ^ is the greater. 

c 

(ii) Suppose tJiat ^ is an integer. 

In this case g 0, and one value of x is zero. If we include 
this, the number of solutions is ^ -f / which must be an in* 
teger. - Hence tlie number of solutions is the greatest integer in 
1 or ^ > according as we include or exclude the zero solution. 

(iii) Suppose that - is an integer. 

In this case / ^-0, and one value of ^ is zero. If we include 
this, the least value of ^ is tn and the greatest is n; hence 

# c 

number of solutions is + or + Thus tJio 
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number of solutions is the greatest integer in 1 ac- 

cord ing as we include or excliulo the zero , solution. 

(iv) Suppose tliji-t ^ and ^ are both iutegei-s. ' 

In this case /— 0 and ^^=0, and both x and y have a zero 
value. If we include these, tlie least value t can have is m, and 
the greatest is n ; hence the number of solutions is w - m + 1, or 

If we exclude the zero values tlie number of solutions is 


If aq - hj) ~ - 1, the general solution is 

X ^ht-^cq, y = cp — afy 

and similar results will be obtained. 

352. To find the solutions in positive integers of the equa- 
tion ax + hy cz = rf, we may proceed as follows. 

By transposition ax + hy^d — cz] from which by giving to z 

in succession the values 0, 1, 2, 3, we obtain equations of 

the form + hy - c\ wliich may be solved as already explained. 


c 

ah 

c 

~ah 


- J. 


ir. 


353. If we have two simultaneous equations 
aX’hhy + cz — </, a'x + h'y + cz - d\ 
by eliminating one of the unknowns, z say, we obtain an equation 
of tlie form Ax-^ By - G, Suppose that x ^ is a solution, 

tJien the general solution can be written 

x=-/+liH, y = q^As, 

where a is an integer. 

Substituting these values of x and y in either of the given 
equations, we obtain an equation of the form of 

which the general 'solution is 

a—h + Gt^ Ft say. 

• • 

Substituting for a^ we obtain 

x^/+ Bh + BOty y = ^ — Ah — AOt j 

and the values of w, y, z are obtained by giving to f snltabio 
integral values. 

H, E. A* 


1& 
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m 

854. If ouo solution in positive integers of the eqtm.tioi»» 
ax + by + CZ- a*x *f h'y ^ cz d\ 
can be found, the general solution may l>e obtained as follows. 

Lot /, h be the particular solution ; then 

* af 4- hg + ch -= dy af + h*g f ch d'. 

By subtraction, 

^ ~ 

“/) (y - y) + 

■whence 

,..,v 

i/-6'c 

where i is some integer. Thus tlie general solution is 

X •^fjt {J>c — h'c) iy g ^ {at' — da) fy z h \ {ah' - ah) t. 

EXAMPLES. XXVI. 

Find the general solution and the least iKwiiive integral solution of 

1. 775j;- 71V- 1. 2. 4r>5.r 519//«!. 3. 43f?<7~ 393y«5. 

A Tu how many ways can A*l. 19#. Ikj paid in florins and half* 
crowns? 

5. Find the number of solutions in pohiti\e integt'rs <»f 

lU+15y=1031, 

6. Find two fractions having 7 and i) tt^r tlieir denominators, and 
such that their sum is 1 J^}{. 

7. Find two proper fractions in their lowest terms having 12 

adwl S for their denominators and such that their difference is -- . 

24 

^ 8. A certain sum consists of x ixnuuls y shillings, ainl it is half 

of y pounds x shillings ; fmd the sum. 

^ ^ Solve in positive integers : 

^ 6,v4*7y + 42s=122) 

5 ‘ 


10 . \%T Wg ^ iz ^ 221 
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IL 2a4?-21^=»38| 12. laAT+lU^lOSl 

4js=^34j 7s 5y<=si 4j 

13. 7 jj + 4 j /+ 19 s :^ 84 . \ 14. 23.r4- iVy m 

16. Find the general ferm of all iK)siti\o integers which divided 
hy 5, 7, 8 leave remainders 3, 2, 6 respectively. 

16. Find the two sniallest integers which divided by 3, 7, 11 leave 
remainders 1, 6, 5 respectively. 

17. A number of three digits in the septenary scale is i*epre^nted 
in tl'ie nonary scale by the same three digits in reverse order; if the^ 
middle digit in oiicli case is zero, find the value of the number in 
denary scale. 

18. If the integers G, (tj h arc in hai'taonio progression, find all the 
isisfiible values of a and b. 

19. Two rods of equal length are divided inU> 250 and 243 equal 

l)art« respectively ; if their ends l>e coincident, find the divisions which 
are the nearest together. ^ 

20. Three IkjIIs commenced to toll at the same time, and tolled at 
intervals of 23, 29, 34 seconds respectively. The second and third 
bells tolled 30 and 40 seconds resi^ectively fonger than the first; how 
many times did ecu^h bell toll if they all ceased in less than 20 minutes? 

21. Find the greatest value of c in order that the equation 

may have exa<;ily six solutions in positive integers. 

22. Find the greatest value of c in order that the equation 
i4tr4*.ny=c may have exactly five solutions in x> 0 Bitive integers. 

23. Find the limits within which c must lie in order that the 
equation 19.v-f 14y=:c* may have six solutions, zero solutions being 
excluded. 

24. Shew that the greatest value of c in order that the equation 

may have exactly n solutions in iK)sitive integers is 
(w-h I a - 5, and tliat the least value of c is (w — 1 ) f a f 5, zero 

solutions being excluded. 


19 — ■ 
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m:CUKUING CONTINUED FRACTIONS. 


355. We Jiave seen in Cliap. XXY. that a iemihtalliig con- 
tinued fraction with rational quotients can be reduced to an 
ordinary fraction with integral numerator and denominator, and 
therefore cannot be equal to a surd; but we shall prove that a 
quadratic surd can be expressed as an infinite continued fraction 
whose quotients recur. We shall first consider a numerical 
example. 


Example. Express ^/19 as a continued fraction, and find a series of 
fractious approximating to its value. 

3 3 

• ^19 + 2 V19-3 2 

■ 6 ^ ^194 3 

^/1943 J19-5. 5 

2 ~ ^ 2 “ *^^^9 + 8 

• ^ 8 _ 

' 5 “ 6 ’ “^‘Via+a 

^194-2 , ./19-4_ 1 

-— --24 3 - ■ 

v/19 + 4 = 8+(.,/19-4) = 84- 


after this the quotients 2, 1, 3, 1, 2, 8 recur; hence 

1+ 84- 1+ 2+ 8+ 

win be noticed that the quotients recur as soon as wc come to a 
which is double of the first. In Art* 361 we idiall prove this is 
UiWiiys case. 
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{ExplanatiofL In each of the lines above we perform the same s^es of 
operations. For example, consider the second line: we first find the 

greatest integer in - ; this is .2, and the remainder is - 2, that 

ig 'We then multiply numerator and denominator by the surd 

conjugate to ^19 - 2, so that after inverting the result - ^ ^ , we begin a 

new line with a rational denominator.] 

The first seven convergents formed as explained in Art. 336 are 

4 9 13 48 6^ 170 14^1 
i ’ 2 * 3 ’ n ’ 14 * 39 * 326 * 

The error in taking the last of these is less than /.j Jsro , and is therefore 


less than or 


, and a fortiori less than •OOOOL Thus the 


seventh convergent gives the value to at least four places of decimals. 

356. Every periodic continued /ractiori is equal to om of the 
roots of a qiuidratic equation of which the coefficients are raiiotud. 

Let X denote the continued fraction, and y the periodic part, 
and suppose that 

1 1 1 1 ^ 1 
* A + ^ + y ’ 

1 1 1 

w + * + r + 2/ ’ 

Avhere 5, k, m, 7i,...Uy v are positive integers. 


X a + 


and 


?>+ c + 

1 


y 7n 4 * - 


Let be the convergents to x corresponding to the 

quotients A, k respectively ; then since y is the complete quotient, 

we have x - 5 whence y ■ 

qy+q qx-y 

Let - , ^ be the convei^ents to y corresponding to the 
8 e ' 

♦ ry + r • 

quotieats v respectively ; then y= 

Substituting for y in terms of x and simplifying we obtd^u^a 
quadratic of which the coefficients are rational. 
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equation + — which gives the value of 

has its roots real and of opposite signs ; if the positive value of 

^ be substituted in as — ^ , on rationalising the denominator 

^ qy-^q 

the Value of a? is of the form ^ ^ where B^C are integers, 

0 

B being positive since the value of i/ is real. 

MicampU* Express l + * 2 ^ 2 V sV ' ■ ^ 

bet X bo the value of the continued fraction ; then ir - 1 = ^ ; 

whence 2x^ + 2ic - 7 = 0. 

The continued fraction is equal to the positive root of this equation, and 


is therefore equal to ^ 


n/15-1 


EXAMPLES. XXVII. a. 

Express the following surds juj continued fractions, and find the 
sixth convergent to each: 


1. 

^^3. 

2. 

Vii. 

3. 

v«. 

4. 

vs. 

5. 

VI 1. 

6. 

VI 3 . 

7. 

V14. 

8. 

V22. 

9. 

2 V3- 

10. 

4 V2. 

11. 

3V5. 

12. 

4V10. 

la 

1 . 

V21 ■ 

14. 

1 

V33’ 

15. 

A- 

V 5 

16. 

Vn 


17, Find limits of the error when is taken for ^17. 


18. Find limits (>f the error when is t^ikcii for ,^23. 

19. Find the first convergent to ^/iOl that ia correct to five places 
of decimals. 

20. Find the first convergertt to ^15 that is correct to five places 
<»f decimals. 

Express as a continued fniction the i^>sitive root of each of the 
followilig equations ; 

2L ^^4-2^-- 1=0. 22. a’2 -4./;^3^(). 23. 7 j'«- ar-3==^0. 

: , 'SI. Express each root of - 5i*?4-3 =0 as a (xmtiiiued fraction, 

25. Find the value of 3+ 

lA 1 ^ 1 1 ^ 1 


Fmdtl.evalueof^-_^ 3- j 



A 
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27. Find the value of 34':: 


28, Find the value of 5 f , 


34. J-, . 

^1+ 64- 14- 64- 


30. 


L ^ JL ^ ^ JL 

14- 2-f '3-h 1 + 24- 3 "f 

I 1 1 1 

I4'i*l*l4"l04" 

Shew that 

1 JLJL. + ^ V 

^3+ 2+ 3+ 2+ / ' 

Find the difference l)e tween tlie infinite tjf >11 tinned fractioiw 
1 11111 1 _1 1 
14- 3"4- 64 14 34 54 ’*■’ 34 1 4 64 34 14 54 ***’ 


*357, To com}srt a quadratic surd into a emUiuued Jraeliotk 

Let be n positive inttiger which is not an exact square, 
and let o, the greatest integer contained in ^iV ; then 


Let 6, Ix' the greatest integer contained in -idf -——' ; tlien 

^'1 

^iV^4 rt, j 4 -4- • 

v;“ ’ r, ' r, 


where 

0 , h^’i\ -- </ , and - A^ 


Hiinilarly 


whore 

‘ n JA 4 

ft‘,j * ^‘'Od r^r , iV'- CT//; 

and so on 

; and generally 


where 

jtl M ~ 1 M « 1 

^ „~l »-I 

sj ^ +i 

A’ - a.’. 


Hence 


4 


1_ 1 1 1 

ti t- C+ *.+ K + 


atid thill JN^ can l>e expressed as an infinite continued £rael|on. 


We shall presently prove that this fraction counts of re- 
curring periods y it is evident that the period will 1>egin whi^- 
ever any omnplete quotient is first repeated. 
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We sltaJl call the series of quotients 
/AT- J^ + a, 

V j ' > 

r^ 

the first, second, third, fourth complete quotients. 


*358. From the preceding article it appears that the quan- 
tities r„ />g, 63 are positive integers; we shall now prove 

that the quantities r^, ^ 3 , r^,...are also positive in- 

tegers. 


Let^, , “t; be three consecutive oonvergents to and 
let ~ be the convergent corresponding to the partial quotient 
The complete quotient at this stage is — — ; lienee 


— P-^P / /Ar 

/J^r P H-g,/) +rj ) 

V 


-I nj W« _ 

g’\/7\’’+a.7' + r,g' ‘ 


Clearing of fractions and equating rational and irrational 
parts, we have 

+ ‘r,p=-Nq', a.?' + r.y-=/; 

wheauce a,(t>q'-p'q) =pp' - qq’I^, r„ {j)q'-pq) - Nq'" 

But - 7 / 9 ^ «*!, and have 
the same sign [Art. 344] ; hence and are positive integers. 

Since two convergents precede the complete quotient — — , 

this investigation holds for all values of n greater than 1 . 


*359. To prove that the complete and partial quotients ream. 

In Art. 357 we have proved that r^^_^ = iT— a/. Also r^ and 
are positive integers ; hence must be less than thus 
a^ cannot be greater than a„ and therefore it cannot have any 
values except 1, 2, 3, ...aj; that is, the number of different values of 
cannot exceed a,. 

Again, «:«+, a^, that is = + ^n+i? ’therefore 

cannot be greater than 2a ^ ; also is a positive integer ; 
lienee cannot be greater than 2a,. Thus cannot have any 
vaSues except 1, 2, 3,... 2a, ; that is, the number of different mime 
qfv^ CG^fmot esiiceed 2a,. 



RECUEEIHO CONTINOED EBACTIOITS. 


297 


Thus the complete quotient cannot have more than 

ia* different values; that is, 807ne one complete quotient^ and 
therefore all subsequent ones, ihmt recur. 

Also is the greatest integer in ” ; hence the pdMol 

fn 

quotients must also recur ^ and the number of partial quotients in 
each cycle cannot be yr eater than 2a j*. 

*360. To prove that Uj < a^ + . 

We have + a, •- b,_,r ^, , ; 

••• «._i +«..-- or 

since 6,, ^ is a positive integer ; 

But N — -- ^ ; 

••• 

••• 

which provtjs the proposition. 

*361. To shew (hat the period begins with the second paHiod 
quotient and- termina tes vnth a jmrtial quotient double of die first. 

Since, as we have .seen in Art. 359, a i-ecurrence must take 
place, let us suppose that the (n + 1)^^ complete quotient recurs at 
the (s+ 1/^"; then 

and 6, -- ; 

we shall prove that 
We have 

r.-, r. - iV - «.* If- rt/ ■= r . , = r„ , ; 

Again, 

~ I ^.—1 ^ 1 ” ^*—1 r . _i ” ^#—1 > 

• •• - «.-i = r._, (6.^, - 6,_,) ; 

m 

= zero, or an intern 

I 
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But) by AH. 360, a, and a, thftt is 

; thei*efore a^_, - a,., < ; l»ence is less 

1 

than unity, and therefore must be zero. 

Thus a^i ~ and also ~ 6„_j. 

Hence if the (n+ ly^ complete quotient recurs, the com- 
plete quotient must also recur; therefore the (w - 1)*'*^ complete 
quotient must also recur ; and so on. 

This proof holds as long as n is not less than 2 [Art, 358], 
hence the complete quotients recur, l)eginnmg with the second 

quotient It follows therefore that tlie recun*eiuje 

begins with the second pai-tial quotient 5,; we shall now shew 
that it terminates witli a paiiial quotient 2ffc, . 

Let \)e the complete quotient which just precedes tint 

second complete quotient wh(*n it rtX'urs; then 

/V" ^ ” 

and ^ " are two consecuti^'e complete quotients ; tiicrefore. 

r„r, = N-a‘; 

but JV - ay ~ r, ; lienee. " 1 . 

Again, ff, ^ that i.s • : 1 ; heiief^ - 0, that is 

Also I ; hence 5,. ; which (establishes the 

proposition. 

*362. To shew that in any period the partial quotients equi- 
distant from tlie beyinning and end are equal, tlie last partial 
quotient being excluded, 

/iV + a 

Let the last complete (|Uotient be denoted by ^ ^ ; then 

^ n 

r.-l, 6»=2«,.' 

We sh.'fil prove that * 
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m 


We have 


Also 


+ «, == «.-i = ^»-i ^Vi “ ^ ; 

and <*, + ; 

.'. (^“ Vi)> 

. • . zero, or an integer. 

But 1 ?J — ?**-' tliat is < “ “ — * , whicli is less than 

unity ; tJius = 0; hence ~ and 

Hiiniiarly r„„j =^' r^, ; and so on. 

*363, From the results of Ar-ts. 361, 362, it appears that 
M’hon a quadratic surd is convert^^d into a continued fraction, 
it must take tlie following fona 

1 1 1 


a, 4 


1 I 1 


1 


b^ 4 h, 4- 6, 4' 2a, + 


*364. 7^0 obtain the penvUimate converfjentH of the recnrriit^ 

pe^riocis. 

Let n he the number of partial quotients in the recurring 
period ; then the jK*n ultimate convergents of tJie recun-ing periods 
are the 2w^’‘, convergents; let these be denoted by 


ru 

7h 9 'in 9'iyt 


I’espectively. 


x. Ill 11 

Now JA = «, + ^ ^ 

so tliat the partiat (juotient corresponding to — ”*! is 2rt, ; hence 
?<!+} - 

y.+i " 2a. y, + ■ , 

The complete quotient at the same stage consists of the period 

.,11 1 
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and is th^fore equal to a, + ; hence 

/y («, + s/-^)Pn+Pn-l 


Clearing of fractions and equating rational and irrational 
parts, we obtain 


Again 

quotient 




«i p. + P.-1 = -A'?.. "i ?« + y.-i = p 
can he obtained from — and 

!?» ?«-i 


(!)• 


by taking for the 


1 1 


'Ja. 4- , , 

4- + 



which is equal to 4- 




Thus 





^<ln + ^ -P^ 

!7« 

/ 


from (1); 


(2). 


In like manner we may prove that if is the penultiniate 
convergent in the c^*' recui*ring period, 

-^Pcn-l = 

and by using these equations, we may obtain , suo- 

, S^8i» 

cessively. 

It should be noticed that equation (2) holds for all multiples 
of n ; thus 

/A n / ' 

the proof being similar to that already given. ' 


*305. In Art. 356, we have seen that a periodic continued 
^ ff'aetion can l>e expressed as the root of a quadratic equation 
with mtional coefficients. 
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SOf 


Conversely, we might prove by tlie method of Art* 357 tliat 
an expression of the fonn — where are positive 


integers, and B not a perfect square, can be converted into ia. 
recurring continued fraction. In this case the peiio<|ic part will 
not usually begin with the second partial quotient, nor will 
the last partial quotient be double the first. 

For further information on the subject of recurring continued 
fractions we refer tlie student to Serret’s Cours d^Algebrc 
rie/iire^ and to a pamphlet on The Expression of a Quadratic Surd 
as a Gonthiued Fraction^ by Thomas Milir, M.A., F.R.S.E. 


^EXAMPLES. XXVn. b. 


E.\prcHH the following surds fus continued fractions, and find the 
fouHh convergent to each : 


1. v/«= + l. 

4. f\ 4 ’ . 
V a 

7. Prove that 


2 . 


5 . a/- 




3« \j it'" — r. 

6 . 

Y n 


and hud the fifth convergent. 
8. Shew that 

2 


1 


J 


1 


1 


2a + ()a+ 2<t-f (m( + 


9. Shew that 


1111 


1+ />+ 1 + 


Jp'^+Ap. 




I 


\_ 

pqa^-^ a3 4- 


U )- 




1 


1 


1 


qa^ + p(i^+ $'^4 + 


10. If ,y/a^+ 1 be expressed as a continued fraction, shew that 

2(«“+l)g'„=/)„_j+p« + i, 2p» = tf,.-i + g'»+i- 

1 1_ _ _1_ 

aid- <i2'* <*2+ * 

1111 


11. If 


y- 


2^1+ 2a, -f 2ai-4- 2024- 
1111 


shew tbat 


3ax4“ 305 * 4 - 3ox4* Soj-P ’ 

.r (y ® - 3!^) -H 2y - aP) 4- Ss - y*) 0* 
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155. Prove that 


/ . 1 

1 1 

\(L _L J. .1 ' 

\ ® 


«4- ^>4- 0 4- 

/ ^^4* *'«4- /->4- rt4- 

)~b 

If . 

1 

1 1 1 



64“ o 4“ 0-4- 



.113 1 
^ ^ c/ -h a-\- /> -i- ?> + 

shew that + c/ + />) ~ 4- a 4- y = «“ - 

14. If l>e tlio convergent to + nhew tint 

<Ih . 

+ ^n4iyr.41*"Vl7i ' 

15. Shew that 

' / ]_ 1 2 W,. L ^ 

\^ct 4“ ^ 4* <' ‘i / \ 4" 4 c 4’ / 14* 

16. If — denote the r**' convergent to ^ show that 

+ A + • • * - 1 =-^2« -Pi , ^3 + !/a + • • • + g'2« - 1 == <fiH - y j . 

17. Provo that the ilifferciice of the infinite continued fractions 

L L L _L ^ ^ 

at 4" c 4* ^ 6 4* ct 4* 4* ^ 

is equal to 

’ 18. If is converted into a continued fraction, and if a is the 
number of quotients in the period, shew that 

19, If tJN be converted into a continued fraction, and if the i)en- 
ultimate convorgents in the first, second, recurring ].>eriods be 
denoted by nj, n^v-.w* respectively, shew that 



*(^.HAPTER XXVIII, 


INOETKRMINATK EQUATIONS OF THE SECOjNI) BEOUKK. 


■^306. The Rolutioji in positive integers of indeterminate 
equations of a degree higher than the first, though not of much 
practitjal impoiiiance, is inten^sting })e(jause of its connection, with 
the Thmyry of Nu7ird)&rs. In the present chapter we shall confine 
our attention to equations of the second degree involving two 
varifibles. 

*367. 7'o ish>ew Jmv to ohlain tha jxmtivfe inU^rrd vuJ/tws of 

X and y which satisfy the equation 

ax* 4 - 21ixy + by* -f 2gx + 2fy 4 * c 0, 
a, b, c, f, g, h being integers, 

Holving Uiis equation as a quadratic in ,r, as in Art. 127, we 
have 

ttx + hy^g J {h- - III)} y‘ + 2\hg - a/) y+(g‘- ac)...(l). 

Now in order that tfie values of x and y may bo positive 
integers, the expression under the radical, which wo may denote 
by 4 - 2qy + r, must Iks a jmrfect square ; that is 

py^ + 2qy + r ■-= a?*, suppose. 

Solving this equation as a quadratic in y, we have 

;»y + (? - ■*= -2ir+p^ ; ^ 

and, as before, the expression under the radical inust^be a perfect 
equare; suppose that it is equal to f ; then 

e^pz^^ff^pr, 

where t and z are variablesi and ju, r are eoxistanta 
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m 

XTnless this equation can be solved in positive integers, tine 
original equation does not admit of a positive integral solution. 
We shall return to this pcdnt in Art. 374. ^ 

If a, A, h are all positive, it is clear that the number of 
solutions is Hiuited, because for large valutas of x and y the sign 
of the expression on the left de{>ends upon that of aa?* + 2hx^ + A^* 
[Art, 269], and thus cannot Ije zero for large positive integral 
values of x and y. 

Again, if K' ~ ah is negative, the coefticient of in (1) is 
negative, and by similar reasoning we see tliat the number of 
solutions is limited. 

Example, Solve in positive integers the eriuation 
- Axy + - 2x - 20y = 29. 

Solving as a quadratic in we have 

.r = 2i/ + 1 \/30 + 24^ - iy-. 

But 30 + 24i/ - 2y‘'*=102 - 2 (y - 6)^; hence (y - G)^ cannot be greater than 
51. By trial we find that the expression under the radical becomes a 
perfect square when (y- 6)^=1 or 49; thus the positive integral values of y 
are 5, 7, 18. 

When y=5, .r~21 or 1; vhcii </~7, or 5; when y = 15, 

.ar»29 Or 25, 

■*’368, We haA'o seen that the solution in positive int/egei*s 
of the equation 

ux^ 4- 2hxy 'h + 2gx + 2fy + c = 0 

can be made to defend upon the solution of an equation of the 
form 

u? zh JVy^ ± rt, 

where A and a are positive integers. 

The equation af + ]Vy'=^-a has no real roots, whilst the 
equation oi? ^ Ny^ has a limited iiuml)er of solutions, which 
may be found by trial ; we shall therefore confine our attention 
to eq^ nations of the form x? - * a. 


*569, nJisw that the equation x*~Ky"=l can alumy$ he 
in p^dtive integers, 

' Lei be converted into a continued fraction, and let 
^ Any three consecutive convergents; suppose that 

.'■f ^ 



nTI>KTEBM:mATE EQUATIOiiS OF THE SECOND DEOBEB. Slli' 




m th« complete quotient corresponding to then 


« r. (pg' - p'q) - AY* -p'* 

But r , 1 at tho end of any period [Art. 361]-; 

..v'^-W--p'q-n-> 


[Art. 368} 


- V beinj; the penultimate convergent of any recurring period, 

/ 

If the nuniljor of quotients in the period is even, ^ is an'eren 
convergent, and is thereof ore greater than ^iV, and therefore 
greater than tlms Ju this case ^ ® 1 , 

and therefore x =- 7 /, y - q' is a solution of the equation r-, ] . 


7 ^ 


Since is the j>enultimale Convergent of any i*eourring 


peiiod, the uuml)er of solutions is unlimited. 

If the number of quotients in the period is odd, the penultimate 
convergent in the first period is an ofid convergent, but the 
penultimate convergent in the second period is an em?i convergent. 
Thus int^ral solutions will be obtained by putting x=sp\ y=^q\ 
p* 

whore is the penultimate convergent in the second, fourth, 

sixth, recurring periods. Hence also iii tliis case the number 

of solutions is unlimited. 

* 370 . To obtain a solution in positioe integers of tf^ eqvMion 
x*-Ky*--- 1. 

j\s in the preceding article, wo have 

p-^Nq'^.^p'q-^juf, 

H the nuinhiir of quotients in the period is aud if 

S' 

is an oM j>enultimi^ite convergent in any recurring period, 
and therefore p'q — 1. 

In this# case p'^' - Nq*^ -- - 1, and integral solutiq^s of the 
equation - iVy* « 1 will be obtained by putting x ^p\ y ^ q% 

wh€|re ^ is the penultimate convergent in the first, third, fiifth.... 

recurring periods \ 

' a a 
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Mmmple. Solve in positive integers a- - 1. 

We can shew that 

/ 13 - 3 + K L ^ ± L 
+ 1 + 1 + 1 + 6 + 

Here the number of quotients in the period is odd; the penultimate eon- 
18 

vergent in the first period is ; hence x = 18, y = 5 is a solution of 

ar*-l%*= -1. 


By Art, H64, the jjenultiniate convergent in the second recurring period is 




CIO 
180 * 


hence a;= 649, y = 180 is a solution of .r^ - 13^-= 1. 


By forming the successive penultimate convergeuts of tlie recurring 
periods we can obtain any number of solutions of the equations 

- 13 i/ 2 =: _ and .r-~ 13^-=: -f 1. 

*371. When one solution in positive integers of ^ 1 

has been found, we may obtain as many as we please by the 
following method. 

Suppose that x - /t, y -^k is a solution, h and k btiiiig positive 
integers; then (h^ - Nk^y ^ I, where n is any positive integer. 

Thus a7«-iVy=-(A*^iV7cy. 

r. {x + yJX) (x - yJX) ^ {h + kJX f {h ^ h^X)\ 


Vvitx^^yJN=r.{h^kJN)\ x-yJN 

. \ 2x ~ (h + kyJXy (h - kJXy ; 
2yJN - {h + k^Ky - {h - kJN)\ 


The values of x and y so found are positive integers, and by 
ascribing to wthe values 1, 2, 3,..., as many solutions as we please 
can be obtained. 

Similarly if x~hy y^k is a solution of the equation 
ac* — iVy = — 1 , and if n is any odd positive integer, 

Thus the values of x and y are the same as already founds but 
n is restricted to the values 1, 3, 5, 


*372. By jluttiug x ^ oa/, y « the equations a?" - =5 * a* 

%ecome which we have already shewn how tp 

visolve. 
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■*373. We have seen in Art. 369 that 
y*-jry'*= = 

Hence if « is a denominator of any complete quotient which 

occurs in converting JN" into a continued fraction, and if ^ is 

the convergent obtained by stopping short of this complete 
quotient, om of the equations is satisfied by the 

values x—p\ y — q\ 

Again, the odd convergents are all less than JNy and the 
even convergents are all greater than JN litince if ~ is an even 

It* • ‘ 

convergent, x~p\ y q' is a solution of x* - Ay*- a; and if 
is an o<ld convergent, x - 7 )', y - r/ is a solution of x* — Ktf -- — a* 

*374. The method explained in the preceding article enables 
us to find a solution of one of the equations - N^y^ =3 st a only 
when a is one of tlie denominators w^hich occurs in the process of 
converting JN into a continued fraction. For example, if we 
convert Jl into a continued fraction, we shall find that 

o 1111 

^ 1+1 i 1+4-4- 

and that the dtuiominators of the complete quotient's are 3 , 3 , 3 , 1 . 

TJic successive convergents are 

2 3 5 8 37 45 82 127 

1 ’ r 2’ ii’ 14 ' 17’ 3r 48 ’ ^ 

and if we tjike the cycle of equations 

we shall find that they are satisfied by taking 

for X the values 2, 3, 5, 8 , 37, 45, 82, 127, 

and for y the values 1, 1, 2, 3, 14, 17, 31, 48, I 

• ^ / 

*375. It thus appears that the number of cas^ in which solu- 
tions in integers of the equations a® — Ay ~ can be obtained 
with certainty is very limited. In a numerical example it ma^f, 
however, sometimes happen that we can discover by trial a 

20 — « 
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positive integral solution of the equations ^ ^ •*» «i wh«n a 

is not one of the above mentioned denominators ; thus we easily 
find that the equation a:*-7y® = 53 is satisfied by 
When one solution in integers has been found> any number of 
solutions may be obtained as explained in the next article* 

*376. Suppose that x=f^y^g is a solution of tlm equation 
-- a ; and let x h, y = k be auy solution of the equation 
05® - N'l^ 1 ; then 

a;’* -- 3y - (/® - N</) (4® - Nk^) 

= (fh ^ Nykf - N (/k ^ghy. 

By putting x ^fh ^ Ngk^ y ^fk ^ ghy 

and ascribing to /<, h their values found as t^xphiiued in Art. 371, 
we majr obtain any numl>er of solutions. 

*377. Hitherto it has been supposed that N is not a j>erftM5t 
square ; if, however, N is a perfect square the equation takes the 
form a;®-ny --a, which may be readily solved as follows. 

Suppose that a = wJiei'e h and c are two pf)sitivo integers, 
of which b is the greater ; tlien 

(.c ^ ny) {x — ny) he. 

Put x-\-ny=^hy x — ny - c; if the values of x and y found 
from these equations are integers we have obtained one solution 
of the equation ; the remaining solutions may }#e obtained by 
ascribing to h and c all their possible values. 

Example. Find two poaitive integers the difference ol whose squares is 
equal to 60. 

Let y be the two integers; then ; that is, (;r f y) (x - y) ^ 60. 

Now CO is the product of any of the pair of factors 

1,60; 2,30; 3,20; 4,15; 6,12; 6,10; 
and the yalq^ required are obtained from the equations 
6 fl;4-y = 30, a; + y=s:10, 

2; aj-y= 6; 

other equations giving fractional vadnes of x and y. 

; Thus the numbers are 16, U; or 8* 2. 
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CoK. In like niannav we may obtain the solution in positive 
integers of 

auf f -i- 2f/x + 2/i/ 'i- 

if the left-hand rnemlxjr can be resolved into two rational linear 
factors. 


*378. If in the g<meral equation or or both, are zero, 
instead of employing the method explained in Art. 3G7 it is 
simpler to proceed as in the following example. 


Example, Solve in i^osilivc inteperH 

2.ry - + 12.r - 5 // J 1 . 


Expresain^^ y in terms of a:, we have 


4.rS-12j:+ll 


y -- - 


2.r - 5 




In order that y may he an integer 2 y “?5 must be an integer; h'*neo2aj-5 

must be equal to dbl, or ±2, or rtS, or ±6. 

The cases 3fc2, -i 0 may clearly be mjccted; hence the admissible values 
of .r are obtained f i om 2.r - r> = =l 1, 2.r - 5 — ± 3 ; 

whence the values cf x are 3, 2, 4, 1. 


Taking those values in suocessiou we obtain the solutions 

4- = 3, 3/3=11; ar = 2, 3/= -3; a*~4, 1; 

and therefore the admisgihlc solutions are 

.f = 3, 3/33 11 ; x- Ayij ~ 1). 


*379, The jmincipleR already explained enable us to di.scover 
for what values of the variables given linear or quadratic 
functions of x and y become pcirfect squares. Problems of this 
kind are sometimes callt^l Dio/Jumtine Pruhltmia bec^ause they 
were first investigated by the Greek mathematician Iliophantus 
aboutj^the middle of the fourtli century. 

Example 1- Find the general expressions for two positive integers which 
are such that if their product is taken from the suin of their squares the 
difference is a perfect square. 

Denote the integers by x and y ; then 

aj- - ary + y^= 2 ® suppose; f 

• x{x-y)-2^--y^. 

This equation is satisfied by the suppositions 

«(j;-y)=sm(j8-"|/)5 ^ 

where tn and n are positive integers. 
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Hence nix - nij - nz =0» tu + (ih - //) y - = 0 . 

Trom these equations we obtain by cross multiplication 

X _ y _ = -? • 

2»wi - - n* 

and since the given equation is homogeneous we may take for the general 
solution 

X = 2m?i - y = 5! = w® - 7fm + 

Here m and ti are any two positive integers, m being the greater; thus if 
m=7, 7 i= 4 , we have 

^• = 40, y = 33, 2 = 37. 

Example 2. Find the general expression for three positive integers in 
arithmetic progression, and such that the sum of every two is a perfect 
square. 

Denote the integers by x~y, x+y\ and let 

2x - y = p^, 2a* = 2x -j- y = r- ; 

then + 

or = 

This equation is satisfied by the suppositions, 

vi (r - (?) = n {q-p), n(r + q)^ m (q +p), 
where m and n are positive integers. 

From these equations we obtain by cross multiplication 

P ^ 

+ 2mn - + *^inn ~ 7i? * 

Hence we may take for the general solution 

p = 74^ -} 2mn - 7»®, q = ra* 4- n^t r = + 2mti ~ ft- ; 

whence .r = ^ (wt® + n^)\ y = 47 «ft (>/t® - 71 ^*) , 

and the three integers can lie found. 

From the value of x it is clear that m and n are either both even or both 
odd; also their values must he such that x is greater than y, that is, 

4* 71*)2 > 8m7t (771® - 77*) , 

or ^ 7w*(77t - 8n) + 277i®7i® + Swn® + 71 ^ > 0 ; 

^hich condLion is satisfied if 771 >8n. 

If ni=s9, n^l, then a;=8362, y=2880, and the numbers are 482, 886^ 
pM2, The sums of these taken in pairs are 3844, 6724, 9604, which are the 
' squares of 62, 82, 98 respectively. 



INDETERMINATE EQUATIONS OF THE SECOND DEGREE. 3H 


★Examples, xxvni. 

Solve in positive integers : 

1, hr^ - I0.t^ s= 77. 2. - 2.**^ + 3^® — 27. 

3. y^~4ry-f Sjt^- 1(U’=4. 4. .^y-•2:t•-■y=8, 

6. av4-3a:^-4y«14. 6. 4 j7*-^*«315. 

Find the smallest solution in jMJsitive integers of 

7. .v2- 14/^1. 8. 9. 

10. ;p2_61y2+5=0. 11. 

Find the general solution in positive integers of 

12. :i’ 2-3/-=1. 13. ;r2-5/-h 14. .r^-17/--l. 

Find the general values of s and ^ which make efxch of the following 
expressions a perfect square : 

15. .v2-a7^-f3y2. 16. :v^+2,vi/ + 2f. 17. 

18. Find two positive integers such that the square of one exceeds 
the square of the other by 105. 

19. Find a general formula for thi*ee integers which may be taken 
to represent the lengths of the sides of a right-angled triangle. 

20. Find a general formula to express two positive integers which 
are sucli that the result obtained by adding their product to the sum 
of their squares is a perfect scpiare. 

21. There came three Dutchmen of my acquaintance to see me, 
being lately married ; they brought their wives with them. The men^s 
nmnes were Hondriek, Claas, and Conielius; the women’s Geertruij, 
Catriin, and Anna : but I forgot the name of each man’s wife. They 
told me they had been at market to buy hogs ; each person bought as 
many hogs as they ga^'e shillings for one hog; Heudriek bought 23 hogs 
more than Catriiu; and Claas bought 11 more than Geertruij j likewise, 
each man laid out 3 guineas more than his wife, I desire to know the 
name of each man’s wife.” {Miscellany K)f Matfmnatical FroblemSf 1743.) 

22. Shew that the sum of the first n natural numbers is a p^ect 

square, if n is equal to P or where k is the numerator of an odd, 

and k* the numerator of an even convergent to «y2, I 
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SUMMATION OK SKltlKS. 

380. Examples of summation of uerUin series have oucunH:)d 
in previous diapters ; it will be convenient here to ^dve a 
synopsis of the methods of sunmiation v lucth have alre^uly Ixnni 
explained. 

(i) Arithmetical Progression, (lhaj). IV. 

(ii) Geometrical Progression, Chap. V. 

(iii) Series which are i)art]y arithmetical and pirtly geo- 
metrical, Art, 60. 

(iv) Sums of the powers of tlu^ Katural Numlmrs aiul allied 
Series, Arts. 68 to 75. 

(v) Summation by means of ‘Indek^rminaie Ooefllcitjnts, 
Art, 312. 

(vi) Recurring S<uie.s, Chap. XX JY. 

Wo now proceed to discuss metliods of greater generality ; 
but in the course of the present chapter it will be seen that some 
of the foregoing methods may still l>e usefully employed, 

381. If the term of a series can be expressed as the dif- 
ference of two quantities one of which is tlie same function of r 
that the other is of r — 1, the sum of the series may l>e readily 
found. 

Por let the series be denoted by 

[ M, 

and its sum by 5',, and suppose tljat any tertn ?«/can be put i» 
the form 



HaMMATlON Of SERIES, 


818 


KxampU\ Sum to n termu the Bej^ies 


+ , 


tl + «) (l4-2a:) ’ (l + 2x) (1 + aj:) (i+lJ^XlVjar)'' 
If we denote tlie series by 


we have 


by addition, 


W^4*I/2 4“Mj,+ .. 


1 

f ^ 

J \ 

1 

X 

\i f-x* 

i+lSt)' 

u 1 

( 1 

1 \ 


ivl + 2j; 

bf3x/’ 

1 1 

f 1 

1 \ 


4" 'ix 

‘ 1 t ix) ’ 

1 1 

f 1 

1 


(^14- wx 

1 + 71 4' 1 . x> 

,s J 1 

f 1 _ 



0+x 



1 4*71 4* 1 . X/ 


(l + a?) i . x) 

3S2. Hoinetimes a suitable trcuisfonnatiou may bo obtained 
by separating it into jmrtial fractions by the methods explained 
in i %ap. XXIlf. 

Example, find tlie sum of 
1 a a’ 

(1 -f x) (i 4- ax) (i -f a,T) ( 1 H- a'x) (1 + fi^xj ( 1 -f a^x) ^ ^ ” erms. 


The temi -~ 




(1 + a““^xy ( t + a^x) ”14* a’*~^x ^ l + » 

o’*' ^ = ^ (1 4'a*x) 4*1? (1 

By 1 -sa'''"V, l + equal to zero in succession, we obtain 


xtB- 

1 - a 1- a 


Hence 

similairly, 


1 

( 1 

a \ 

^ 1 -a 

\l4-x* 

i+ax;* 

1 1 

( ^ 



i^l4-ux 

"* l-^ahj * 


f «»-* 


^ i - a ’ 

<r+«"- 


f 

1 1 
• It 

^ 1 


lH-® 

1 + ' 


/ 
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383. To Jimi the sum of n t&rms of a series each term of which 
is composed <f r factors in arithmetical propression^ the frst factors 
cf the several terms being in the sa'im arithmetical progression. 

Let the series be denoted by + ^«^ + -f 

where 

(a nh) (a -f + i . ^)) (<^ + w + 2 . i) . . , (a -f w + r — i . 

Beplacing w by w - 1, we have 

= (<* + “ 1 . (a + 'id)) (« + 4* 1 . />) ... [a -f 91 + r ~ 2 . 

(a 4- n - 1 . i) - (tf. 4* n 4- r - 1 . ^>) . 


Now 


Writing 


(a ■¥ 71 -h r , h) (a n — \ , h) u . _ . . 

= (r+ ~ l)6 

{a n ^ r ,h) - {a A- 7i 4 r ~ I . 

= ■■ {r+l) V' ' 

as an abbreviation for (o + w. 4- r . b) we have 


(r + 1 ) // 


Heplaciug u by 9i - 1 , 


(r + 1) 6 


* (r+l)b^ 


it 


i\ - v^ 

(7 + 1)6* 


By addition, 


.V =.. 

H 


(r + i ) b 


{r+l)b 


whore 0 is a quantity independent of n, which may be found by 
ascribing to n some particular value. 

The abojse result gives us the following convenient rhle : 

Write down the n^ ajfx tJte next factor at the end^ divide 

^hp^the number <f factors thus increased a7id by the common differ- 
mee^ an4 add a constant. 
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Eteample. Find the som of » terms of the series 
1.3. 5+3. 5. 7+6. 7. 9+ 

The term is (2n - 1) (2» + 1) (2n + 3) ; hence by the rule 

„ (2n-l)(2i.+ l)(2«+8)(2« + 5) , ^ 

*»= +C. 

To determine O, put n — 1 ; then the geries redaoee to ite hret term, and 
we have 15 = - " -f C ; whence (7 = ^ ; 

o o 

„ (2m - 1) <2m + 1) (2m +-3) (2« + 5) 15 

5 8 

r- n {2m=* + 8w® + 771 - 2), after reduction. 

384. The sum of tlie series in the preceding article may 
also be found either by the method of Undetermined Coefficiente 
[Art. or in the following manner. 

We have = (27i - 1 ) (2n + 1) (2n 3) 875 * + 1 2 / 1 ® — 27i — 3; 

a; - + 122/t" - 2271 « 375, 

using the notation of Art. 70 ; 

, 271* (?t *f 1 )* 4- 2n (n 4 - 1 ) ( 2/5 + 1 ) “ 75 (a 4- 1) - 3u 

= w(2/5‘U 8 / 5 * 4-775-2). 

385. It should l>e noticed that tlie rule, given in Art. 383 is 
only applicable to cases in which the factors of each term form an 
aritlimetical progression, and the first factors of tlie several terms 
are in the #</?>/« arithmetical progression. 

Tlius the sum of the serie.s 

1 . 3 . 5 4 - 2 . 4 . 6 4- 3 . 5 , 7 4 - to 75 terms, 

may be found by either of the methods suggested in the precreding 
article, but not directly by the rule of Art. 383. Here 

= n (75 4 - 2) (75 4- 4) “ 75 (75 4- 1 4 - 1) (75 4-2 + 2) 

- 75 (75 + 1) (n + 2) + 2n (75 + 1 ) + 75 (u + 2) + 2a 
= 7 / (n + 1) (75 + 2) + 375 (75 + 1 ) + 3n. ^ 

The rule can now be applied to each term ; thus 

,Sf^rrt Jn(^i+l)(n + 2)('a + 3) + n(n+ l)(t5+ 2)+|w(75+ l)^€ 
i=« J fi (7i + 1) (n + 4) (» + 5), the constant lieing isero* 
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386. To find t^ie mtm of n trmis qf a series emh term of which 
is composed of the reciprocal of the product of r factors in ari^ 
metical progression^ the first factors of the several terms being m 
the same arith7netical pi'ogression. 

Let the series ho denoted by \ + -i* 

where 


— ~ (t* -f nb) (rt 4 w 4- 1 , />) (rt 4 n 4* 2 . />) {a +^n + r- \ , h). 

Replacing n by n — I , 

^ “ (rt + w — 1 . 6) (a + 7th) (<» 4- n 4- 1 .b) . . . (a 4* 4* r — 2 . A) ; 


(a + w 4- r ~ 1 . b)u^ ~ (a4-7t—l,l) 


Now 


(a + 4- r — 1 . />) — (a 4- 7*7>) ?f 

.V ^ idonli^lly, 


{a + — 1 . />) — {a 4* nh) u^ 

If WO write for {a 4- 7ih) m'o have 


Similarly, 




. s - -r («_1 

(r-l)b~ ' {r-\)h ' 

where C is a quantity independent of m, which uiay be fmjrid by 
ascribing to n some particular ralue. 

Jiencse the sum may be found by the followuvg rule : 

Write dcscn the n*** temi^ strike ojf a factor from the hegmningy 
mvide by ih^mimber of factors so diminished and hj the common 
4ifformce, change the sign and add a constant 

’ * This rule and tjiat in Art. 383 may also l>e established by 

induotion. 

) 



SUMMATION OF mEIES* 


1. Find tbe sum of ft terms of the series 

1 1 1 ^ 

1 . 2 . s , 4 273 .'4 .5 3 ,4 

«« t. . I ' 

The term ih ; -r ~ — --t ; 

71 (H *1" 1) (Jl + 2) (ft + 3) 

hence, by the rule, we have 

3 (M+l) (h + 2) (7t + 3) ’ 

Put « = 1, then ^ = 6’ - -;~y ^ ; whence C = ; 

. 5 _ 1 _ _.i 

'• ’‘'^18 B(« + l)(7t + 2)(7M3)* 

Uy making n indefinitely great, we obtain • 

Jijcamplt* 2. Find the sum to n terms of tlie series 


_3 

1.2,4 


4 5 

'■278.r)‘*'a.4. 6"^ 


Sit 


Here the rule is not directly applicable, because although 1, 2, 3, , 

the first factors of the several denominators, are in aritlunetioal progression, 
the factors of any one denominator are not. In this example we may 
proceed as follows ; 

— «4 2 _ (rt+2)®__ 

~ n (71 + 1 ) (7H- 3) ~ 71 {n + 1) (n -f 2) (a + 3) 

_ 7i{n+ 1) +3«4 4 

’~n(7t 4- Ij (nT2)^/i4- 3) 

*" (71 4- 2) (« 4- 3) ^ (71 4 ' 1) (w 4- 2) (# 1 4 - 3 ) ^ 7i (ti 4 * 1) (n 4- 2) ( 7 * 4 * 3) * 


Bach of these expressions may now W taken as the term of a series 
to whidi the rule is applicable. 

. c J. ^ ® ^ ^ 

'* > + 8 2(«4 2)(n4-3) "8(a+r)(7i4‘2)(n+3)5 

put «— 1, then 

1 . 2 4 ~ 270 ~ 3 T 27 a . 4 ' ’*^****“® M ’ 

„ _20 1 9 4 

**“86 " n + 8 2(«^+aK«+3J " 8{»+lH«+8)(«+8i* 
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387. In cases where the methods of Arts. 383, 386 are directly 
applicable, instead of quoting the rules we may always effect tiie 
summation in the following way, which is sometimes called ‘ the 
Method of Subtraction.’ 

Fjscatnple^ Find the sum of n terms of the series 

2. 5 + 5 . 84 - 8 . 114 - 11 . 14 + 

The arithmetical progression in this case is 
2, 5, 8, 11, 14, 

In each term of the given series introduce as a new factor the next term 
of the arithmetical progression ; denote this soiies by S', and tlie given series 
by Si then 

,S' = 2. 5. 8 + 5. 8 .11 + 8.11.14+ + (3n - l)(3tt + 2)(8n + 5); 

2. 5. 8 = 5. 8. 11 + 8. 11 .14 + 11 . 14-174... to (w~l) terms. 

By subtraction, 

-- 2 . 6 . 8 = 9 [5 . 8 + 8 . 11 + 11 , 1 4 + . . . to - 1) terms] - (3ii - 1) (Hn + 2) {Hn + 5). 
- 2 . 0 . 8 = 9 [.9 - 2 . 5] - (an - 1) (3n + 2) (3n + 5) . 

9S' = (3n-l) (3n + 2) (37i + 5)-2 .5 . 8 + 2. 5 . 9, 

,<?=i/(3»« + 6n + l). 


388. When the 71^*^ term of a fiories is a i*ational integral 
function of n it can be expre.ssed in a form which will enable us 
readily to apply the method given in Art. 383. 

For suppose {7t) is a rational integral function of n of p 
dimensions, and assume 

ij> (n) A + Bn + Cn (a + 1) + Bn (w + 1 ) (w + 2) + , 

where A, B, C, B, are undetermined constants p + \ in 

number. 


This identity being true for all values of n, we may equate 
the coefficients of like powers of n\ “we thus obtain p + 1 simple 
equations to determine the ^ + 1 constants. 


F^mmple* Find the sum of 7i terms of the series whose general term is 


7t^+6n*+5n*. 


Asanme ; 

ft«+6n» + 6n» 1:4 + Bn + Cn («+ 1) + I>n (« + 1) (n + 2) + Wn (n+ 1) (n +2) {n+ 8); 


It ia at once obvious that .4=0, F=:l; and by putting w=~2, n»- 8 

appueanvely, we obtain - 6, D=6. Thus 

T«*+6n^+5n®=n(»+l) (n+2)(w+ 8)-C«(n+l). 
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{n+.l) (n+2) (n+ 8){»+ 4) - 2»{n+ 1) {« + 2) 

= |n(»+l)(n + 2)(»*+7»-*-2)- 


Polygonal and Figdbate Numbbkb. 

aj fft Q If in the expression « + Jn (« - 1 ) 6, which is sum 
oKtenus of an aritlimetical Progression ^hose firet tmn « 
and common difference b, we give to b the values 0, 1, 3, 

we .V U 1 yo 

n, (n +1), n , In (3/1 — 1),- 

which are the n**- terms of the Polygonal Numhers of the second 

third fourth, fifth, orders; the first order tong that in which 

each term is unity. The polygonal numbers of the second, third, 

fourth, fifth, .orders are sometimes called linear, trvmgular, 

»quare^ pnitagonal^ 

390. To Jind eiim of the fret n ter>m of the r‘» order of 
folygtmnl nvmbcrs. 

The m‘'‘ term of the /*' order is n + \n{u - 1) (r- 2); 

= 2» + i- (r - 2) S {n - 1) « 

).n {n + 1) + i (r - 2) (w - 1) « 

l){(r-2)(n-l) + 3}. 

391. If the sum of n terms of the series 

1, 1 , 1 , 1 > 

be taken as the «'‘>,tenn of a new series, we obtain 

1, 2 , 3, 4, n, 

If again we take . which is the sum of «, terms of the 

last series, as the term of a new series, we obtain 

1, 3, 6, 10, 15, j 

By proceeding m tins way, we obtem a f SJ! 

such that in any one, the term “ 

Preceding series: The successive senes 
M Plgniate Nnmlwts of the first, second, third, ... orders. 



mmm 


39 ^, To Jind the term and »uvi of n ternm of the 
ardet of figwrate numbers. 

The term of the first order is 1 ; tlie term of the 
second order is n; the lerm of the third order is 2w, that is 

Jw (w + 1 ) ; the term of the fourtli order is 5 , that is 


n 


« the term of the fifth order is S 
1.2*3 , I . *& . o 


n(n+l) (n + 2){n + 3) , 

that IS and so 

Thus it is easy to see that the term of the order is 
n_(n_+ 1) (n '2) ... {n + r-2) j»* + rj-2 

"ir-l ’ jn-Tjr-l’ 

Again, iiie suin of 7i terms of tJie order is 
n ('»4- 1) (n + 2) ... (71 + r- 1) 

ir' 


•which is the tenii of the (r -f order. 


Note. In applying the value of Art. 38?) to find the sum of n terms of 
any order of figuratc numbers, it will be found that the consiant is always 
zero. 


393, Tlie properties of fyurate numhem are historically 
interesting on account of the use made of them by Pascal in 
his Traits du triaiujU ariih^nHifiue, published in 1 005. 

The following table exliibits tlio Arithmetical Trinmjh in its 
simplest form 


1 

1 

1 

1 

1 

1 

1 

J 1 

1 

0 

3 

A 

c 

5 

0 

7 

8^9 

1 

3 

6 

10 

15 

21 

28 

36 . . 

I 

4 

10 

20 

35 

50 

84 . 


1 

5 

15 

35 

70 

120 



1 

6 

21 

56 

120 

. .. 



1\ 

7 

28 

84 





1 

if 

8 

30 







i 
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Pascal constructed the numbers in the triangle by the follow* 
ing rule : 

Emh nurnher is the svm that immediately above it cmd that 
immediately to the left of U; : 
thus 15-5 + 10 , 28 = 7 + 21, 126 = 66 + 70,. 

From the mode of construction, it follows that the numbers in. 
the successive horizontal rows, or vertical columns, are the figurate 
numbers of the first, second, third, ... orders. 

A lino drawn so as to cut off an equal numl)er of units from 
the top row and the left-hand column is called a hase^ and the 
bases are numbered beginning from the top left-hand comer. 
Thus the 6 th base is a line drawn through the numbers 1, 6 , 10 , 
10, 5, 1 ; and it will be observed that there are six of these num- 
bf>rs, and that they are the coefficients of the terms in the ex- 
pansion of (1 -f xf. 

The properties of these numbers were discussed by Pascal 
with great skill : in particular lie used his Arithmetical Triangle 
to develop the theory of Combinations, and to establish some 
interesting propositions in Probability, The subject is folly 
treated in Tod hunter’s History of Probability^ Chapter ii. 

EXAMPI 1 E 8 . XXIX. a. 

Sum the following scries to n terras : 

1. 1.2. 3 + 2. 3, 4+3. 4:5 + 

2. 1 . 2 . 3 . 4 + 2 . 3 . 4 . 5 + 3 . 4 . 5 . 6 + 

3. 1.4.7 + 4.7.10 + 7, 10. 13-P 

4. 1.4.7 + 2.6.84-3.6.9 + 

5. 1.6.9-t-2.6,a0+3.7.11 + 

Sum the following scries to n terms and to infinity : 

1.2“^ 273 ‘^3.4'*' 

7 _L 4 . 1 , 1 1 

*' i.4’*^4.7 7.10^ 

a J__+ ^ , 

*’• 1.3.5^3.6.7^S.7.9^ 

9 1 , I - 1 ^ , . 

1,4.7 4.7.10 7.10.13^ 


H.H. A. 


21 
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10 , 

4 5.6 


1.2. 3^2. 3. 4^3. 4. 6 


11 . 

^ 4. 2 4. ^ 


,3.4.5 4.5.6 5.6.7 

+ .. 

12 . 

1 ® .4. 

j- ~ 

l.'2.3'^2.3.4^3.4.5 

+4 


Find tho H\im of n term a of tlie Horiea : 
13. 1 . 3.22 + 2 . 4 . 3 ^ + 3 . 5.42 + 


14. {n^ ~ 1 2) + 2 (n2 - 2^) + 3 (n^ - 3^) + 


Find the sum of n terms of the .series whose term is 


15. 

71 ^ (W®~ 1). 

16. 

(7*2+571+4) (m2 + 5« + 8). 

17, 


18, 

7*^+2ri^ + 7i®-- 1 



7*2 + 7* 

19. 

n3 + 3?62^ 2« + 2 

20. 

+ 7*2+1 


7i‘-* + 2?i 

7i* t-n 


21. Shew that the term of the order of hgurate iniml>ers is 
equal to the ;•“* iomi of the 71 ^ order. 

22. If tlio 7^*’’ term of the r*** order of hgurate numbers is equal to 
the («+2)‘*‘ tena of the (r- 2)*’* order, shew that r=w + 2. 


23. Shew that the sum of the first 7) of all the sets of iX)lygoi)Al 
numbers from the linear to tliat of the order inclusive is 


{r- 

12 


{rn - 2?i -- r + 8). 


Summation my the Methom of Diffekences. 

394. Where no ambiguity exists as to the number of tenns 
in a series, we have used the symbol 2 to indicate summation; 
but in some cases the following modified notation, which indicates 
the limits between which the summation is to be efifectedi be 
found mo\e convenient, ^ ' ^ 

Let <f> (x) l>e any function of x, then S (x) denotes the sum 

of the series of terms obtained from by giving to a; all posi- 
tive integral values from I to m inclusive. 
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For instance, suppose it is required to find the sum of all the 
terms of the series obtained from the expression 

(;<-l)( p-2) -(p- r) 

Ir ^ 

by giving to p all integral values from r + 1 to p inclusive. 
Writing the factors of the numerator an ascending order, 
tlio required sum = 5 — TJLILh'J? ~ 

,~rtl . |_^ 


1 

t 


{1.2.3 — r + 2.3.4.... (r+ l)+...+(;>-r)(j»-r + l)j 


i- i) (;> -!);> 

jr’ r+1 

pSP-z (f r’') 

jr + i 


[Art. 383.] 


Since the given expression is zero for all values of p from 1 to 
T inclusive, we may write the re.sult in the form 


( p-2) ••• (p~ r) p{ p-l) {p-2 ) ... {p-r ) 

' Lr ” l!:ti 


395. Sujipose there are a number of series of different orders 
formed according to the law that the (p+ 1)^ term of any order 
is equal to the sum of the first p t'Crms of the preceding order, 
increased by a constant. 


Let the first series be denoted by 

^i> J 

all the terms l)eing equal. 

The (p + term of the second series is +pa^, where is 
some constant; and the first p terms of this series are 

%. o, + o.,o, + 2«,, «, + (/>-!)«,. 

. i®ie { y + 1 )*“' term of the third series is o, +yw, a,, 

where is some constant, and the first p tenns of this series are 
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The (/> + 1)* term of the fourth series 

s — 12 — 

p(p-l) P{P-^)(P-^) 

- a, ^pa, 2 ~ "■ ~ "i 7“2 ;i 

We shall now prove by Induction that a similar law of forma- 
tion holds generally. 

Assume that the law holds up to t)io (q - 1)^^' series; that is, 
suppose that the p*"^ term of this series is 

+ (f> - 1) ^ + 


4. P— • • iP-Zl a 

| g-2 '* 

Now the -f 1)^ term of the series is the sum of the first 
p terms of tlie {q - 1 )^** series increased by a constant, and is 
therefore equal to 

p(p^i) (p-^) 

«, + n-i + - 1— 0— *11-2 * “u-a S 13 

1 . j ,1 ^ 


4- . . . + a, 2 




that is, equal to 


a+«a +P^Pz}K +P(P::})(Pj-3a + 

j2 ^7-3^ ^ 

p{p-l){p-2)...(p-q + 2) 

\lz}. 

Thus if the law of formation holds for the (q — 1)**^ series, it 
holds for the but we have seen that it holds in the case of tlie 
first four series ; hence it holds universally. Thus the term 
of the series of the order is 

’ ' ^ |2 [3 
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396. In the preceding article we have seen that 

(jp + 1 )^^' tenri of 5 '**' order = sum of p terms of - 1 )*** order 

+ a constant, 

term of 5 -^** order = sum of (p - 1 ) terms of (q — 1 )*^ order 

- 1 ^ same constant; 

hence term of (q — 1 )^*' order 

= (p -h 1 ^**' term — term of q*'^ order; 

that is, a series of any order can he obtained by taking for its 
terms the differences Iwjtween the consecutive terms of the series 
of the next higher order. 

Let us now suppose tliat a cerbxin number of terms 

of the series of the q^^ order are given, and that it is our 

oiiject to find the general term of this series. 

We may write down the given series and form from it in suc- 
cession the series of the — orders: we shall 

thus obtiiin q series, namely those of the preceding article in 
reverse order. 



j 

The 74 “' term of the. first series has been shewn to Ije equal to 
, ,, («-l)(™-2) (n-l)(n-2)(n-3) 

», + (»4-l)v,+ Jg - ■ j3 --- 

• •:(!? - 9Lt.l) [Art. 395.] 


The second, third, series are called the firsts secondy ihirdy . . 

orders of differences; hence if a is the first term of a given 

series^ d^y d,^, the first terms of the successive orders of 

difference^!; the term of the given series is obtain<yi from the 
formula 




9 
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AIbo, as explained in the preceding article, the sum of n 
terms is 

w(w-l) j n{n-l){n-2). (n- 1) {/?. - 2) (n-3) . 

^ pp < + 14"'^ 

\/ Example. Find the general term and the sum of n terms of the series 
12, 40, 90, 168, 280, 432 

The successive orders of difference are 

28, 50, 78, 112, 152,. . 

22, 28, 34, 40,.... 

6 , 6 , 6 

0 , 0 ,... 

, 22(«~l)(w-2) 6 {/i- 1) (w- 2) (n - 3) 

Hence the term = 12 4 - 28 (m - 1) -\ — - — 

l_ \l 

The sum of n terms may now be found by writing down the value of 
Sn® + 5Sn2 + 6SM. Or we may use the formula of the present article and 

obtain ^ 

= (3»2 4 26n 4 GOw 4 4(5) , 

“ 12 * 


397. It will be seen that this method of summation will only 
succeed when the series is such that in forming the orders of 
differences we eventually come to a series in which all the terms 
are equal. This will always he the case if the term of the 
series is a rational integral function of n. 

For simplicity wc will consider a function of three dim^sions; 
the method of proof, however, i^erfoctly general . 

Let the series be 

W,4W,4W^4 4W ^3+ ..... 

where + Bn* 4 Cn 4 D, " 

4fld let denote the term of the first, second, third 

orders of differences; 
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then j = -4 (Za* + 3w + 1) 4 - i? (2n 4* 1) + C; 

that is, . ~ ZAn^ + (3^ -f 2B) n + A+ B + C; 

Similarly 74j^ - ^ 3-4 {2n + 1) + 3-4 4- 2B 

and = to,+ ^-w^~6A, 

Thus the terms in tlio third order of differences are equal;, 
and generally, if the term of the giveff series is of p dimensions, 
the terms in the p^^ order of differences will be equal. 

Conversely, if the terms in the order of differences are 
equal, the term of the series is a rational integral function of 
n of p dimensions. 

^^ Kjcatnple, Find the term of the series - ] , - 3, 3, 2.‘h 03, 129, 

The successive orders of differences are • 

-2,0,20,40, 60, 

8, 14,20,26, 

0, 6, 6, 

Thus the terms in the third order of differences are equal; hence we may 
assume + Bn + Cn^ + Z>n^, 

where A, B^ C^T> have to be determined. 

Putting 1, 2, 3, 4 for w in succession, we have four simultaneous 
equations, from wliich we obtain .<•1=3, i^ = -3, (7=- 2, I> = 1; 

hence the general term of the series is 3 - 3 h— + 

398. If is a rational integral fu'oetion of n of p dimen- 
sions^ the series 

fly + a^x + ajxf 4- ... 4- a, a*" 

is a recurring series^ whose scale of relation is (1 — x)*’’*’*. 

# 

Let S denote the sum of the aeries ; then 
5' (1 - a:) =■ a„ + (o, -«„)*+ (o, - + . . . + (a, - a„_.)a;" - a„a;"+' 

= a^ + h^x + h,3f + ... + bja" -aju!'*', Bay; 
here - <»,_,> so that 6, isj|f - 1 dimensions in n. 

Multiplying this last series by 1 - x, wo have 

S{l~xy 

r=a'+(6,-a„)a>+{6.-6, )«!'+.. 

==a„+(6,-a>+cy+c^+...+c^'‘-(a.+6,)a^+‘+<»X^*, sa^; 
here K~K-i> s® is of p - 2 dimensions in «. 
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Hence it follows that after the successive multiplications by 
1 — aj, the coefficients of a?” in the Jfirst^ second, third, ... products 
are general terms in the first, second, third, . . . orders of diiferences 
of the coefficients. 

By hypothesis is a rational integral function of 7i of p 
dimensions ; therefore after p multiplications by l—x we shall 
arrive at a series the terms of which, with the exception of p 
terms at the beginning, and p terms at the end of the series, foriri 
a geometrical progression, each of whose coefficients is the same. 

[Art. 397.] 


Thus S{1- A; (af + * -f . . . 4 x") + / (x), 

where A; is a constant, and /(x) stands for the p terms at 
the beginning and p terms at the end of the product. 


. •. A' ( 1 ™ xY‘ 


1 — £C 


+/(x); 


that is, 


' ~ "" ■" ’ 


thus the series is a recurring series whose scale of relation is 
[Art. 325.] 

If the general term is not given, the dimensions of are 
readily found by tlie method explained in Art. 397. 


Example. Find the generating function of the series 
3 + 5x 4- 9a;2 -f 15 + 23ar4 4- 33.r» + 


Forming the successive orders of diiferences of the coefficients, we have 
the series 


2. 4, 6, 8, 10, 
2 , 2 , 2 , 2 , ... 


thus the terms in the second order of dillcrcnces are Oi|ual ; hence is a 
rational integral function of n of two dimensions ; and therefore the scale 
of relation is (1 - :c)®. We have 


S = 8 + 5x+ i>x^-i-h}x^ + 23x*H-3Sx^+ 


~BxS= T 9j; - 15x^ - 27x« - A5x* - 69x« - 


8x^S = 


By addition, 


9x* + 15x»4-27x* + 45x»4-.. 
- 3x*^ 5x*- 9x»-.. 
(l-x)8iSr=3-4x4-8xa; 

••• ^=-Ti::¥r • 
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399. We have seen in Chap. xxiv. that the generating 
function of a recurring series is a rational fraction whose denomi- 
nator is the scale of relation. Suppose that this denominator can 

be resolved into the factors (1 - oa;) (1 - fcac) (1 — ca:) ; then the' 

generating function can be separated into partial fractions of the 


form 


A B C 
\ i — ^ 1 — cx 


Each of these fractions can l»e expanded by the Binomial Theorem 
in the form of a geometrical series; hence in this case the re- 
curring scries can be expressed as the sum of a number of 
geometrical scries. 


If however the scale of relation contains any factor I — ax 
more than once, corresponding to tliis repeated factor there will be 

partial fractions of the foi*m /i ^ which 

^ {\-axY (1 - ax)® 

when oxpinded by the Binomial Theorem do not fonu geometrical 
series; hence in this case the recurring series cannot be expressed 
as the sura of a number of geometrical series. 


400, Tlie successive orders of diderences of the geometrical 
progn^ssion 

a, ar^ ar*, ar®, ar*, a/, 

are a{r-\)y a(r— l)r, a(?’— 1)^®,.:. ... 

a (r - 1)*, a{r- 1)V, a (r -1 )V“, 


which are themselves geometrical progressions liaving the same 
common ratio r as the original series. 

401. Let us consider the series in wliicli 
II ^ (n), 

where ^{n) is a rational integral function of n of p dimensions, 
and from this series let us form the successive orders of differences. 
Each term in any of these orders is the sum of two parts, one 
arising from terms of the form ar"“*, and the other from terms of 
the form^<^(n) in the original series. Now since is of p 
dimensions, the par{ arising from will be zero in the {p + 1^^ 
and succeeding orders of differences, and therefore these sen^ 
will be geometrical progressions whose common ratio is r. 

[Art. 400.] 
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I Hence if tlie first few terms of a series are given, and if the 
order of differences of these tilnns form a geometrical pro- 
egression whose common ratio is r, then we may assume that the 
I general term of the given series is +/(^), where /(n) is a 
I rational integral function of n of p-1 dimensions. 

Example, Find the term of the series 
10, 23, 60, 169, 494, 

The successive orders of differences arc 

13, 37, 109, 335 

24, 72, 216, 

Thus the second order of differences is a geometrical progression in which 
the common ratio is 3 ; lienee we may assume for the general term 

u^—a . 3*‘“^ + Z>n + c. 

To determine the constants a, 5, c, make n equal to 1, 2, 3 successively; 
then a + 5 + c = 10, 3a + 25+c = 23, 9a 4-35 + 0 = 00; 

whence a = 6, 5 = 1, c=3. 

Thus ■M,^=6.3»*--i + n + 3=2 .3« + 71 + 3. 

402. In each of tlie examples on recurring series that we 
have just given, on forming the successive orders of difierenoes 
we have obtained a series the law of whicli is obvious on inspec- 
tion, and we have thus been enabled to find a general expression 
for the 71^^ term of the original series. 

Tf, however, the recurring series is equal to the sum of a 
number of geometrical progressions whose common ratios are 
a, c, ..., its general term is of the form ^ + (7c" 

and therefore the general tenn in the successive orders of 
differences is of the same form ; that is, all the orders of differ- 
ences follow the same law as the original series. In this case to 
find the general term of the scries we must have recourse to the 
more general method explained in Chap. xxiv. But when the 
coefficients are large the scale of relation is not found without 
considerable arithmetical labour; hence it is generally worth 
while to write down a few of the orders of differences to see 
whether wg shall arrive at a series the law of whose terms is 
evident. 

^ 403. We add some exatnples in further illustration of the 
preceding principles. 



SUMMATION OF SERIES. 


Example 1 . 


Here 

Assuming 
we find 
Hence 


Find the sum of n terms of the series 
^15 9 1 . 11 

1.2*8'^2.8‘8a 


1 . 4 8» 4 


_.u 

6 3‘ 


_ 2n + 3 1 

“"~«(n+i) 'a*’ 


2?! 4" 3 A. 7? " 
n (n + 1) ~ w ^ n + 1 ’ 



^=3, 2?= -1. 

\ 1 ^1 1 
« + i/ 


J. J. 

71 + 1 ’S"' 


and therefore 


5„=1- 


1 1 
n +i *. 3«‘ 


Example 2. Find the sum of n terms of the series 

13 5 7 

3 O 377 . n 3 . 7 . 11 . 15 


The 71^'* term is 
Assume -- - — 

tJ • # . , . 


2«-a 

3.7.11 '(4»-''5)(4n-l)’ 

2n-l_ _ _ A (n4 l) + / r 

(47* - 5) (4n - 1) ”3.7 - 1 


A u -j- E 

3.7._..(4n-‘^ 


. 2n - 1 = ^« 4- (A 4- /?) - (.4« -f E) (4n - 1). 


On equating coelBeients we have three equations involving the two 
unknowns A and 71, and our assumption wull be correct if values of A and B 
can be found to satisfy all three. 

Equating coefficients of 7*^, we obtain ^4—0. 

Equating the absolute terms, -1=2^; that is B—-i; and it will be 
found that these values of A and B satisfy the third equation. 


hence 


_1 JL _ 1 

’^‘”2 '3. 7 .7... (471 -5) 2' 

”■“2 2*3.7.11 


3.7 

1 




...... (47*- 5H47i- i) 

(4a -1)- 


Example 3. Sum to n terms the series 

0.94 12. 21 4* 20, 37 4- 30. 57 4- 42. 81 4- 

By the method of ^t. 396, or that of Art. 397, we find th^fc the term 

of series 6, 12, 20, 30, 42, is n® 4* 3714- 2, 

and the term of the series S 

9, 21, 37, 67, 81 is2n* + 6re+l. 
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Hence tt^= (n +!){» + 2) {2n (n + 3) + 1 } 

=2n (n + 1) (n+ 2) (n+ 3) + (n + 1) (« + 2) ; 

5,|=g7i(n+l) (« + 2) {w + 3) («+4) + |(w + l) (n + 2) (7A + 3)’- 2. 


^ /Example 4. Find the sum of n terms of the series 

2.2 + 6.4 + 12.8 + 20.16 + 30.32+ 

In the scries 2, 6, 12, 20, 30, the term is w" + n; 

hence -l- w) 2“. 

Assume (n® + n)2’‘ — (^n^ + J5w+ 0)2"- {A (»- 1)’* + !? (n- 1) + 0} 2"'*; 
dividing out by 2"“^ and equating coefficient a of like powers of rt, we have 


2r=A, 2^2A+B, 0=^C-A+B; 
whence A=2, J?=--2, 0=4. 

v^= (2n^ - 2w +4) 2" - {2 (n - 1)2 - 2 (rt ~ 1) + 4} 2" ^ ; 
and = (2n2 - 2w + 4) 2" - 4 = ^ + 2) 2"+i - 4. 


EXAMPLES. XXIX. b. 


Find the w*'* term and the sum of n terms of the sorios : 

1. 4,14,30, 52,80,114, 

2 . 8, 26, 54, 92, 140, 198, 

3 . 2,12,36,80,150,252, 

4 . 8 , 16, 0, -64, -2(X), -432, 

6. 30, 144, 420, 960, 18SK), 3360, 

Find the generating functions of the series : 

6. 1 +3.r-f'7.r2 +-13^1:3 + 2 1.27* -1-3 l.«?^-f- 

7. 1 + 207 + 9^7^ +20;r^ + 35:17* +54^+- 

8. 2 +- 5o 7 + 10.^’2 + 17or^ + 26o7* + 37o7^» + 

9 . 

10^ 1*4- 2*07 + 3 * 07 ® + 4/^^ 4. 54 ^ 4. 


Find the sum of the infinite series ; 

3 ^ 3 * ^ 3 » ^ 3 < ^ 

. 2 ® 3 * 4 ^ 52 & 

12- + + + 
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Find the general term and the mun of m terms of the series : 

13. 9, 16, 29, 54, 103, 

14. -3, -1, 11, 39, 89, U57,. 

15. 2, 6, 12, 31, 86, 

16. 1, 0, 1, 8, 29, 80, 193, 

17. 4, 13, 35, 94, 262, 755 

Find the sum of n terms of the series : 

18. l+2ar+at^+4a;®+5^+ 

19. l+ar+&r2+i0aJ+15i-* + 

on 1 . 4 1 . _5_ 1 ._6_ i . 

1.2’2'’’2.3’22‘*'3.4‘2» 4,5' 2< 


T2 at at 42 

“• 0-‘ + 3T4'‘’+4- 

22. 3.4 + 8.11 + 15.20 + 24.31+35.44 + 

23. 1,3 + 4.7 + 9.13 + 16.21+25.31 + 

24. 1.5 + 2.15 + 3.31+4.53+5.81 + 

_ 1 2 3 4 

1.3 i . 3 . 5 i . 3 . 5 . 7 1.3. S'. Y. 9 

^ 1.2 2.22 3.23 4.2* 

^ li ^ ^ 

27. 2.2+4.4+7.8 + 11.16+16.32 + 

28. 1.3+3.3* + 5.3»+7..3‘+9.3»+ 

*1 1.3 1.3.5 1.3. 5. 7 

2. 4 ■'■ 2 . 4 ; 6 ■^2. 4. 6. 8 ■*'2. 4. 6. SVIO'*' 

»»■ A + !— 

31 A 1 + 

i.2T3‘3 2.3.4’3“ 3.4,6*3’ 

32 l + £ + li + l? + 

li li l» 

33 _JL 9 _ ! + _??_ l + _?2. 1. 

^ 1,2. 3' 4^2. 3. 4’ 8 3. 4. 6' 16 4. 6. 6' 32 


333 
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404. There are many series the summation of which can be 
brought under no general rule. In some cases a skilful modifi- 
cation of the foregoing methods may be necessary ; in others it 
will be found that the surnniation depends on the properties of 
certain known expansions, such as those obtained by the Binomial, 
Logarithmic, and Exponential Theorems. 

Example 1. Find the sum of the infinite series 
2 32 28 50 78 

li + g_+|.;|_+rf + |£+- - 

The term of the series 2, 12, 28, 50, 78 .... is 3n‘- + 7i - 2; hence 
_ - 2 - 1) in - 2 

««- - - j„ 

^ ” 1 _ 2 

\ ~ |n - 2 jw- 1 |?i ‘ 

Putting n equal to X, 2, 3, 4,.. in succession and adding the vertical 
columns, we have 







Example 2. If + + .. -i find the value of 


As in Art. 398 we may easily shew that 

1® + + 3*3:= + 4 V + . . . + + ...■= 

{!-«)» 


Also = (1 + x)**. 

Multiply together those two results; then the ^iven series is equal to 

the coefficient of in , that is, in -- • 

{X - xf (1 - a;)3 


*xlie only terms containing in this expansion arise from 

2*^1 {1 - a:)-s - (71 + 1) 2^ (1 - x)-^ + ” ” 2"-^ (1 “ 

11 , ^ 

the given series s= -n(n-¥ 1) 2~ 2«-i 

=n(n+l)2«-^ 
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j 

Exa/mple 3, If 1, and is a positive integer, find the value of 

[1 . II 

By the Binomial Theorem, we see that 

-I - 3) (” - (m- 6) (ft-4)(»-») 

’ ’ ■■ “ IS 7“- - 

are the coefficieiits of x^~% in the expansions of (1 - 3r)“\ 

(l-ic)"*, (l-.r)-'*, respectively. Hence the sum required is 

equal to the coefficient of x'*‘ in the expansion of the series 

1 ax^ 

l — hx (1 - bx)'^ ^ (i “ ■“ * 

and although the given expression consists only of a finite number of terras, 
this series may be considered to extend to infinity. 

But the sum of the series — , ^ 

1 - bx \ l-bxj 1 - + 


1 - (<t H- 1) X -f ax^ 

Hence the given sorics = coefficient of in 


ax^ 

, since h -a -H 1. 


(1-.T) (1-«X) 

-coefficient of .t’‘ in ^ — “ t ^ ■ i 

rt-l\l~ax 1-x/ 


1 

' tt-l ■ 


V Example 4. If the series 

^ X® .r® r* x^ x’ X® x^ 

li'i? 1!. 

are denoted by «, &, c respectmdy, shew that a® -f It^ + c® - Mbc = 1. 
If o; is an imaginary cube root of unity, 

-H 6® + c® - 3a/>c = {a 4- b + c) (a + tab + (a 4- w-b 4* wc). 


Now 


and 


similarly 


x^ x^ x® 

« + 6 + c = l+ar + |2+|j- + j5 + ig+ . 

= «*; ----- 

w®x* ar*x® w^x’^ 

a 4- (at 4- -1 4- wx4''-',^ 4- -.q- + “77‘ + ■ 

ll 1:: 11 II 

__ ^wX ^ 


• «»» 
a4-ttf*b4- wc = c 

« ,• a o 1 X w* <«■* (l+wf«*)x 

*, a® 4- b* 4- c® “ SUrbe = c . c .c =fl 

= 1, since 1 + w4*a;®~0, 


•• 
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405. To find the mm of the powers of the first n natural 
mmibers* 


Let the sum be denoted by ; then 

= r+2'‘ + 3- + ... + 7i\ 

Assume that 

— + Ay + +Ay~^ + ... -^An-^A^^^ (1), 

where A^^^ -4^, A^, A^, ... are quantities whose values have to be 
determined. 

Write n 1 in the place of n and subtract; tlius 
(n+lY=.A^ {{n + ~ + A^ {{n + 1/ - n^] 

+ A, {(n + I)"-' - rr^} + {{n + 1 )’'"* - w^“*} +A ^, . .(2). 

Expand (n+iy^^, (n + iy, (n + iy“S ... and equate the co- 
efficients of like powers of n. By equating the coefficients of n', 
we have 

1 -= (r + 1), so that A„ j . 

By equating the coefficients of n^~\ we have 

>1 (r-f-l)r , , .1 

r - - ^ ■■ ■ — — + A whence A ~ 

A A 


Equate the coefficients of substitute for A^^ and A^, and 
multiply both sides of the equation by 

\p_ . 

r (r — 1 ) (r - 2) ... (r - p + 1) ' 

we thus obtain' 


1 1 1 ^ 

J == 4- _ 4, ^ 

p + l 2 


Pj. A P{P-^) , A P{ P-^) (. P- 

V **r(r— 1) * r (r - 1) (r — 2) 


+ ...(3). 


In (1) write — 1 in the place of n and subtract; thus 
Equate the coefficients of n’’^^ and substitute for A thus 

'0 = - 1 + A,p- a/sp^i a. a ;; y - rff - .... ( 4 ) 

4) + l 2 *r ^r(r-l)(r-2) ' 
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(5). 


Pt'om (3) and (4), by addition and subtraction, 

1 _ , 1 .. P^.A PiP-'^ ) (P-‘^ ) I 
2 p + l ^r(r-J)(r-2) 

0 - 'S + («)■ 

“ r (r - 1 ) * r (r - 1) (r — 2) (7’ - 3) ' - 

By ascribing to in succession the values 2, 4, 6,..., wc see 
from (6) that each of the coefficients A^y A.,.,, is equal 
to zero; and from (5) we obtain 

1 r _ 1 r(r^)Jr-2). 

\2’ 30' ' |4 ” ’ 

, 1 r (r - 1) (r - 2) (r^ 3) (r- 4) 

-42* j6“ ^ 

By equating the absolute terms in (2), we oljtfuu 

1 ~A^-¥ A^'¥A^ + A^'h 

and by putting n- 1 in equation (1), we have 


1 " A.. 4" j4, "h a A^ 4- 


A -h A 


thus 


400. The result of the preceding artichj is most conveniently 
expressed by the formula, 


1 


r(r-'\){r^2) 


- r+1 2 ^j2 " 1 4 

+ i? tr. ll (^-2) (r> -3) ( r- 4) ^ ^ ^ ^ ^ 

where J, B^ - . . . 

The quantities B^yB^yB^y... are known as Bernoulli's Numbers; 
for examples of their application to the summation of other series 
the advanced student may consult Boole^s Fimte Differences, 

Example, Find the valtiG of 1® + 2** -f 3® + + n®. 


Wo have 




5.4.3 


n* + (7, 


_n* n» 6n‘ _ ^ 
“ 6 "^' 2’*'13 12 ’ 

&a wmstant b^ng zero. 

H,-H. A. 
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HTAHTPT.Hg- mmr. c. 

Fiad the eum of the following eeries : 

1 2^ 

*• I o 





.1; af^ 




2 , 

O'^O 

i 

r + 

.Cl + 

4 . 

i+J-^ . 

1 - * 1^1 1 


+ +. 


^ ^ 22-1 ;r 2 32-1 ^-2 42-1 ^ 

6. l + 2;i;+ ^ .^+ •2'^ [4 ' ' 3 ' 


. to r H- 1 terms* 


6 y + PZL 1+}^, r, 

l£ \Zz V 1 i!Lr.? * \? \rizA* 

7 +-y) - 1) 1 + 2r 

l + ?w; ,2 *(r4-7w?)2 

n(w-l)(»-2) l+;ij; 

+ ^ -(1+^- to^tomw., 


271+1 /2?i + 1Y , , 

^ ® 2^-1 + ^ (2« -1 j + 


9- 1-12 + — Ja;-^ l*.2“,3+~ ■*■ to K+1 terms. 


10. (1 +2) log.2+ (log.2)= + (log.2)’+ . 


1 I I 

i.2.3'^3.4.6'^5.6.7'''' 


10 I4. ?+ 64.ll4.I8. 


,.24!* 4 :* V4r< 234--« 121a" 

13. I+.-et-T^ + t: T,- + 


■t! If li I! 

. 14. without assuming the formula, find the sum of the series : 
(1) l"+2«+3«+ +««. (2) K+2^+3t+ +n'. 
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tl6. Find the sum of 4. -1. + 

j3 |3 j4 

X 

16. Shew that the coefficicnt;of in the expansion of . ^ is 

„ (1 e-H (>^^-l)(«^-4 )^, , ( «^-l)K-4 )(»»-9) ^ ^ \ 

I I® 11 \1 f 

17. If n is a positive integer, find the value of 

1 ) 2 --*+ 2 -- 2 --.+ ; 

[2 1^ 

and if n is a multiple of 3, shew that 

i_(„_i)+t^iz2^^iri)_(!Lz3Kr^ =(_!)» 

18. If n is a positive integer greater than 3, shew that 

« (» - 1) („-2)*+ ” -i!l - - ^ K! ^ . l) i "r3 ) (,_4),+ ... 

~ w®(m- + 3) 2*'“^. 

19. Find the sum of n tonus of the series : 

1 + 1*+1* l+2*+2‘^l+3* + 3< 

® J? _ JL -1? _ ILj. _ 

^ ' iT2 2.3‘^3.4 4.5‘''5.'6 C.7''’f;8 

20. Sum to infinity the series whoso term is ~ . 

7i{7i-hl){n+2) 

21. If (1 + x)^ = <7 q + 4- + CyV^ + + 71 being a positive 

integer, find the value of 

(n - l) 2 ci + {71 - Z)\ + (w - 6)\ + 

22. Find the sum of n terms of the series : 

2 _L,_ 8_ 16. 32 

i76“6.7 7.17 17.31 31.05 

7 17 31 49 71 

1.2.3 2.3.4‘^3.4.5 4.5.'6'*’6.6.7~ 

* • *. 

23. Prove that, If a< 1 , (1 +<m:)( 1 + a’a:)(l +a^x) 

fluf , <*»** 
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21 is the coefficient of a? in the expansion of 

(^+'^ 

02 1 072 
I«W 0 that A,= 2^11 ^ 1 =-' 3 ^ • 

26. If n iM a multiple of 6, shew that each of the series 
n(n-l)(«-2) .3)(«-4) , 

” (3 ■ |5 

n{n-\){n — ^) 1 w(n — 1)(» — 2)(;i-3)(w.-4) 1 

is equal to zero. 


26. If n is a positive integer, shew that 

(i> + 3)* - (« - 1) j3j(/> + ?)" - ® 1>Y ( /> + 3)* '* - • 

. , »n + l_^n+l 

IS equal to ^ — . 




27. If i\==(n“r)(/i-r+l)(;i-r+2) (><. - 1), 

Q,=r(r+l)(ir+2) (r+ 3 - I), 


shew that 

P 1 Q 1 + p 3^3 + 




\ p-^'q + l I a- 2 


28. If w is a multiple of 3, shew that 
_ n-3 , (n-A){7i-b) (w~5)(^-G)(7i-7) , 

-r ^ — (3 n 

+( _ i)r-i I)(” ->’- 2 )— (”- 2 r + 1 ) 

3 1 

is equal to - or — , according as n is odd or oven. 


22. If J? is a proper fraction, shew that 

30 X 


X 



CHAPTER XXX. 


Theory of Numbers. 

407. In this chapter we sliall use the word number m equi- 
valent in meaning to integtii\ 

A number which is not exactljr div isible by any nu mber 
except Itse lf and ft 2>rinie number y or a prvinJs 

number ^lich is divisible ^ by oSi<Br nuiub ers nijcsTdcOtselT and 
teity f thus 53 is a primeliuihber, 

*35“ is a ‘'composite number. Two numbers wh ich have no 
common factor except unity are sai^l tQTBfiL iil^^ dtfiwr: 

tnu^4 IS prune to 77. 

408. We shall make frequent use of the following elementary 
propositions, some of which arise so naturally out of the definition 
of a prime that they may bo regarded as axioms. 

(i) If a number a divides a product he and is prime to one 
factor by it must divide the other factor c. 

For since a divides be, every factor of a is found in be; but 
since a is prime to b, no factor of a is found in b ; therefore all 
the factors of a arc found in c ; that is, a divides c. 

(ii) If a prime number a divides a product bed,.,, it must 
divide one of the factors of that product; and therefore if a 
prime number a divides i", where n is any positive integer, it 
must divide b. 

(iii) If a is prime to each of the numbers 6 and c, it is prime 
to the product 5c. For no factor of a can divide 6 or c ; there- 
fore the product be is not divisible by any factor of a, that is, a 
is prime to 5c, Conversely if a is prime to 5c, it is prime to each 
of the numbers 5 and c. 

Also if a is prime to each of the numbers 5, c, d, ..., it,4s 
prime'^to the product bed. . . ; and conversely if a is prime to any 
number, it is prime to every factor of that number, 
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(iv) If a and b are prime to each other, every positive 
integral power of a is prime to every positive integral power of 6, 
This follows at once from (iii). 

(v) If a is prime to 6, the fractions ? and ^ are in their 

lowest terms, n and m being any positive integers. Also if ^ and 

“ are any two e<|ual fractions, and ^ is in its lowest terms, then 
d } ' ^ 

c and d must be equimultiples of a and b respectively. 

409. Tlie mmiher of primus is infnit(\ 

For if not, let p be the greatest prime number; then the 
product 2 . 3 . 5 . 7 , in which each factor is a prime num- 
ber, is divisible by each of the factors 2, 3, and therefore 

the number formed by adding unity to their product is not 
divisible ))y any of these factors; hence it is either a prime 
number itself or is divisible by some prime number greater than 
p : in either case p is not the greatest prime number, and there- 
fore the number of primes is not limited. 

410. No raiional algebraical formula can represent prime 
numbers only. 

If possible, let the formula a + -t- c.^® -t- (/a;* + . . . represent 

prime numbers only, and suppose that vdien x -- the value of 
the expression is p, so that 

p- a + hm cm^ h dm^ -f- ; 

when a; = ra + np the expression becomes 

a + b {m + np) -h c (m-i' npY + d {m + 4 . . . , 

that is, a 4- hm 4- cm* 4- dm* 4- ... 4- a multiple of p, 
or ^ multiple of p, 

thus the expression is divisible by p, and is therefore not a prime 
number. 

411. A number can be resolved irdo prime factors in ord^ oiie 

tvay. ^ 

Let N denote the number; suppose N — ahcd...^ where 
c, dy ... are prime numbers. Suppose also that j!\7==-a/3yS .., 
where a, y, 8, . . . are other prime numbers. Then 

abed . . . — djlpyS. . . ; 
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hence a must divide ahcd.,, ; but each of the factors of this pro- 
duct is a prime, therefore a must divide one of them, a suppose. 
But a and a are both prime; therefore a must be equal to a. 
Hence bed . . . /?y8. . . ; and as before, p must be ecjual to one of the 
factors of bed... ; and so on. Hence the factors in are 

equal to those in abed . . and therefore N can only be resolved 
into prime factors in one way. ' ^ 

412. 7^0 find the number of divisor a of a composite number. 

Let N denote the numlier, and suppose iV=a^6V..., where 
a, h, Cf ... are different prime numl^rs and 7;, g, r, ... are positive 
integers. Tlieii it is clear that each term of tlie product 

(1 H- a -f (d + +a^)([ -hb <- ... + Z/'^) (1 4- c + c* 4- f c")... 

is a divisor of the given number, and that no other number is a 
divisor ; hence the number of divisors is th^ numl^r of terms in 
the product, that is, 

(/j + l)(^/ + l)(r + l) 

This includes as divisors, both unity and the number itself. 

413. To fi'iid the niunber of ways in which a cojnposite number 
can be resolved into two factors. 

Let N denote the number, and suppose JSf ^ a^Vd ...^ where 
a, ft, c... are difierent prime numbers and r/, r... are positive 
integers. Tlien eacJi term of the product 

4- a -4* a* -f ... 4- (1 -fft + ft'' + ...4 ft^^ (l+c-f-c'-t*... + . . . 

is a divisor of iYj but there are two divisors corresponding to 
eacli way in which N can be resolved into two factors ; hence the 
required number is 

l){q + \){r+\) 

mi 

This supposes N not a perfect square, so that one at least of the 
quantities ... is an odd number. 

If 2Y is a perfect square, one way of laelhlution into factors 
is JN X and to this way there corresponds only one divisor 
JN. If we exclude this, the number of ways of resolution is 

And "to this we must add the one way JN x JN) thus w© obtain 
for the required number 
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414. To Jmd the number of ways in which a eomposUe 
can be resolved into two factors which are ^mme to each 

other. 

As before, let the numljer N Of the two factors 
one must contain for otherwise there would be some power of 
a in one factor and some power of a in the other factor, and thus 
the two factors would not be prime to each other. Similarly b'* 
must occur in one of the factors only ; and so on. Hence the 
required number is equal to the number of ways in Vhicli the 
product ahc... can bo resolved into two factors; that is, the 

number of ways is (1 + 1) (1 + 1) (1 + 1)... or 2"“*, wliere n is 

the number of different piime factors in iV. 

415. To find the sum of the divisors of a number. 

Let the num}>er be denoted by aFh‘‘d.. , as before. Then each 
term of th<3 product 

(1 + «*‘) (1 + 6 + 6* + ... +?/)(! 'i~ r + c* 4- ... o'") . . . 

is a divisor, and therefore the s^^,7n of the divisors is equal to this 
product ; that is, 

the sum required— . , - , . 

^ a-1 0-1 c-1 

Example 1. Consider the number 21f>00. 

Since 21(500 = 6-* . 102=23 . 3® , 2^ . 52 =. 2^^ . a* . S't 

the number of divisors = (5 + 1) (3 + 1) (2 + 1) =: 72 ; 

26-1 3^-1 6^-1 
the sum of the divisors = - -r . ^ , 

2-1 3-1 6-1 

= 03 X 40 X 31 

= 78120. 

Also 21000 can be resolved into two factors prime to each other in 2*”^, 
or 4 ways, 

Emmple 2. If n is odd shew that w ( 21 ^ - 1) is divisible by 24. 

We have n(n2-l)=n(w-l)(n + l). 

Since n itrbdd, w - 1 and n + 1 are two consecutive even nmn&ers; henfiid 
one of them is divisible by 2 and the other by 4. 

*i Again n-1, n hl are three conseeutivo numbers; hence one of them 
divisiblo by 3. Thus the given expression is divisible by the product of 2, 
3, and 4, tliat is, by 24. 
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Example 1^. Find the highest power of B which is contained in |100. 

Of the first 300 integers; as many are divisible by 8 as the number of 
times that 8 is contained in 100, that is, 38 ; and the integers are 3, 6, 9,... 09. 
Of these, some contain the factor 8 again, namely 9, 18, 27,... 99, and their 
nnml^r is the quotient of 100 divided by 9. Some again of these last 
integers contain the factor 3 a third time, namely 27, 54, 81, the number of 
them being the quotient of 100 by 27. One number only, 81, contains.the 
factor 8 four times. 

Hence the highest power required 33 + 11 + 3 + 1 = 48. 

This example is a particular case of tlie theorem investigated in the next 
article. 


416. To find the liigMst power of a prime number a which is 
contained in |n. 

Let the greatest integer contained i;i respectively 

% a a a 

be denoted by I ^ ‘ * ‘ the numbers 


1, 2, 3, ... n, there are I y-j whicli contain a at least once, namely 

the numlKji'S 2a, 3a, 4a, ... Himilarly tlnn-e are I wliich 

contain a® at least once, and / which contain a® at least once; 
and so on. Hence the higliest pow'cr of a contain<*d in \n is 

K”)* '(’;)• 'CO-' 


417. In the remainder of tliis chapter we shall find it con- 
venient to express a multiple of n by the symbol M{ny 

418. V To prove that the product of r consecutive integers is 
divisible by 

Let stand for the product of r consfunitive integers, the 
le^t of wliich is n ; then 

P “ 71 (71 + 1) + 2) . . . (?i + r - 1 ), 

and P„+, = (»i+ + 3) ... (7i-i-r); 

^•'K^r^{n + r}P,=-nl\ + rF,-, *• 



r tim^ the product of r - 1 ccinsecutive ini^ers. 
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Hence it tlie product of r — 1 consecutive integers is divisible by 
| r — 1 , we have 

Now P, = |r, and thert^fore I\ is a multiple of (rj therefore 
also P^, P^, ... are multiples of |r. We have thus proved that if 
the product of r — 1 coixsecutive integers is divisible by |r ^1, the 
product of r consecutive integers is divisible by \rj but the 
product of every two consecutive integers is divisible by |2 ; 
therefore tlie product of every three consecutive integei-s is divisible 
by |3 ; and so on generally. 

This proposition may also be proved thus : 

Jly means of Art. 410, we can shew that evciry priiue factor 
is contained in \n + r as often lU hast as it is contained in |ri |r. 

This we leave jts an exercise to the student. ” ~ 

419. If p is a irrime number ^ the coefficient of every term in 
tlirC expauhion of (a + b)'*, exce 2 >t the first and last, is divisible by p. 

With the exception of the first ajid last, every term has a oo- 
edicient of the form 

p(p-l)(p~2)...(p-r+l) 

' a . ' f 

ir 

where r may have any integral value not exceeding p—1. Now 
this expression is an integer; also since is prime no factor of [r 
is a divisor of it, and since p is greater than r it cannot divide 
any factor of | ?’ ; that is, (i’ 1) (p - 2)... (/> - ?• + 1) must be 

divisible by [r. Hence ev^ery coefficient except the first and 
the last is divisible by p. 

420. If p is a prime number, to prove that 

(a + b + c + d + . . .)^ = + b** + cP 4- d*’ 4- . . . + M(p). 

Write for 6 4- c 4- ... ; then by the preceding article 
{a + pY^a^ + ^ -i- M{p). 

Again = (6 + c 4- cf 4- . . .y* - (6 4- y/ suppose ; 

-6^4./ + Jf(p). 

By proceeding in this way we may establish the required result. 
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4S1. [Fermat's Theorem.] 7/* p is a prime rmviher mid N is 
•prime to p, then N^‘“ * — 1 ie a multiple of p. 

We Jiave proved that 

4* i!> 4* c + + . . . = a** + 6^* -4* + (Tf* 4- ... 4- M. ( 2 ^) j 

let each of the quantities a, Cy ... l)e equal to unity, and sup- 
pose tliey are N in numl:)er ; then 

that is, N - 1) r^M{p). 

But N is prime to py and therefore - 1 is a multiple of 

/ 

Coil. Since p is prime, — 1 is an e^en number except when 
p 2. 'llierefore 

p I p-i 

Hence either JV 2 + 1 or iV 2 — 1 is a multiple of py 

^p-i 

that LS W 2 Xp -b 1, where K is some positive integer. 

422. It should bo noticed that in the course of Art, 421 it 
was shewn that M (p) wftether N is qtrbne to p or not ; 

this result is sometimes more useful than Fermat's theorem. 

Extnnjde 1. Shew that 11 ^ - n is divisible by 42. 

Since 7 Is a prime, - »=J/ (7); 

also l) = «(n4-l) (n- 1) (?r* 4-7t®4-l)- 

Now (« 1) 91 («4- 1) is divisible by j3; hence - n is divisible by 6 >; 7, or 42. 

Example 2. If is a prime number, shew that the difFerenoe of the 
powers of any two numbers exceeds the difference of the numbers by a 
multiple of p. 

Let Xy y be the numbers ; then 

x^ -x=^M {p) and -y~M (p)y 
that is, - 2 /P - (« - p)= Jf (p) ; 

whence we qj^tain the required result. ^ 

* 

JSieample 8. Prove that every square number is of the form 5n or 5ncb 1. 

* t 

If N is not prime to 5, we have N^=:i5n where n is some posiiivb integer! 
If N is prime to 5 then 1 is a multiple of 5 by Fermat's theorem; &us 
either N^-lot N* 4 - 1 is a multiple of 6 ; that is, N®=$n±l. 
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EXAMPLES. XXX. a. 

1. Find the least multipliers of the numbers ^ 

3675, 4374, 18375, 74088 

resi)ectively, which will make the products i>erfect squares. 

2. Find the least multipliers of the numbers 

7623, 109350, 539539 

resjioctively, whicli will make the products ^Kirfoct cuIk>h. 

3. Tf X and ?/ are posith^e integers, and if x-y ivS oven, show that 
is divisible by 4. 

4. Shew that the difierence bctwecni any iiuml)or and its sqaarc^ 
is even. 

5. If 4a’ -y is a multiple of 3, shew that 7,iy - is divisible 

by 9. ‘ 

6. Find the number of divisors of 8064. 

7. In how many ways can the numlx^r 7056 be resolved into 
two factors ? 

8. Provo that 2^" - 1 is divisible by 15. 

9. Prove that n -f 1 ) (w-f 5) is a multiple of G. 

10. Shew that every numlxir and its cubt' when divided by 6 leave 
the .same remaiiider. 

11. If n is even, shew that v (7^2+20) is divisible by 4H. 

12. Shew that n {n^ - 1 ) (37z -f 2) is divisible by 24. 

13. If n is greater than 2, shew that + jy divisible by 

120 . 

14. Prt>vo that 32"-f 7 is a multiple of 8. 

15. If 71 is a i^ririie number greater than 3, show that w* - 1 iar 
a multiple of 24. 

18. Shew that - w is divisible by 30 for all values of 7i, and by 

240 if n is odd. 

17. SHeV that the difference of the squares of any^ two prime* 
numbers greater than 6 is divisible by 24. 

;• lA Shew that no square number is of tlie form 3 ta -- 1. 

19, Bh^w that every cube number is of the fosrm 9n or 9n^ h 
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20. Shew that if a cube number is divided by 7, the remainder 
is 0, 1 or 6. 

21. If a number is both square and cube, shew that it is of the ^ 

form or 7w+l. : 

/ 22. Show that no triangular number can be of the form 3/i - 1. 

/ 23. If 2^1+1 is a piime number, shew that 2^, when 

divided by 2a -I- 1 leave different remainders. 

24. Shew that a* + a tand a^-a are always even, whatever a aiid x 
may be. 

25. Prove that every even iK>wer of every odd number is of the 
f(;rm Br + l. 

/ 26. Prove that the 12^*^ iX)wer t>f any i\uml>cr is of the form 13a 
<,»r 13«4-1. 

/ 27. Prove that the power of any number is of the form 17« 
or 17w+-l. 

28. If n IS a prime number gi*eater than 5, shew that is 

divisible, by 240 

29. If a is any prime number greater than 3, except 7, shew that 
1 is divisible by 168. 

30. Show that 1 is divisible by 33714 if )i is prime to 2, 3, 19 
and 37. 


31. When n+1 and 2/j + l arc both prime numl>ers, shew that 

is diviaitde by 8 l)(2jt?-|-l), if (c is prime to 2, + and 

2jo+l. 

32. If p is a prime, and x prime to jt?, show that - 1 is 

divisible by 

33. If m is a prime number, and a, h two numbers less than 
prove that 

Q^m — 2 ^ + 4- — i 

is a multiple of m. 


423, M a is any number, then any other number may- 
be s^epressed in the form + where q is the integral 

quotient ^hen N is divided by a, and r is a remamdei;les$ than a. , 
The number tn^ to which the other is referred, is sometimes called^ 
the moMm; and to any given modulus u there are m dWeient 
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forms of a number AT, each form corresponding to a different 
value of r. Thus to modulus 3, we have numbers of the fot*m 

3^ + 1, 3^ + 2; or, more simply, 3^, 3^*1, since .3g-h2 is 
equal to 3 (g' + 1) - 1. In like manner to modulus 5 any number 
will be one of the five forms fig', fig 1, fig 2. 

424. If ft, c are two integers, which when divided by a 
leave the same remainder, they are said to be congruent with 
respect to the modulus a. In this case 6 - c is a multiple of a, and 
following the notation of Gauss we shall sometimes express this 
as follows : 

/> = c (mod. a), or 6 - c = 0 (mod. a). 

Either of these formulse is called a congruence. 

425. ^ b, c are congruent witib respect to modulus a, tfhen 
pb and pc are congruent, p being any integer. 

For, by supposition, 6 - c ~ where n is some integer ; 
therefore ph -- pc — pna ; which proves the proposition, 

426. If s. is prime to b, and the quantities 

a, 2a, 3a, (b ~ 1 ) a 

are divided by b, the remainders are all different. 

For if possible, suppose that two of the quantities ma and 
m*a when divided by h leave the same remainder r, so that 

ma - qh + r, m'a ^fb^r \ 

then (m - 7/1') a^ {q-- q')b \ 

therefore h divides {m - m') a ; hence it must divide m — m', since 
it is prime to a ; but this is impossible since m and m' are each 
less than b. 

Thus the remainders are all different, and since none of the 
quantities is exactly divisible by b, the remainders must he the 

terms of the series 1, 2, 3, 6-1, but not necessarily in this 

order. , < 

Cor. If a is prime to 6, and c is any number, the b tenUBt 
‘.of the A.p. ' 

c, c Of c + 2af c + ^6 — 
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‘when divided by b will leave tlie same remainders as the terms 
of the series 

c, c+ 1, c-f 2, c-f (6 - 1), 

though not necessarily in this order ; and therefore the re- 
mainders will be 0, 1, 2, 5-1. 

427. bj» bg, ... are respectively comjrumt to Cj, c^, ... 

with regard to moduLue a, tlven the products b^bj,bg c^c^Cg ... 
are also congrueuL 

For by supposition, 

b^- c^^~~ 7i^a, ... 

where n.^ ... are integers; 

• •• ^xKK - "=(«. + «.") («. + ’‘."0 (•'a + • • • 

= c,c,c, ... +M{a), 

which proves the proposition. 


428. We can now give another proof of Fermat’s Theorem. 

If p he a prints number a^id N prime to p, then — 1 w 
a multiple of p. 

Since N and p are prime to each other, the numbers 

2i\r, 3W, {p-l)N (1), 

when divided by p leave the remainder-s 

h 2, 3, (2), 

tliough not necessarily in this order. Therefore the product of 
all the terms in (1) is congruent to the product of all the terras 
in (2), p being the modulus. 


That is, — 1 ^ and |p - 1 leave the same remainder when 

divided by p ; Thence 

but \p - 1 is prime to p ; therefore it follows that 

' I = 

429. We shW denote the number of integers i^j^s than a 
number a and priSje to it by the symbol ^ (a) ; thus ^ (2) 1 ; 

^(13) = 12; <j!»(18)te6; the integers less than 18 ^pd prime to, 
it being 1, 5, 7, 11, 13, 17. It will be seen^that we herd 
consider unity as prizte to aU numbers. 
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430. To shew that if the numbers a, b, c, d, ... are to 

each other^ 

<f>{Ahcd ...)-=^(a). ^(b) . <f>(c) ... , 

Consider the product ab ; then the first ah uuml»ers can be 
written in h lines, each line containing a numbers ; thus 

1, 2, A", 

a+l, rt-l-2, a-i ky rt + a, 

2a +1, + 2, 2a ^ h, 2a + a, 


(6 - 1) a 4- 1, (6 1) a + 2, ... (A - 1) a 4 A, ... (6 - 1) a 4 a. 

Let us consider the vertical column whicli l>ogins with k; if 
k is prime to a all the terms of this column will be prime to a ; 
but if k and a have a common divisor, Jio number in the column 
w'ill be prime to a. Now the lirst row contains <^(») numbers 
prime to a; therefore there are (a) vertical columns in each 
of which every term is prime to a; let us suppose that the 
vertical column wliich iKJgins with k is one of these. This column 
is an A. p., the terms of which when divided by h le^ve remaindera 
0, 1, 2, 3, ... 6 — 1 [Art. 426 Cor.]; lienee the column contains 
<h (b) integers prime to h. 

Similarly, each of the <f> (a) vertical columns in which every 
term is prime to a contain (6) integers prime to b ; hence in the 
table there <p{a).<t>{b) integers which are prime to a and 
also to b, and" fierefore to ab ; tliat is 

(a?^) i]b). 

Therefore €/> {abed ...)-<[> (a| . {bed 

- - <l>{a) .Kt> {b ) . <l> {cd . . . ) 


431. To find tits nwmher of positive inlay era less than a 
number^ and prime to it. 

Let fflT denote the number, and suppose that , 

where a,^ c, ... are different prime numbers, anA.jp, q, r ... 
positive integers. Consider the factor a*"; ‘of the natural num- 
bers 1, 2, 3, ... a** — 1, 0 ^, the only ones not prime to a are 

r 

2a, 3a, ... (a^"^)a, 
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and the number of these is cf ~' ; lienee 

Now all the factors <*", h’, c', are pfirne to each other ; 
,^(aW ••• 

^ (‘-3 - 

thtttia, = “ rt) 0 “ ft) (* “ c) "" 

Ei:<wipU. Shew that the Bum of all the integers which are less than Ji 
And prime to it ia i 0 (A’). 

If X is any integer less Uian N and prime to it, then a. is also an 
integer less than N and prime to it. 

Denote the integers by 1, p, 3, r , and their snm by S; then 
S~l+p + q + r + ... + {}f-r) + {^-<l) + {^-P) + i^-^^' 
the series consisting ot4>(N) terms. 

"Writing tiie series in the reverse order, 

S=(l/-l)+(A’-p) + (Jf-9)+(^-’-) + -+’‘+4+i’+^’ 

by addition, ZS=N+N+K+...io^{N)temia-, 

.-. S=4.V0(N). 


432 From the last articl^ it follows that the number of 
integers which are less than JF ftnd not prime to it is 


that is. 




c ah •ac he fxbc 




^re the term — gives the number of the integeil 

^ •m 


c® 


wWch contain « aa a factor; tlie term f gives the number of 


23 
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the integers 2a5, 3ab, ... ^ >^hich contain ab m sl £act<>r, 

and so on. Further, every integer is reckoned once, and once 
only; thus, each nmltiple of ab will appear once among the 
multiples of <?., once among the multiples of 6, and once negatively 
among the multiples of aby and is thus reckoned once only. 

Again^ each multiple of ahc will appear among the — , ^ ^ 

terms which are jnultiples of a, 5, c respectively; among the 

ir if A . 

-j — , — terms which are multiples of aby ac, he respectively ; 
ab G)C be 

if 

and among the multiples of ah,c'^ that is, since 3-34 1-^-1, 

each multiple of ahc occurs once, and once only. * Similarly, other 
cases may bo discussed. 


433. [Wilson’s Theorem.] If ip he a prime numbery 1 + [p- 1 
is divisible by p. 

By Ex. 2, Art. 314 we have 

[^1 = (p - ly- -{p-l){p- 2y-' + {p _ 3/- 

- (P — ?} + ... top-1 tenns; 

and by Fermat’s Theorem each of the expressions ^ 

(p - 2/“*, (^- 3)'’“'*, ... is of the form 1 + M (p); thus 

\P‘-l = M(p)+^l - (jo- 1) + to/7 - 1 terms| 

e= M{p) — 1, since /? — 1 is even. ’ 

Hcrefore 1 + |/7- 1 M (/7). 

This theorem is only tru6^l||ien p i% prime. For suppose p 
has a fact^f' q ; then q is less than p and must divide \p - 1 ; hence 
1 + |l> - I is not a multiple of q^ and therefore not a multiple of p. 

, Wilson's Theorem maj also be proved vrithont nsiug the 
quoted hxm Art. 314, as in following luitcle. 
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434, [Wilson’s Theorem,] i/‘p ^ a priitis nwmber^ 1 + jp — 1 
is divwihU % p. 

Let a denote cmy ojie of the numbers 

1, 2, 3, 4, ... (p-l) (1), ^ 

then a is prime to and if the products 

La, 2,0, 3,0, (/?*-!) a 

are divided by p^ one and only one of them knaves tlm re- 
mainder 1. [Art. 426.] 

Let this bo the product wio; then we can shew that the 
numbers m and a are different unless o-j» — 1 or 1. For if o* 
were to give remainder 1 on division, by p^ we sliould have 
«® - 1 = 0 (mod. 

and since p is prime, this can only be the case when o + l =2^ 
or a — 1 0; that is, when a—p—X or 1. 

Hence one and only one of the products 2a, 3o, ... (p - 2) a 
gives remainder 1 when divided by p ; that is, for any one of the 
series of numbers in (1), excluding the first and last, it is 
possible to find om other, such that the product of the pair is of 
the form M (p) + 1. 

Therc^fore the integers 2, 3, 4, ... (p-2), the number of 
which is even, can be associated in pairs such that the product of 
each pair is of the fonn M (p) + 1. 

Therefore by multiplying all these pairs together, we have 
2.3.4 ... (p-2)-Jf(p) + l; 
that is, 1.2. 3. 4 ... (p— 1) = (p- 1) {il/(p) + I } ; 

whence |p ~ 1 = J/ (p) + p ~ 1 ; 

or 1 + |p - 1 is a multiple of p. 

Cor. If 2p4 1 is a prime number (- 1)'' is dnisible 

by 2p 4* 1. 

For by Wilson’s Theorem 1 + is divisible by 2p4- 1, Put 
n - 2p 4 - 1, so that p 4- 1 = n -p ; then 

|2p - 1, 2.3,4 1) 

» a multiple of w 4 (- 1)’^ (!p)*- 

Therefore 1 + ( - 1/ ((£)' ia divisible by n or Zp + 1, ted 
therefore (|^)*+(~iy is divisible by 2;p+l, . . 
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435. Many theorems relating to the properties of numbers 
can be proved by induction. 

ExamjHe 1 . If is a prime number, x** - x is divisible by p. 

Let - X be denoted by / (x) ; then 

/(x + l)-/(x) = (x4-l)^-(x-fl)-{xP-x) 

=i>xP-» x'-»+ ... +1)X 

= a multiple ofp, ifp is prime [Art. 419.] 

/ (x + 1) =/ (x) H- a multiple of p. 

If therefore /(.c) is divisible byp, so also is/{x+l); but 
/(2)=2P-2 = (l + l)P-2, 

and this is a multiple of p when p is prime [Art. 419] ; therefore / (3) is divisible 
by^, therefore /(4) is divisible by p, and so on; thus the proposition is true 
umversally. ^ 

This furnishes another proof of Fermat’s theorem, for if x is prime to p, 
it follows that - 1 is a multiple of p. 

Example 2. Prove that 5^**+® - 24n - 25 is divisible by 576. 

Let 6*^ - 24n - 25 be denoted by/ (??) ; 
then / (w + 1) = 5^* - 24 (a + 1) - 25 

= 5«.5®»»-^^-24n-49; 

.% / (n + 1) - 25 / (n) = 25 (24a + 25) - 24n - 49 
= 576 (m + 1). 

Therefore if /(w) is divisible by 576, so also is /(n + 1); but by trial we 
see that the theorem is true when w = l, therefore it is true when w=r2, there- 
fore it is true when n~3, and so on ; thus it is true universally. 

The above result may also be proved as follows : 

52«+2 _ 24n - 25 = 25*^^* - 24w - 25 

=:25{l-f-24)'‘-24?i-25 
= 25 + 25 . 7t . 24 -j- iU (24») ~ 24« - 25 
= 576ji + i»f{576) 

=r.lf{576). 


EXAMPLES. XXX. b. 

L Bhow that !()»* + 3 , 4* ® in divisible by 9. ^ 

2. Shew that 2 . *7"+ 3 . 5** - 6 is a multiple of 24. 

*• 3. Shew that 4 . 6*^ + 5" when divided by 20 leaves remainder 9. 
4. Shew that 8. is of the form 24 (2y— 1). 



rmOKt 6w NITMBEKS. - 8S7 

5. If p is jmme, shew that 2 |p ~ 3 4- 1 is a multiple of p, 

6. Shew that ^ - a is divisible by 30, 

7. Shew that the highest |)Ower of ; 2 contained in |2’‘-1 is 

8. Shew that 3**- ^ ^ is a multiple of 14. 

9. Shew that IGOw^ - 56a 243 is divisible by 512. 

10* Prove that the sum of the coefficients of the odd powers of x 
in the expausion of (1 + + + when n is a prime number 

other than 5, is divisible by n. 

11. If 71 is a prime number greater than 7, shew that 7 i^ - 1 is 
divisible by 504. 

12. If n is an odd number, prove that ?i®-H3n*+7a®-*ll is a 
multiple of 128. 

13. If /) is a prime number, shew that the coefficients of the terms 

of alternately greater and less by unity than some mul- 

tiple of p. 

14. If » is a prime, shew that the sum of the (p-1)**^ powers of 
any p numbers in arithmetical progression, wherein the common diffier- 
cnce is not divisible by p, is less by 1 than a multiple of p, 

15. Shew that is divisible by 91, if a and b are both prime 

tr) 91. 

16. If p is a prime, shew that |p ~ 2r |2r - 1 - 1 is divisible by p, 

17. If VI— 1, vi^ + l are both prime numbers ^eater than 6, shew 
that a(vi®-4) is divisible by 120, and vi‘^(vi^ + 16) by 720. Also shew 
that Vi must be of the form 30f or 30^+12, 

18. Shew that the highest power of vi which is contained in [n’'- 1 

, ^ Vi*"— vir-hr-1 

is equal to . 

19. If jv is a prime number, and a prime to and if a square 
imm^r ^ can be foJind such that - a is divisible by py shew that 

is divisible by JO. 

20. Bind the general solution of the congruence * •* 

9ap- 150 (mod. 139). 
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21. Shew that the sum of the uquaree of all the numbers lees than 
a given number N and prime to it is 

and the sum of the cubes is 

a, c... being the different prime factors of xV. 

22* If p and q are any two iK>sitive integers, shew that is 
divisible by [q and by (|^)^. [^. 

23. Shew that the square numbers which are also triangular are 
given by the squares of the coefficients of the powers of x in the ex- 
pansion of I — square numbers wliich are also 

^pentagonal by the coefficients of the powers of x in the eximnsion of 

1 ^ 

24. Shew that the sum of the fourth powers of all the numbers 
less than JV’ and prime to it is 


'30 




a, hf e,.., being the different prime factors of jV" 

25. Jf if) (mV) is the number of integers which are less than JV and 
prime to it, and if x is prime U) iT, shew that 


If d^f rfj, , 


1 = 0 (mod. N). 

. denote the divisors of a number -iVi then 

Shew also that 



* CHAPTER XXXI. 


The GFafEiiAi, Theory of Continxjeh pRACTioNa 


*436, In Chap. xxv. we have investigated the properties of 

Continued Fractions of the form a, ^ where a,, a,,,.. 

are positive integers^ and is either a positive integer or zero. 
We shall now consider continued fractions of a more general 
type. 




*437. Tlie most geneml form of a continued fraction is 

r i' A, > •••. K ••• represent 

a^^ 

any quantities whatever. 

The fractions -A ~ are called compon&nU of the 

rt'jj a 

continued fraction. We shall coniine our attention to two cases; 

(i) that in which the sign l)efore each component is positive; 

(ii) that in which the sign is negative. 


*438. To iivvBBiigale tlie law of formation of the sitcceasive 
conv&rymite to the confirmed fraction 

i*.. _b.. ±i_ 

a, + + a^ + 

•fUt 

Tlie first three convergenta are 

+ 

We B€fe that the numerator of the third conve^ent may be 
formed by nmltiplying the numerator of the second convergent by 
a,, and the numerator of the first by and adding the results 
toother; also that the denominator may be formed in like 
manner, 



360 


manjsB a ^ qebea . 


Suppose that the successive co^ivergents are formed in a 
similar way ; let the numerators be denoted by ^ ;Pa • » • » 
and the denominators by , q^, q ^, . . . 

Assume that the law of formation holds for the con- 
vergent ; that is, suppose 

Pn == + KPn-» ?. = + K9.-,- 

The (n + 1 convergent differs from the only in liaving 

^ 4 - ^j!±i in the place of a ; lienee 
* a " 

the 1)^*' convergent 


(«. + + KPu-t p. + p^-, 

1 — ^ — 

(«. + _ -■) + K 9.-. 9. + 9,-. 


“.+ ,9. + *.4., 9.-, ' 


Jf therefore we put 

9’.+. + K-uPn-u 9.+, «»+,9. + *„+,9«-,. 

we see that the numerator and denominator of the con- 

vergent follow the law which was supposed to ho! J in case of the 
But the law does hold in the case of the thl: .1 convergent ; 
hence it holds for the fourth ; and so on : tlicrrrore it holds 
universally. 


*439. In the case of the continued fraction 



we may prove that 

~ Kpn-2 y 9n “ \ ; 

a result wliich may be deduced from that of preceding article 
by changing the sign of 


*440, In the continued fraction 

A . A- A. 

a, + a^+ ’ 

Wi^ have seen that 

Pn ^ + KPn- .. 9 . = «. 9 .-, + >. 9 .-, 
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V P 

nnd is therefore a proj)er fraction; lienee numerically 

less than ‘ and is of opposite sijLcn. 

7 «-., 

By reasoning as in Art. 335, we may shew that every con- 
vergent of an odd order is greater tliai^ the continued fraction, 
and every convergent of an even order is less than the continued 
fraction ; hence every convergent of an odd order is greater than 
' every convergent of an even order. 

Thus is positive and less than ; hence 

Also is positive and less than • hence 

^Isn- I ^2« ^?S»-S 

9 ,. * 

Hence the convergents of an odd order are all greater than 
the continued fraction but continually decrease, and the con- 
vergents of an even order are all less than the continued fraction 
l:>ut continually increase. 

Suppose now that the number of components is infinite, then 
the convergents of an odd order must tend to some finite limit, 
and the convergents of an even order must also tend to some 
finite limit ; if these limits are equal the continued fraction tends 
to one definite liinit ; if they are not equal, the odd convergents 
tend to cSie limit, {j,nd the even convergents tend different 
limit, and tlie continued fraction may be said to be oscillating; in 
this case the continued fraction is the symbolical representation of 
two quantities, one of which is the limit of the odd, and the other 
tliat of the even convergents. 
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*441. To shew that the coniirmed fmotion — — 

Hj *f 4* 


Ims a definite value if the limit of when u is infinite is 

greater thebn zero. 

The continued fraction will have a Jehuite value when n is 
infisiite if the difieronco of the limits of and is equal to zero. 

?n+l 


Now 


2Ui_P_u 
fl'n+l 

whence we obtain 




*^+-1 


\^n qnJ ’ 

«b 

^ 1 )- ‘ bl\ (ts _ Hl \ . 

Qn+i S’.+i ’ 9» ‘ ’ 9. ' 9, \9s 9i/' 


But 


^w+lS'n-l . 




^n4-l3'n-i t 

^rt+l?n-l 


also neither of these terms can bo negati.^e; hence if the limit of 
is greater than zero so also is the limit of in which 

the limit of is less than 1 : and therefore is 

9'n+l 9n+l 9 h 

the limit of the product of an infinite numlwr of proper fm^tions, 

and must therefore be equal to zero : that is, — and tend to 

<In+l Qn 

the ScUne limit ; which proves the proposition. ^ 

For example, in the continued fraction 


‘^»+i 

case 


^ 2“ 

3+ 5+ 7 + 


Sw -f* 1 + ^ 




(2»+l)(2w + 3) , 

Ltm- 7— 

(n+l)' ’ 


aqd tJ>ffrefore the continued fraction t^ds to a definite limit. 
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1 ) 1 ) 1 ) 

'*' 442 . In the oontiirmed fraction — * ^ , 

^ ^ denominator of every component exceeae the nmmrat<rr hy 
unUy at leasty the convergenta are podtive fractiom in aacmding 
order of magnipiide, : 

— ®, ... are positive proper fractions 


-r. , , h b 

By supposition ^ 


in each of which the denominator exceeds the numerator by 
unity at least. The second convergent is ■ , and since 

b 

exceeds by unity at least, and is a proper fraction, it follows 

b , • 

that a^ - is greater tlian 5, ; that is, tlie second convergent is 
a positive proper fnicti<»n. In like manner it may be shewn 
that is a positive proper fraction ; denote it by then 


the thirtl convergent is - * , »i^d is thei'efore a positive proper 

^ It 

fraction. Similarly we may sliew that — -- — is a positive 

^8 ^'A ■“ ^4 

proper £r?M?tion ; hence also tlie fourth convergent 

h. K. A !l< 

a - - a — 

1 2 ;5 4 

is a positive proper fraction ; and so on. 

Again, -- ~ » 




(Pn_ 71n_rf) . 
-I \y« ' 


hence and — have the same sign. 

But h = and is thereforfi* positive ; 

q, 9i Oja, - 6, a, q^q^ 

hence — C4>^8* and so on; whiclt piwes the 

9 , 9 . % 9 ,^ 94 9 , 

proposition. \ • 

* 
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Coa. If the number of the components is infinite, the con- 
vei^ents form an infinite series of proper fractions in ascending 
order of magnitude ; and in this case tlm continued fraction must 
tend to a definite limit which cannot exceed unity. 


*443. Fi’oni the formula 

we may always determine in succession as many of the con- 
vergents as we please. In certain cases, how^ever, a genenj 
expression can l>e found for the convergent. 

Example. To find the n‘*‘ convergent to ^ 

We ha 7 ep,j=fip„_i - <^*^ 3 ; hence the numerators form a recurring series 
any three consecutive terms of which are connected by the relation 

Let ; 

then, as in Art. 325, we have • 

6 30 

But the first two convergents are g , ; 

_ ^ - IL. _ 

** + “i-3.r r-" 2 .T’ 

= 18 . 3«-i - 12 . 2^^ 0 (r - 2% 

5-Gx 9 

1 - 5aj + & 1 - 3ac i ~ 2x ' 

g„= 9 . - 4 . 2»»“i = - 2»+*. 


whence 

Similarly if 
we find 
whence 


This method will only succeed when^ and are constant 
for all values of n. Thus in tlie case of the continued fraction 

.A., ve may shew that the numerators of the 
a+ a-t* a-h 

successive rmivergents are the coefficients of the powers of ix: in 
the expansion of - - A — and the denominators are the 


4 

coefficients of the powers of aj in the expansion of 


u-^hx 
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’^444. For the investigation of the general values of and 
the student is referred to works on Finite Differences ; it is only 
in special cases that these values can be found by Algehret, The 
following method will sometimes.be found useful, 

12 3 

JUxampU, Find the value of . „ - 5 — 

1 + A + of 


The same law of formation holds for and let us take to denote 
either of them; then 


i^milarly, 


"n - (» + ^) ««-l = - K-J - "“n-a). 
«n-l - «««-S = - (“,-2 - «~1 “n-s)- 


whence by multiplication, we obtain 

«n - (« + 1) “«- 1 = (- I)"'” (% - 3«i) • 

♦ 

1 2 

The first two oonvergents are y , ^ ; hence 

r,-(re + l)p,-, = (-l)»-‘, 1)*"-- 


Thue 


Pn 

Pn-1 „ 


Qn 

|n + l 

& ' 

jn + l ’ 

|n-f 1 

IV 1 

iV-a .. 

(_l)-2 

^n-l 

l!L 

M" 

Li ’ 

I'i 


Pt Pi. 

1 

I 

1 


li ■ li" 

r^’ 

|3 2 


Pl- 

1 



rr 


E 2 


hlzl Jz})"'- 

j7l j7l + 1 ’ 


whence, by addition 


ir 


|n+l ’ 


Pn 

% + !■“ |2^|3 |4^’ 




By making n infinite, •we obtain 

<ln f \ ej «-l 

which is therefore the value of the given expreasion. 
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*445, If tvery compane'iiJt of — — ... is a j^roper 

a, -f 4- a3 4- 

fraction witJi integral nmnsrcUor and denoimnsutOTi the co>nMmi^ 
fractimi is incommensurable. 

For if possible, suppose that the continued fraction is com- 
mensurable and equal to ^ , where A and B are positive integers ; 

then ^ , where f, denotes the inlinite eontinuwl fraction 

... ; hence ^ suppose. Ifow A, B, Jj 

are integers and f is positive, thei’efore 6^ is a positive integer. 
G /> 

Similarly ^ , wlierc f denotes the inlinite continued 

^ «.+.4 

, 6, &4 , j. Bb - Cn D , 

fraction — -- -- ; hence f-- suppose; and as 

a^ 4" 4~ ' C C 

before, it follow .s that D is a positive integer ; and so on. 


Again, 


BCD 


B . 


3 ’ B^ O' ‘ fractions ; for -j is loss 

than — , which is a proper fraction; v> is less than \ ^ ' 
af ^ ^ B af V 

less than ; and so on. 


IS 


Thus A, By C, Dy ... form an infiniie series oi 2)Oi<itive integers 
in descending order of magnitude ; which is absurd. Hence the 
given fraction cannot be commensurable. 

The above result still holds if some of the components are 
not proper fractions, provided that from and after a fixed com- 
ponent all the others are proper fractions. 


For suppose that and all the succeeding components are 
proper fractions ; thus, as we have just proved, the infinite con- 
tinued fraction beginning with ^ ii|^ncommensurable ; denote 

' .* * ' ^ p k 

it by k, tlien the complete quotient corresponding to - is ^ » 

V * 

* and tlierefore^the value of the continued fraction is , 
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This cannot be commensurable Unless — : and this 

y«-t 

condition cannot hold unless 

^r«-a J?H-a ?n.4 

finally ~ ^ ^ ; that is 0, which is impossible; hence the 

given fraction must be incommensurable. 


^ 44(5. 1/ f.very component of 


IS a proper 


fraetooh with integral numeraior and denonmuxior^ and if the 
value <f the infioUe, continued fmcfvm hegmning with any corn- 
pomnt is less than unify, the fraction is incommensurable. 

The denKuistratiou is similar to tliat of ihe preceding article. 


* EXAMPLES. XXXI. a. 

1. f^hevv that in the oontinuod fraction 


fl-i-- a.2- a^- 


pn ”=* - 1 - Kpn - s» (In^ - t ^ K^n - «• 

/ii.r f 1\‘^ . . V • 

2. Convert ( — --- ) into a continued fraction with unit iiume- 

ratoiu V I 


3. Show that 


(1) Va'^+r=-« + -J^ 


( 2 ) ^Jd^ — h^a — 


b 

2a — 2a - 


4, In the continued fraction ~ if the denominator 

a^-' Oij nj — 

of every component exceed the numerator hy unity at least, shew that 
p^ and increase with ^ 

fi ' • •• 

5. If aj, «!, are in harmonical progression, shew that 

• 

3 = JL I- -.L JL 

2“ 2- 2- a/ ^ 
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6. Shew that 


(“+ 2«T ^•••) +(‘‘“2^ sh •••) 

(“ + 2i+ 2«V •■•)(“ “2^- Ji- - 

7. Ill the continued fraction 


shew that 


h b h ' 

rt+ a+ rt f ’ 

+ 1 “ + 1 ■" + 1 ~ • 


nX+iZ j^y + i » 


8, Shew that -- - - - 

<Tf"f «+ <x4- 

X being the number of components, and a, ^ the roots of the equation 

— — 6=0. 

9. Prove that the } product of the continued fractions 


a + 


JL 1 1 1 

6 -p c* -p ii ci -{- 


-<i4* 


- cj T” — 6 4* 


1 1 
“( 14 “ — • (/ 4 * ^ 


is equal to - 1, 


Shew that 



10. 

1 

4 

9 

04 

1- 

5- 

13- 

25- 7i^4-('>i-f 

11. 

2 

1~ 

3 

5- 

8 

7 - 

1 7i(7i4-3) 

2?i + 1 2 

12. 

2 

2 ^ 

3 

3.: 

4 

4- 

n 4-1 7^ f 2 _ 

/1 4-1- 7^4-2 

13. 

1 

1 

2 

3 n 1 

1- 

3- 

4 -~ 

5- 7^ + 1- 

14. 

4 

6 

8 

2^*4- 2 2(c^- 

14- 

2V 

3+ * 

4- 4 


15. 


3.3 3.4 3 _^ 
14* 24" 34“ 


3(»+_2) 

7^ + 


^ (>(2<?'4-l) 


16, If 'n>i = ^ »• •• • • o successive fractioi 

being formed by taking the denominator and the sum of the numeratoi 
Slid dfmomina^or of the preceding fraction for its numerator anddenotnl 

tet 1 


nator respectively, shew that v «, = ^ 



COKVEBSIOK Of SERIES lOTO COHmUED FRACTIONS. 
17^ Prove that the convergent to the continued fraction 


r-fl“ r+1- r+l 


r'^+i Zi * 


18. Find the value of “l— • - 

+ a^+l- 

being iKwitive and greater than unity. 


19. Shew that the 7i‘’’ coiivergeut h) i - ^ is equal to 

/rt.* 1 \tli j. i... 1111 


the (2n ~ 1 convergent to 


1+ 2+ 1+ 24* *■ 


20. Shew that the 3/i*^ convergent to 

1 I 2_ I 1 J_ 

5~ 2-‘ 1-- 5-- 2- 5- 


7i 

18 . . 

3714*1 


21. Shew that 


24- 3+ 4 + 


hence shew that e lies between 2,^ and 


Conversion of Series into Continued Fractions. 

"*^447. It will be convenient iiero to write the series in the form 

111 1 

— 4 - ~ 4 - — + 4 * —* . 

U, W, 

Ill 

Put ~* 4- “ * — ; 


Hence 


1 1 

^ : 


U, W, - 4*U^ 


H, H. A. 
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Similarly, 


1 1 I 

— + — + - 


1 1 
+ 


1 Wj* 

uj 


Wi + ~ + M,, 


and BO on ; hence generally 


1 1 1 

— 4 -— + — + 
Mj W', Wg 

1 


1 

, 4 - — 

w * 


^ 1 - + + ^.-1 
Example 1. Express as a oontinued fraction the series 


i _ ? 4. 


. + (-!)- 




Put 

then 

Hence 


(<^n 4- Vn) =«n«n+i I 

«n+l-^' 

1 1 






^0 ^0^1 


(to+ 


4. 1 a- a:® la?/l t\1 j 

Again, + = ( ) = j— 

_ ^ ^0^ 

Go + «1 + - a? 

~flo 4 - Gj-X 4 - flg-j:’ 

1 a? »r^ jT^ 

and generally + ... + (~ 1)** 

Qq a^Gj Go«i<*2 af^^a.^...(i^ 

= ^ i.jt® 

0©+ Gj~aJ 4 ' a 3 -.r 4 ' 

Example 2. Express log (1 +ap) as a continued fraction. 

Wc have 


+yi) 




The required expression is most simply deduced from the eontiimed 
fraction equivalent to the series 


X x'^ x^ 

^ ^ ^ 

Gj «. 


1 
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By putting 


^ _L 


we obtain 
hence we have 


Vn 


^ 


• + h ... = 




^1+ a^-a^x+ a^-a^x-^ 

X 


, „ , » l^x 2^x 3^x 

•'■ + 2-jr+ 3-ax+ 4-3x + 


*448. In certain cases we may simplify the components of the 
continued fraction by tlie help of the following proposition : 

The continued fraction 

^ A. 

+ a, -I- 4- a^4- 

is equal to the continued fraction 

jA ^•‘’A £3^, vA. . . 

+ Cg^g + 4- ' 

where c,, c^, c^, are any quantities whatever. 


Let J[ denote 


4- 4- 


; then 


the continued fraction =^- . 

«i +/, c.a, + c,/ 

I^t /, denote ~ . . . ; then 

a-fn- + ^ 


*■ ‘ «, +/, c.a. + «./. ' 




C C 0 w 

Similarly, -- — • and so on ; whence the proposition 
is established. 


24-^2 
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♦examples. TTTT. b. 

Shew that 

1 . +(_,).! 

?<y 




2 . +-~ + 

aQ «ya^ 


O-qO/^CI^ . . . 

1 a^v 


r - 1 _^+i_ 

r-2””r- r4-l- r + 2~ 

2n _L L 1_ 

n+1 1- 4- 1- 4- •■ 


to w quotientH. 


5. I +1 + 5 +. 


®- p + I2+ • 


n+l 1- 


7. «*=! + 


1 _ 1 I-* n* 

■(»+l)* 1- iH2‘'‘- rt*+(jV+i)*' 

a; 2a; 3i’ 


1-. .'c + 2- .r+3- a-+4- 


g 1 _ 1 + i. L + = i " J’-. " 

a ab ahe abed '" «+ 6-1+ «— 1+ rf-l-f' 


» ,. 1 . 1 . 1 . 1 . ,.l >■ ^ 

^■*'r ''r- »^+l- »^+l~ rf + l- 


<h <h 3 ,. 
ctj 4* <*3 + 


11. If p= 
Hbew that 


'a„ 1-f aj+ ^2+ a3+ cKwIi ' 


C>=-fL ± 

* 64* c 4 " c? 4 ‘ 


^ 4 “ 2 ^ 4 * c 4 “ * ^> 4 * 

P(t» 4 *H-§)=ct 4 -<?. 

JF . ^ . 


1 JP *V 

12. Shew -that 1 4* ... is equal to ^;he oon- 

^ Ms M 4 

tanned fraction -i- -£-- ~ where y„ y„... are the 

denonmuitors ox the successive couvergeiits. 
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PROBABILITY. 


449. Definition. If an event can happen in a ways and fail in 
h ways, and each of these ways is equally likely, the probalnlil^, 

or the chance, of its happening is > a-iid that of its failing is 

A 

a+6' 


For instance, if in a lottery there are 7 prizes and 25 blanks, 

7 

the chance that a person holding 1 ticket will win a prize is 

oJj 

25 

and his chance of not winning is ^ . 


450. The reason for the mathematical definition of pro- 
bability may be made clear by the following Considerations : 

If an event can happen in a ways and fail to happen in h 
ways, and all these ways are equally likely, we can assert that the 
chance of its happening is to the chance of its failing as a to 6. 
Thus if the chance of its happening is represented by ka^ where 
k is an undetermined constant, then the chance of its failing 
will be represented by kb, 

, \ chance of happening + chance of failing == A; (a + 5). 

Now the event is certain to happen or to fail ; therefore the sum 
of the chances of happening and failing must represent certam^y. 
If therefore we agree to take certainty as our unit, we have 

1 = A: (a + 6), or A = ; 

. * . tlie chance that the event will happen is — r * 

0 + 0 

r •ft 5 

and the chance that the event will not happen is ^ " 

Cor. If is the prol>ability of the happening of an evi&it, 
the pi*obability of its not happening is 1 
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451. Instead of saying that the chance of the happening of 

an event is — , it is sometimes stated that itAs odds arefi tah 
a + b 

in Javour of the events or h to o, against the eveTU, 

452. The definition of probability in Art. 449 may be given 
in a slightly different form which is sometimes Useful. If c is the 
total number of cases, each being equally likely to occur, and of 
these a are favourable to the event, then the probability that the 

event will happen is and the probability that it will not 
happen is 1 “ - • 

Example 1. What is the chance of throwing a number greater than 4 
with an ordinary die whose faces are numbered from 1 to 6? 

There are 6 possible ways in which the die can fall, and of these two 
are favourable to the event required ; 

2 1 

therefore the required chance ^ . 

Example 2. From a bag containing 4 white and $ black balls a man 
draws 3 at random; what are the odds against these being all black? 

The total number of ways in which 3 balls can be drawn is and 
the number of ways of drawing 3 black balls is therefore the chance 
of drawing 3 black halls 

_5C3_5.4.3_ 5 

Thus the odds against the event are 37 to 5. 

\V Example 3. Find the chance of throwing at least one aco in a single 
'^throw with two dice. 

The possible number of cases is 6 x 6, or 33. 

An ace on one die may be associated with any of the 6 numbers on the 
other die, and the remaining 5 numbers on the first die may each be asso* 
ciated with the ace on the second die ; thus the number of favourable eases 
is 11. 

Therefore the required chance is ~ . 

Or we may reason as follows : 

There are ,3 ^ays in which each die can be thrown so as fwt ‘io give an 
aoe; hence 26 throws of the two dice will exclude aoefi. That is, the chance 

throwingpne or more aces is ; so that the chance of throwing one 
^ 00 
^ - 26 11 
^ ace at least 
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4. Find the ohance of Growing more than 15 in one throw, with 

8 dice. 

' A throw amounting to 18 must he made tip of 6, 6, 6, and thie can ooeux*^ 
in 1 way; 17 can be made up of 6^ 6, 5 which can occur in S ways; 16 may 
he made up of 6» 6, 4 and 6, 5, 5, each of which arrangements can occur in 
Sways. j 

Therefore the number of favourable cases is 
l + 3*f3 + 8, or 10,. 

And the total number of oases is G^, or 216; 

therefore the required ohance . 


Kxample 5. A has 3 sliares in a lottery in which there are 3 prizes and 
6 blanks ; B has 1 share in a lottery in which there is 1 prize and 2 blanks : 
shew that A"b chance of snocess is to B’s as 16 to 7. 


A may draw 3 prizes in 1 way ; 


3.2 


he may draw 2 prizes and 1 blank in x 6 ways ; 

6 5 

he may draw 1 prize and 2 blanks in 8 x ways ; 

the sum of these numbers is 64, which Is the number of ways in which A can 

9.8.7 

win a prize. Also he can draw 3 tickets in ways; 

therefore A*s ohance of Buccess=^~ ^ . 

84 21 

J5’0 chance of success is clearly g ; 

16 1 

therefore .4’s chance : Ji’s clianoe=^ : - 

O 

= 16 : 7. 

6 5 4 

Or we might have reasoned thus : A will got aU hlankg in » or 

20 ways; the chance of which is ^ » or “ ; 
therefore A^b chance of suocess=l ^ . 


453. Suppose that there are a iinraber of events 
of which one must, and only one can, occur ; also suppose that 
cs, 6, c,..^are tlie numbers of ways respectively in^ which these 
events can happen, ‘and that each of these ways is equally likely 
to occur ; it is required to find the chance of each event. 

The total number of equally possible ways is a+6 + c*f 
and of these the number favourable to is a ; hence the chance 
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thftt A will hfippeu is — — . Similarly th© chance that £ 

* * a + 6 + c 4- ... 

win happen is r- ^ so on* 

454* From the examples we have given it will bo seen that 
the solution of the easier kinds of questions in Probability requires 
nothing more than a knowledge of the definition of Probability, 
and the application of the laws of Permutations and Combinjjr 
tions. 


EXAMPLES. XXXn* a. 

1 . In a single throw with two dice find the chances of throwing 
(1) five, (2) six. 

2. From a pack of 52 cards two are drawn at random ; find the 
chance that one is a knave and the other a queen. 

3. A bag contains 5 white, 7 black, and 4 rod balls: find the 
chance that three balls drawn at random are all white. 

4. If four coins are tossed, find the chance that there should be 
two heads and two tails. 

6. One of two events must hapj)en : given that the chance of the 
one is two-thirds that of the other, find the (xlds in favour of the other. 

6. If from a pack four cards are drawn, find the chance that they 
will be the four honours of the same suit. 

7. Thirteen persons take their places at a round table, shew that 
it is five to one against two particular persons sitting together. 

8. There are three events By one of which must, and only 
one can, happen; the odds are 8 to 3 against 5 to 2 against B\ find 
the odds against C, 

9. Comp^e the chances of throwing 4 with one die, 8 with two 
dice, and 12 with three dice. 

10 * In shufiling a pack of cards, four are accidentally dropped ; find 
the chance that the missing cards should be one from each suit. 

11 . A has 3 shares in a lottery containing 3 prizes and. 9 blanks ; 
B has 2 shaiSs in a lottezy containing 2 prizes aud 6 blanks; compaire 
their chances of success. 

** 1% ^ Shew^ that the chances of throwing six with 4, 3, or 2 dice 
Tespectiively are as 1 ; 6 : 18. 
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13* ' There are three on© ooneistmg of 3 vdnmes, one of 4, 

and the other of 1 volume. They are placed on a shelf at random; 
prove that the chance that volumes of tho same works are all together 


140' 


14. A and JJ tlirow with twf) dice ; if A throws 9, find JS’s chance 
of throwing a higher number. 


15* The letters forming tho word Clifton are placed at random in 
a row : what is the chance that the two vowels come together ? 


16. In a hand at whist what is the chance that the 4 kings are 
held by a specitied i)layor i 


17. There are 4 sliilliugs and 3 half-crowns placed £tt random in 
a line: show that the chance of the extreme coins being both half- 

crowns is " , Generalize this result in the case of m shillings and 

n half-crowns. * 


45D. We have hitherto consideretl only those occurrences 
which in the language of Probability are called Simple events. 
When two or more of these occur in connection with each other, 
the joint occurrence is called a Compomid eveht. 

For example, suppose we have a bag containing 5 white 
and 8 black balls, and two drawings, each of three balls, are 
made from it successively. If w^e wish to estimate the chance 
of drawing first 3 wdiito and then 3 bhick balls, we should be 
dealing with a compound event. 

In such a case the result of the second drawing might or 
iniglit not l>e depv^ulent oxi the result of tJie first. If the balls 
ai’o not replaced after being d»*awn, then if the first drawing gives 
3 white balls, the ratio of the black to the whit© balls remaining 
is greater than if the first drawing had not given three vrhite; 
thus the chance of drawing 3 black balls at the second trial 
is affected by the result of the fii'st. But if the balls are re- 
placed afUsr being drawn, it is clear that the result of the second 
drawing is not in any way affected by the result of the first, 

We are thus led to the following definition : 

Events are said to be dependent or independe^^t according as 
the occurrence of one does or does not affect the occurrence of wie 
others. Dependent events are sometimes said to be coni%x^eni. 
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456. Jf there are two independent events the respectim pr<h 
hcibiUties of which are hrumny to fnd tlie mai both will 

happen. 

Suppose that the first event may happen in a ways and fail 
in h ways, all these cases being equally likely ; and suppose that 
the second event may happen in a* ways and fail in U ways, 
all these ways being equally likely. Each of the a + 6 cases may 
be associated with each of the a' + V cases, to form (a + J) (a' + 6') 
compound cases all equally likely to occur. 

In aa' of these botli events happen, in bh' of them lx)th fail, 
in ah' of them the first happens and the second fails, and in db 
of them tlie first fails and tlie second happens. Tims 


oa' 

(ch + 6) (d + ft ) 

^ _ 

(a + ft^ (a 4- ft ^ 

ah' 

{a 4 ft) [a' 4 ft') 

dh 

(a 4 ft) (a 4 d) 


is the chance that both events happen ; 

is the chance that both events fail ; 

is the, cliance that the first happens and the second 
fails ; 

is the chance that the first fails and the second 
happens. 


Thus if the respective chances of two independent events are 
p and p\ the chance that both will iiappen is pp\ Similar 
reasoning will apply in the case of any number of indcpfmdent 
events. Hence it is easy to see that if p^, p^, ... are the 

respective chances that a numl^er of independent events will 
separately happen, the chance that they will all happen is 
PxViPi **• i chance that the two first will happen and the rest 
fail is p^p^ (1 (1 similarly for any other par- 

ticular case. 


457. If p is the chance that an event will happen in 
one trial, the chance that it will happen in any assigned suc- 
cession of r. trials is p '" ; this follows from the preceding article 
by supposing 

^P- 

To find^^tbe chance that some one at least of the events will 
}m{)pen we proceed thus: the chance that all the events fail 
is (1 -;p,) and except in this case some one 

/)¥ the events must happen ; hence the required chance is 

-pj .... 
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1. Two drawings, each of S balls, are made firom a bag eon- 
tabing 5 white and 8 black balls, the balls being replaced before the fieeond 
tpal : find the chance that the first drawing will give 8 white, and the second 
8 black balls. 

The number of ways in which 3 b^ls may be drawn is ; 

3 white ; 

3 black »Cg. 

Therefore the chance of 3 white at the first trial = ~ 5 

1. 1 wv ®*7.6 13.12.11 .28 

and the chance of 3 black at the second trial = -5- = iTS 1 

X .2. 3 1.2.3 14o 

therefore the chance of the compound event = ^ - 

Example 2. In tossing a coin, find the chance of throwing head and tail 
alternately in 3 successive trials. 

Here the first tlirow must give either head or tail ; the chance that the 
second gives the opposite to the first is | , and the chance that the third throw 

is tlie same as the first is ^ . 

Therefore the chance of the compound event ~ x J *= i . 

A A 4 

Example 8. Supposing that it is 9 to 7 against a person A who Is now 
35 years of age living till he is 65, and 3 to 2 against a person B now 45 
living till he is 75 ; find the chance that one at least of these persons will be 
alive 30 years hence. 

9 

The chance that A will die within 30 years is ; 

3 

the chance that S will die within SO years is ^ ; 

9 3 27 

therefore the chance that both will die is jg x ^ gQ J 

therefore the bhance that both will iiot be dead, that is that one at least will 
bealive, isl-gg, orgg. 

458. By a slight modification of the meaning of the symbols 
in Art. 45B, we are*enabled to estimate the probabaUty of the 
concurrence of two d^endent events. For suppose that wh^n the 
Jirkt event hm happm^^ a' denotes the number of w€|^s in which, 
the second event can follow, and V the number of ways in ^hicS 
it will not follow ; then the number of ways in which the two 
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events can happen together is (m\ and the TprobabUlty of their 

. art' 

concurrence is ; -z — r— ; — ^ . 

(a + b) (rt 4-6 ) 

Thus if p is the probability of the first events and p' the 
contingent probability that the second will follow, the probability 
of the concurrence of the two events is pp'. 

Example 1. In a hand at whist dnd the chance that a specified player 
holds both the king and queen of trumps. 

Denote the player by A ; then the chance that A has the king is dearly 
IS 

for this particular card can he dealt in 62 different ways, 13 of which fall 

to A. The chance that, when he has the king, he can also hold the queen is 
12 

then y - ; for the queen can be dealt in 51 ways, 12 of which fall to A. 
oJl 

13 12 1 

Therefore the chance required = = 7 ; x . 

^ 52 51 17 

Or wc lujglit reason as follows ; 

The number of ways in which the king and the queen can bo dealt to A is 
equal to the number of permutations of 33 things 2 at a time, or 33 . 12. 
And simHarly the total number of ways in which the king and queen can be 
dealt is 52 . 51. 

13 12 1 

Therefore the chance = * >, = ~ , as before. 

52 .51 17 

^ Example 2. Two drawings, each of 3 balls, are made from a bag con- 
taining 5 white and 8 black balls, the balls 'lot being replaced before the 
second trial: find the chance that the first drawing will give 8 white aiid 
the second 8 black halls. 

At the first trial, 3 balls may be drawn in ways ; 
and 8 whit© balls may he drawn in ways ; 

therefore the chance of 3 white at first trial = *~~-f- , 

1,2 1.2.8 143 

"When 3 white balls have l>een drawn and removed, the bag contains 
2 white and 8 black balls ; 

therefore at the second trial 3 balls may be drawn in ways ; 
and 3 black balls may be drawn in *0^ ways ; 
therefore the (dianoe of 8 black at the second trial 
_8.7,6 .^lO.^^.B 7. 

“' 1 . 2.3 * 1.2.3 ” 15 ’ * 

therefore the chance of the compound event 

> 1 J V ^ i 

““uai 16~429‘ 

Tl^ studenj; should compare this Solution witlx that of Ex. 1, Art. 467, 
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459, if an emd can happen in ttm or more d’^fferent waps 
which are mutually exclusive, the chance that it wiU happen i$ 
the mm of the chames of its happening in these different uoaps. 

This is sometimes regarded as a self-evident proposition arising 
immediately out of the definition of probability. It may, how- 
ever, be proved as follows : 

Suppose the event can happen in two ways which cannot 

concur : and let r » he the chances of the happening of the 

event in these two ways respectively. Then out of cases 
there are in which the event may happen in the first way, 
and ways in which the event may happen in the second ; 
and these vxiys Cannot concur. Therefore in all, out of cases 
there are cases favourable ter the event; hence the 

chance that the event will happen in one or other of the two 
ways is 

K' 

Similar reasoning will apply whatever l)e the number of ex- 
clusive ways in which the event can happen. 

Hence if an event can happen in n ways which are mutually 
exclusive, and if p^, Pg, - Pn probabilities that the 

event will happen in these different ways respectively, the pro- 
bability that it will happen in some one of these ways is 

, ) + +P.r 


Pixample 1. Find the chance of tlirowing 9 at least in a single throw* 
with two dice. 

4 

9 can be mado up in 4 ways, and thus the chance of throwing 9 is gg . 

g 

10 oan be made up in 3 ways, and thus the chance of throwing 10 is ^ . 

2 

11 oan be made up in 3 ways, and thus the chanoe of throwing ^ ^ • 


12 can boptaade up in 1 way, and thus the chance of throwing 12 is gg. 

Now the chance of throwing a number not less than 9 is the sum of timse 
leporateidianoes; ^ ^ 

... 4 + 8 + 2+1 6 ' 

the required chance ~ 5^ ^ 18 * 
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JSmmple 2, One purse oontuns 1 sovereign and 8 shillings, a seoeiid 
purse contains 2 sovereigns and 4 shillings, and a third contains B sovereigns 
and 1 shilling. If a coin is taken out of one of the purses selected at 
randosn, find the chance that it is a sovereign. 

Bince each purse is equally likely io be taken, the chance of seleeiing 

the first is | ; and the chance of thai draiving a sovereign is ^ ; hence tiie 

chance of drawing a sovereign so far as it depends upon the first purse is 

I X > , or . Similarly the chance of drawing a sovereign so far as it 
o 4 1 a 

12 1 

depends on the second purse 3 ^ g * g third purse the 

chanco of drawing a sovereign is | x ? , or ^ ; 

the required chancc= J ^ • 

1a y 4 y 

460. In the preceding article we have seen that the pro- 
liability of an event may sometimes be considered as the sum of 
the probabilities of two or more separate events ; but it is very 
important to notice that the probability of one or other of 
a series of events is the sum of the probabilities of the separate 
events w/ien the events are mutnally exclusivey that is, when 
the occurrence of one is incompatible with the occurrence of any 
of the others. 

Exaviple. From 20 tickets marked with the first 20 numerals, one is 
drawn at random: find the chance that it is a multiple of 8 or of 7 . 

The chance that the number is a multiple of S is ^ , and the chance that 

aU 

2 

it is a multiple of 7 is rv; ; and the»e events are mutually exclusive t hence the 

aU 

required cliance is ^ ^ I * 

But if the question had been : find the chance that tlu number is a 
multiple of 3 or of it would have been incorrect to reason as follows : 

Because the chance that the number is a multiple of 3 ^ and the 

4 

chance that the number is a multiple of 6 is — , therefore the chance that 

aI) 

6 4 1 

it 14 a multiple of 8 or 5 is + oh » nr , For the number on the ticket 

AVi aU a 

might be^*multiple both of 3 and of 5, so that ^be two events considered 
.are not mutually exclusive. 

^ 461. It should be observed that the distinction between 

i^inple and compound events is in ;nany cases a purely artificial 
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one I in fact it often aTOonnts to nothing more than a distinction 
between two different modes of viewing the same occurrence. 

Example, A bag ooniains 6 white and 7 black balls; if two balls are 
drawn what is the chance that one is white and the other black? 

(i) Begarding the occurrence as a simple event, the chance 
= (5x7)^«C,=g. ' 

(n) The occurrence m&y be regarded as the happening of one or other 
of the two following compound events : 

(1) drawing a white and then a black ball, the chance of which is 

6 7 85 

12 11 " 132’ 

(2) drawing a black and then a white ball, the chance of wliich is 

7 6 85 

12’'ll’”l32'^ 

And since these events are mutually exclusive, the required chance 
'"132^182"’ 66* 

It will be noticed that we have here assumed that the chance of drawing 
two specified balls successively is the same as if they were drawn simul> 
tanoously. A little consideration will shew that this must be the case. 


EXAMPLES, XXXn. h. 

1. What is tlie chance of throwing an ace in the first only of two 
successive throws with an ordinary die ? 

2. Tliree cards are drawn at random from an ordinary j^ckt find 
the chance that they will consist of a knave, a queen, and a king. 

3. The odds against a certain event are 5 to 2, and the odds in 
favour of another event independent of the former are 6 to 5 ; find the 
chance that one at least of the events will happen. 

4 . The odds against A solving a certain problem are 4 to 3, and 
the odds in favour of B solving the same problem are 7 to 6 : what is 
the chance that the problem will be solved if they both try ] 

6. What is the chance of drawing a sovereign fi’om a purse one 
compartment of which contains 3 shillings and 2 sovereigns, and the 
other 2 sovereigns and X shilling ? 

6. A bag contains 17 counters marked with the numbers 1 to 17. 
A counter is drawn and replace^; a second drawing ais then ma<^; 
wdtat is the chance that the first number drawn is even and the second 
odd? 
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7, Fottr persons draw each a card ftrom an ordinaiy ]^k: find 
the cimnce (1) that a card is of each suit, (2) that no two cards are <3f 
equal value. 

8* Find the chance of throwing six with a single die at least onoe 
in five trials, 

9, Tho odds that a book will be favourably reviewed by three 
independent critics are 5 U 2, 4 to 3, and 3 to 4 resiJeotively ; what is 
the probability that of the throe reviews a majority will be fiavourable 1 

10. A bag contains 5 white and 3 black balls, and 4 are successively 
drawn out and not replaced ; what is the chance that they are alternately 
of different colours ? 

11. In throe throws with a pair of dice, find the chance of throwing 
doublets at least once. 

12. If 4 whole numbers taken at random are multiplied together 
shew that the chance that the last digit in the product is 1,3, 7, or 9 
. 16 

^ 626 ■ 


13. In a purse are 10 coins, all shillings except one which is a 
sovereign; in another are ten coins all shillings. Nine coins are taken 
from the former i>urse and put into the latter,, and then nine coins are 
taken fiom the latter and put into the former : find the chance that 
the sovereign is still in tho first purse. 

14. If two cobis are tossed 5 times, what is tho chance thart there 
will be 5 heads and 5 tails ? 

15. If 8 coins are tossed, what is the chance that one and only 
one will turn up head 1 

16. A} C in order cut a pack of cards, replacing them after each 
cut, on condition that the first who cuts a spade shall win a prize : find 
their respective chances. 

17. A and B draw from a purse containing 3 sovereigns and 
4 shillings : find their respective chances of first drawing a sovereign, 
the coins when drawn not being replaced. 

18. A party of n persons sit at a round table, find the odds against 
two s^iecified individuals sitting next to ejich other, 

19. A is one of 6 horses entered for a race, and is to be ridden by 
one of twtrc^ckeys B and C. It is 2 to 1 that B rides in which 
cam all the horses are equally likely to win ; ir C rides A, his chance 
Is trebled ; w^at are the odds against his winning ? 

20. If on an average 1 vessel in every 10 is wrecked, find the chanco 
that oqt of 5 vessels exi>ectod 4 at least will arrive safely. 
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462« Th€ probahilU^ of the happemnff of an event in one 
beiTig known^ required the prohahility of its tutppening cmce, 
imce^ three timee , . . . exactly in n trials. 

Let p be the probability of the happening of the event in 
a single trial, and let q — I -^P', then the probability that the 
event will happen exactly r times in n tHals is the (/•+ 1)^** term 
in the expansion of (q + pf. 

For if we select any particular set of r trials out of the total 
number n, the chance that the event will happen in eveiy one of 
these r trials and fail in all the rest is [Art. 456], and as 

a set of r trials can l)e selected in "'C\ ways, all of which are 
equally applicable to the case in point, the required chance is 

If we expand (p 4- qf by the Binomial Theorem, we have 

... 4-V; 

thus the teniis of this series will represent respectively the 
probabilities of the happening of the event exactly n times, n - 1 
times, H - 2 times, ... in n trials. 

463. If the event happens n times, or fails only once, 
twice, ... times, it happens r times or more ; therefore the 

chance that it happens at least r times in n trials is 

+...+ v^.yq’- 

or the sum of the first v — r 1 terms of the expansion of 

(p + 5)“- 


JSojawp/^ 1. In four throws with a pair of dice, what is the chance of 
throwing doublets twice at least? 

6 1 

111 a single throw the chance of doublets is » or ^ ; and the chance of 

failing to throw doublets is | . Now the required event follows if doublets 
ate thrown /our times, three times, or twice *, therefore the required chance 
is the sum of the first tfiree terms of the expansion of • 

" . >• 

1 19 

Thus the chance == gj (1 4 - 4 . 6 4- 9 . 5*) = jjl . 


H. H. A. 


25 
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Example 2. A bag oontaina a certain number of b^le» eome of wHielL ara 
•white; a ball is drawn and replaced, another is then drawn and replaced: 
and so on: if p is the chance of drawing n white ball in a single trial, find 
number of white balls that is most likely to have been drawn in n trials. 

The chance of drawing exactly r white balls is and we have to 

find for what value of r this expression is greatest. 

Now 

so long as (7i-r+l)|»r<?, 

or (n+l)p>(p + ^)r. 

But p-\’q~li hence the required value of r is tlio greatest integer in 
p(«+l). 

If ?i is such that pn is an integer, tlie most likely case is that of pw 
successes and qn failures. 


464. Suppose that there are n tickets in a lottery for a prize 
of £x\ then since each ticket is equally likely to wan tlie prize, and 
a person who possessed all the tickets vmiei win, the money value of 

each ticket is £-\ in other words this would be a fair sum to 
n 

pay for each ticket; lienee a person who possessed r tickets might 

TX 

reasonably expect — as the price to be paid for his tickets by 

any one who wished to buy them; that is, he would estimate 

.£- 0 ; as the worth of his chance. It is convenient then to in- 
n 

troduce the following definition : 

If p represents a person’s chance of success in any venture 
and M the sum of money which lie will receive in case of 6uc<.?ess, 
the sum of money denoted by pM is called his ezpeetatioR. 

4G5. In the same way that expectation is used in reference 
to a person, we may conveniently use the phrase prehahU valtte 
applied to things. 


Example 1. One purse contains 6 shillings and 1 sovereign : a second 
purse conft<ai8 6 shillings. Two coins are taken fmm the first ^d placed in 
the second; then 2 are taken from the second and placed in we first: 
find the probable value of the contents of each purse. 

The chance that the sovereign is in the first purse is equal to the stun of 
tSe chanced that it has moved twice and that it has not moved at all; 
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that ifl, the ohanoe^s;; . 7 + « • 1 ==-i • 
9 4l o 4 


the chance tliat the eovereign ie in the second purse . 

Henoe the probable value of the first purse 

=? of 25«, \ of =:d&l, Oj?. 3d. 

the probable value of the second purse 

= 31«. -20JiJ.=;10s. 9d. 


Or the problem may bo solved as follows : 

The probable value of the coins removed 
= of 25s. 

U 

a 

the probable value of the coins brought back 

=jof (Ow. |-8A<t.) = 3j>5«.; 

the probable value of the first purse 

= (25 - I' 3|V) shillings =£1. 0^. 3d., as before. 


Example 2. A and B throw with one die for a stake of £11 which is to 
he won by the player who fir.st throws 6. If A has the first throw, what are 
their respective expectations? 

In his first throw .4’s chance is ? ; in his second it is ^ x f x because 

b () b 6 

each player must have failed once before A can have a second throw ; in his 
third throw his chance is x ^ because each player must have failed 
twice 'f and so on« 


Thus A*a chance is the sura of the infinite series 

}• 

Similarly I>'s chance is the sum of the infinite series 

}■ - 

A*h chance is to B'a as 6 is to 5; their respective chancy are therefoii^ 
Q and and their expectations are £6 and £5 respectively. 


\p' 


25-12 
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466. We shall now give two problems which lead to useful 
and interesting results. 

Example 1. Two players A and B want respectively m and n points of 
winning a set of games ; their chances of winning a single game are p and q 
respectively, where the sum of p and q is unity ; the stake is to belong to 
the player who first makes up his set : determine the probabilities in favour 
of each player. 


Suppose that A wins in exactly m+r games; to do this he must win the 
last game and m-1 out of the preceding w f r - 1 games. The chance of 
this is or 


T7ow the set will necessarily be decided in m + n-l games, and A may 
win his m games in exactly m games, or m + 1 games, , or 1 games; 

therefore we shall obtain the chance that A wins the set by giving to t the 
values 0, 1, 2, ... 71 - 1 in the expression if. Thus A *8 chance is 




similarly E’s chance is 


[a - 1 ' 
-2 




This question is known as the “ Problem of Points,’’ and has 
engaged the attention of many of the most eminent mathematicians 
since the time of Pascal. It was originally proposed to Pascal by 
the Chevalier de Mer6 in 1654, and was discussed by Pascal and 
Fermat, but they confined themselves to the case in which the 
players were supposed to be of equal skill : their results were also 
exhibited in a diflerent fonn. The formulic wO have given are 
assigned to Montinort, as they apj)ear for the first time in a work 
of his published in 1714, The same result was afterwards ob- 
tained in different ways by Lagrange and Lapljice, and by the 
latter the problem was treated very fully under various modi< 
fications. 

Example 2. There are n dice with / faces marked jErom 1 to /; if these 
are thrown at random, what is the chance that the sum of the numbers 
exhibited sh^ be equal to p? 

rince any one of the / faces may be exposed on any one of the n dice, 
the number of wajp in which the dice may fall is 

Also th»»ftmber of ways in which the numbers thrown will* have p for 
their sum is equal to the coefficient of x^ in the expansion of 

for thiik coefficient arises out of the different ways in whrch n of the indices 
1, 2, he taken so as to form p by addition. 
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NoW the above expression (1 +a:+aj^+ ... + 

We have therefore to find the coefficient of in the expansion of 

( 1 -*>•)“ (1 - ' 

Novv (i - xf)-=i - «x/+” XV - " (” tAC" - f ) .. .; 

1 . 1 4 Z . O 

a /, V « 1 7l(« + l) JJ «,(«+!) (/H- 2) 3 

and (1- j-)~»=l + w.'C + — 3 “ ’* + •• 


Multiply these series together and pick out the coefi^oient of a-**"” in the 
product ; we thus obtain 

n{n + l).^{p-l) ^ 7Z (nj- lh..(p -/- 1) 

\p-n ' | /> \f 

n (n -'1) « (ii + 1) {p_- 2/' ~ 1) ^ 

■^~T 72 ~ • | p- n-27 ■•■’ 

where the serios is to continue so long as no negative factors ap|>ear. The 
required ^probability is obtained by dividing this series by f^. 


This problem is due to Do Moivre and was published by him 
in 1730 j it illustrates a method of frequent utility. 

' Laplace afterwards obtained the same formula, but in a much 
more laborious manner ; he applied it in an attempt to demon- 
strate the existence of a primitive cause wliich has made the 
planets to move in orbits close to the ecliptic, and in the same 
direction as the earth round the sun. On this point the reader 
may consult Todliunter's Hiiftory of Prohahility, Art. 987. 

-V. 


EXAMPLES. XXXn. c. 


1, In a certain game yl’s skill is to /?’s as 3 to 2 : find the chatice 
of A winning 3 games at least out of 5. 

2, A coin whoso faces are marked 2, 3 is thrown 5 times ; what 
is the chance of obtaining a total of 12 ? 

3, In each of a set of ^araes it is 2 to 1 in fa^ur of the winner 
of the prqyious game : what is the chance that the plaj^^ who wins 
the first game shall win three at least of the next four ? 

4 There are 9 cws in a bag, 6 of which are govereigns and 
the rest are unknown coins of equal value; find what they must beu 
the probable value of a draw is 12 shillings. 
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5, A coin in tossed n times, what is the chance that the head will 
2 >resent itself an odd number of times? 

6, From a bag containing 2 sovereigns and 3 shillings a person 
is allowed to draw 2 coins indiscriminately ; hnd the value of his ex* 
Ijcctation. 

7, Six j>ersons throw for a stake, which is to l>e won by the one 
who first throws head with a penny ; if they throw in succession, find 
the chance of the fourth person. 

8, Counters nuirked 1, 2, 3 are placed in a bag, and one is with- 
drawn and rejdaced. The operation being repeated throe times, what 
is the chance of obtaining a total of 6 ? 

9, A coin whose faces are marked 3 and 5 is tossed 4 times : what 
are the odds against the sum of the numl)ers thrown Iwjing loss than 16? 

10. Find the chance of throwing 10 exactly in one throw with 
3 dice. 

11. Two players of equal skill, A and /?, are playing a set of 
games; they leave off playing wlien A wants 3 ])oints and JJ wants 2. 
If the stake is £16, what share ought each to take ? 

12. A and B throw with 3 dice : if A throws 8, wliat is 7/8 chanco 
of throwing a higher number ? 

13. A had in his pocket a sovereign and four shillings ; taking out 
two coins at random he promises to give them to B and 0, What is 
the worth of C’s expectation? 

14. In five throws with a single die what is the chance of throwing 

(1) three aces (2) three aces at least. 

15. A makes a bet with B of 5.s. to 2if, that in a single throw with 
two dice he .will throw seven before B throws four. Each has a pair 
of dice and they throw simultaneously until one of them wins ; find 7?s 
exi)ectation. 

16. A i>erson throws two di<;e, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken in the 
case of the tetrahedron; what is the chance that the sum of the 
numbers thrown is not le^ss than 6 ? 

17. A bag contains a coin of value if, and a number of other coins 
whose aggregate value is m. A person draws one at a time till he 
draws the coin M : find the value of his expectation. 

18. If ^iijtetickcts nuralxind 0, 1, 2, ...... 0n-~ 1 are placed in a bag, 

and three are drawn ^ut, shew tliat the chancef' that the sum of the 
numbers on them is equal to 6n is 

? * 3n 

' ' (6«-l)(6n-2)‘ 
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^Inverse Probability. 

*467. In ftll the cases we have hithevt6 considered it has been 
supposed that our knowledge of the causes which may produce a 
certain event is such as to enable us to detennino the oliance of 
the liappening of tl\e event. We have now to consider problems 
of a different character. For exanij^le, if it is known that an 
event has happened in consequence of some one of a certain 
number of causes, it may be required to estimate the probability 
of each cause l>eing the true one, and thence to deduce the pro- 
liability of future events occurring under the operation of the 
same causes. 


*468. Bc^fore discussing tlie general case we shall give a 
numerical illustration. 


Suppose t}iei*e are two purses, one containing 5 sovereigns 
and 3 sJiillings, the other containing 3 sovereigns and 1 shilling, 
and suppose that a sovereign lias been drawn : it is required to 
find the chance that it came from the first or second purse. 


Consider a very large number N of trials j then, since liefore 
the event eacli of the purses is equally likely to be tfiken, wo may 

assume that the lirst purse would bo chosen in ~ N’ of the trials, 
and in - of tlicse a sovereign would be drawn ; thus a sovereign 

a 

5 1 5 

would be drawn ^ x or times from the first purse. 

The second purse would lie chosen in -iY of the trials, and in 

3 

^ of these a sovereign would be drawn ; thus a sovereign would 

4 

3 

be drawn times from the second purse, 
o 


Now*i\^ is very, large but is otherwise an arbitfwry number ; 
let us put 16w; thus a sovereign would be drawn bn times 
from the first purse, and 6?^ times from the second purse; that^S, 
out of the llw times in which a sovereign is drawn it comes 
from the first purse bn times, and from the second pprse bn 
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times. Hence the probability that the sovereign came from the 
first purse is yj , and the probability that it came from the 

second is , 


*469. It is important that the student’s attention should be 
directed to the nature of the assumption that has been made in 
the preceding article. Thus, to take a particular instance, 
although in 60 throws with a perfectly symmetrical die it may 
not happen that ace is thrown exactly 10 times, yet it will 
doubtless be at once admitted that if the number of throws is 
continually increased the ratio of the number of aces to the 
number of throws will tend more and more nearly to the limit 

^ . There is no reason why one face should appear oftener than 

another ] hence iii the long run the number of times that each of 
the six faces will have appeared will Ijc approxiiiuitely ecjual. 

The above instance is a particular case of a general theorem 
which is due to James Bernoulli, and was first given in the Ars 
Co7iject(mdi, published in 1713, eight years after the author’s 
death. Bernoulli’s theorem may be enunciated as follows : 

If j) is the prohahility that an event happens in a single trial, 
then if the number of trials is indejl^iitely vnereased, it becomes a 
certainty that the limit of the rcUio of the number of successes to the 
number of trials is equal to p; in other words, if the number of 
trials is N, the number of successes may be taken to be pN. 

See Todhunter’s History of Probability, Chapter vii. A proof 
of Bernoulli’s theorem is given in the article Probability in the 
Encyclopobdia Britannica. 


*470. An observed event has happened tJirdugh some one of a 
number of mutually exclusive causes: required to find ike pro- 
hability of any assigned cause hei^ig the true one. 

Let there be n causes, and before the event took place suppose 
that the pi^bability of the existence of these Qfiuses was festimaied 
at P, , Pg, Pg, .. . P , * Let p denote the probability that when the 
cause exists the event will follow : of ter the event has oc&wrred 
It is required to find tlie probability that the cause was the 
^^rue oqp* 
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Consider a very great number Jf of trials , then the first cause 
exists in PjiV of these, and out of this number the event follows 
in similarly there are trials in which the event 

follows from the second cause;, and so on for each of the other 
causes. Hence the number of trials in which the event follows is 

(PiPi+PA+ Of ^^(pP)i 

and the number in whicli the event was due to the cause is 
PrPr^l hence €^ter the event the probability that the r* * *** cause 
was the true one is 

pJ^^N^N'S.ipPy, 


that is, the probability that the event was produced by the 


cause is 


PrPy 

'^{pPY 


*471. It is necessary to distinguish clearly between the pro- 
bability of the existence of the several causes estimated before 
the event, and the probability after ths event has happened of any 
assigned cause being the true one. The former are usually called 
a priori probabilities and are represented by ... P^\ 

the latter are called a posteriori probabilities, and if we denote 
them by Q^, Qn> proved that 


Qr- 


PrPr . 

5 


w'liejf^ pr deuiotes the probability of the event on the hy|>othesis 
of the existence of the r^^ cause. 


From this result it appears that S ((?) = 1, which is other- 
wise evident as the event has happened from one and only one 
of the causes. 


W© shall now give another proof of tlie theorem of the pre- 
ceding article which does not depend on the principle enunciated 
in Art. 469. 


*472. An observed event has happened through soim one of a 
number of mutually exclusive causes : required to find the pro- 

bdbility of any assigned cause being the true one. 

Let tfiere be n causes, and before the event took placc^XYppme that 
the probability of the existence of these causes was estimated at 
Pj, Pj, ... P„. Let p^ denote the probability that when t]^ 
r*** cause exists the event will follow ; then the mdeced&nt prolwi- 
bility that the ©vent would follow from the cause is p^P^, ^ 



394 


HldHEE ALOEBKA. 


Let be the a poBi&riori probability that t)ie cause was the 
true one; then tlie probability that the cause was the true one 
is proportional to the probability that, if in existence, this cause 
would produce the event ; 


’■ pa^pa P.A Mpir Mpiy 


Qr- 


pAt 

MpP)' 


Hence it appears that in the present class of problems the 
product will have to be correctly estimated as a first step; 
in many cases, however, it will be found that -Pg, P.^, ... are 
all equal, and the work is thereby mucli simplified. 

Example, There are 3 bags each containing 5 white balls and 2 black 
balls, and 2 bags each containing 1 white ball and 4 black halls: a black ball 
having been drawn, find the chance that it came from the hrst group. 


Of the five bags, 3 belong to the first group and 2 to tlie second ; hence 



If a bag is selected from the first group the chance of drawing a black 


2 4 

ball is ^ ; if from the second group the chance is ^ ; thus py^ 


2 4 


Pyl 


35’ 




8 

25* 


Hence the ohanoc that the black ball came from one of the first group is 
_6 ^ 8 \ 15 

35 ■ \35'''25y ~iH’ 


*473. When an event has been observed, we are able by 
the method of Art. 472 to estimate the probability of any 
particular cause being the true one ; we may then estimate 
the probability of the event happening in a second trial, or 
we may find the probability of the occurrence of some other 
event. 

For example, p^ is the chance that the event will happen 
trom the,;j|f cause if in existence, and the chance thtit the 
cause is the true one is ; hence on a second trial the chance 
that the event wOl happen from the cause is p^Q^. Therefore 
chance that the event will happen from some one of the 
causes on a second trial is 2 {pQ). 



PROBABILITY. 


A pvaae oontame 4 coins which are either soverd^s ar y 
ehilli;^; % coins are drawn and found to be shillings: if these are replaced^ 
what is the chance that another drawing will give a sovereign % 

This question may be interpreted in two ways, which we shall discuss 
separately. 

1, If we consider that all numbers of shillings are a priori equally likely, 
we shall have three hypotheses; for (i) all the &oins may be shillings, (B) 
three of them may be shillings, (iii) only two of them may be shillings. 


Here Pi=p 2 =P 3 ; 

also 2h=^l, P 2 = 2 » P2=6' 

Hence probability of first hypothesis =1-4- + ^ 

1 A 1 1\ 3 

probability of second hypothesis— - -4- ( ^ + 2 6 j ~ i()~ 

probability of third hypothesis= | -r ^ ~ 


Therefore the probability that another drawing will give a sovereign 

= (Qi X 0) -4 ^^2 X + ^$3 X 

~4*i0'^4*i0 40 8* 


II. If each coin is equally likely to be a shilling or a sovereign, by taking 
the terms in the expansion of Q + chance of four 

1 4 6 

shillings is jg , of three shillings is » of two shillings is jg ; thus 

p-1 P-1 p-1. 

*”■16’ ®“16’ 

also, as before, Pi = 1, Pa = | » Ps = g • 


Hence 


"6 "■ 12 6 24 24 ■ 


Therefore the probability that another drawing will give a sovereign 

=={Qi X 0) + (q^ X X 



16 ’”4* 
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*474, We shall now shew how the theory of probability tnay 
be applied to estimate the truth of statements attested hy wit- 
nesses whose credibility is assumed to be known. We shall 
suppose that each witness states what he believes to be the tratlii 
whether his statement is the result of observation, or deduction, 
or experiment; so that any mistake or falsehood must be 
attributed to errors of judgment and not to wilful deceit. 

Tlje class of problems we shall discuss furnishes a useful 
intellectual exercise, and although the results cannot be regarded 
as of any practicai importance, it will be found that they confirm 
the verdict of common sense. 

*475. When it is asserted that the probability that a person 
speaks the truth is p, it is meant tljat a large numl>er of state- 
ments made by liim has been examined, and that 77 is the ratio 
of those which are true to the whole number. 

*476. Two independent witnesses, A and i?, whose proba- 
bilities of speaking the truth are p and // respectively, agree in 
making a certain statement: what is tlie probability that the 
statement is true ? 

Here the observed event is tlie fact that A and B make the 
same statement. Before the event there are four hypotheses; for 
A and B may both speak truly ; or A may speak truly, B falsely ; 
or A njay speak falsely, J> truly;" or A and B may both speak 
falsely. The probabilities of these four hypotheses are 

PP'y P{^-P)j P{^-P)f ( 1 ( 1 -/) respectively. 

Hence after the observed event, in which A and B make the 
same statement, the probability that the statement is true is to 
the probability that it is false as pp to - p) {I p*) , that 
is, the probability that the joint statement is true is 

PP^ 

Bijrilarly if a tliird person, whose probability of speaking the 
truth is p'\ makes the same statement, the probability that the 
atatementx^^* true is . 

ppy 

V ^ ^9' + (1 -p) (1 -p') (1 -p") ’ 

and so on for any number of persons. 
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*477. In the preceding article it has been supposed that we 
have no knowledge of the event except the stetement made by A 
and if we have information from other sources as to the 
probability of the truth or falsity of the statement, this must be 
taken into account in estimating the probability of the various 
Jiypotheses. 

For instance, if A and B agree in stating a . fact, of which 
the a priori probability is jP, then we should estimate the pro- 
bability of the trutli and falsity of the statement by 

Ppp' and (1 - (1 - j») (1 — resjlsctively. 

Example. There is a raffle with 12 tickets and two prizes of £9 and £3. 
Af C, whose probabilities of speaking the truth are J, f respectively, 
repoH the result to D, who holds one ticket. A and assert that he has 
won the £9 prize, and C asserts that he has won the £3 prize ; what is D's 
expectation? 

Three cases are possible; D may have won £9, £3, or nothing^ for A, B, 
C may all have spoken falsely. 

Now with the notation of Art. 472, we have the a priori probabilities 
1 10 ^ 

I“i2’ 2-12’ 2“'12’ 

, 1 2 24 1133 1122 

also p, - 2 ^ .3 ^ 5 ” 30 ’ ^2“2 ^ 3 ^ 0 “ 30 ’ ^’‘'”2 3^5“ 30 * 

• =r ^2 _ ^ . 

• * 4‘ ^3 “20 27’ 

4 3 

hence expectation - - - of £9 + ^ ;^ of £3 =£1. 13». 4f/. 

27 2/ 

*478. With respect to the results proved in Art, 476, it 
should be noticed that it was assumed that tlie statement can be 
made in two ways only, so that if all the witnesses tell falsehoods 
they agree in telling the same falsehood. 

If this is not the case, let us suppose tliat c is the chance 
that the two witnesses 2 I and B will agree in telling the same 
falsehood ; then the probability that the statement is true is to 
the probability that it is false as p^y' to c* (1 -y?) (1 

As a general rule, it is extremely improbable that two 
independent witnesses will teit^he same falsehood, so that c is 
usually vbry small ;^also it is obvious that the quanti^ji c becomes 
Binaller as the number of witnesses becomes* gi’eater. These con- 
siderations increase the probability that a statemei^t asserted by 
two or more independent witnesses is true, even though the 
credibility of each witness is small. 
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A fipeaka truth 3 times out of 4, and B 7 times out 10; th^ 
both ass^ that a white ball has been drawn from a bag containing 6 balls 
all ol different colours : find the probability of the truth of the ass^ion. 


There are two hypotheses ; (i) their coincident testimony is true, (ii) it is 
false. 


Here 




3 7 113 

^^~23 ^ "4 10 ’ 


for in estimating p^ ^we must take into account the chance that A and B will 
both select the white ball when it has not been drawn ; this chance ia 


1 1 
5^5 


or 


25 * 


Now the probabilities of the two hj^pothesea are as l\p^ to PjjJPa* 

36 

therefore as 35 to 1 ; thus the probability that the statement is true is , 


*479. The cases we liave considered relate to the prolwibility 
of the truth of concurrent testimony; tlie following is a case of 
traditionary testimony. 

If A states that a certain event took place, having received an 
account of its occurrence or non -occurrence from J?, what is the 
probability that the event did take place ? 

The event happened (1) if they both spoke the trutli, (2) if 
they both spoke falsely ; and the event did not happen if only 
one of them spoke tlie truth. 

Let p, 2^' denote the probabilities that A and B speak the 
truth ; then the probability that the event did take place is 

pij' + (I ~p) (1 -p), 

and the probability that it did not take place is 

p(i -p)+p'{i-i>). 


*480, The solution of the preceding article is that which has 
use ally been given in text-books; but it is open to serious objec- 
tions, for the assertion that the given event happened if both A 
and B sptj^f falsely is not correct except on the supposition that 
the statement can ^ be made only in tw6 ways. Moreover, 
although it is expressly stated that A receives his account from 
this cannot generally be taken for granted as it rests on 
A*n testimony. 
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A full discussion of the different ways of interpreting the 

= lon, and of the different solutions to which they lead, will be 
in the Educational Times Reprint^ Yols. xxvtl. and xxxn. 


♦EXAMPLES. XXXn. d. 

1. There are four balls in a bag, but it is not known of what 
colours they are ; one ball is drawn and found to be white ; find the 
chance that all the balls are white. 

2. In a bag there are six balls of unknown colours; three balls 
are di’awn and found to be black; find thii chance that no black ball 
is left in tl)e bag. 

3. A letter is known to have come either from London or Clifton ; 
on the TX)stmark only the two consecutive letters ON are legible ; what 
is the cnanoe that it came from London ? 

4. Before a race the chances of three runners, A, 0, were 
estimated to be proportional to 5, 3, 2 ; but during the race A meets 
with an accident which reduces his chance to one-third. What are now 
the respective (jhances of B and C ? 

5. A purse contains n coins of unknown value ; a coin drawn at 
random is found to be a sovereign ; what is the chance, that it is the 
only sovereign in the bag ? 

6. A man has 10 shillingvj and one of them is known to have two 
heads. He takes one at random tuid tosses it 5 times and it always 
falls head : what is the chance that it is the shilling with two heads ? 

7. A bag contains 5 balls of unknown colour; a ball is drawn 
and replaced twice, and in each case is found to be rod : if two balls 
are now drawn simultaneously find the chance that both are red, 

8. A purse contains five coins, each of which may be a shilling 
or a sixpence ; two are drawn and found to be shillings : find the prob- 
able value of the remaining coins. 

9. 4 thrown throe times, and the sum of the three numbers 
thrown is 15 : find tlv5 chance that the first throw was a^«r. 

• 

10, A speaks the truth 3 out of 4 times, and B 5 out of 6 times : 
what is the probability that they will contradict each <fther in statist 
the same fact ? 
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11. A speaks the truth 2 out of 3 times, and 4 times out of 6 ; 
they agree in the assertion that from a bag containing 6 balls of different 
colours a red ball has been drawn ; find the probability that the state^ 
ment i^true. 

12. One of a pack of 62 cards has been lost ; from the remainder 
of the pack two cards are drawn and are found to be spades ; find the 
chance that the missing card is a spade. 

13. There is a raffle with 10 tickets and two prizes of value £5 
and £1 respectively. A holds one ticket and is informed by 2? that 
he has won the £5 prize, while 0 asserts that he has won the £1 prize : 
what is A’s expectation, if the credibility of B is denoted by §, and 
that of (7 by I ? 

14. A purse contains four coins ; two coins having been drawn arc 
found to be sovereigns: find the chance (1) that all the coins are 
sovereigns, (2) that if the coins are replaced another drawing will give 
a sovereign. 

15. P makes a bet with § of £8 to £120 that three races will be 
won by the three horses J, 2?, <7, against which the betting is 3 to 2, ' 
4 to 1, and 2 to 1 resxjectively. The first race having been won by A, 
and it being known that the second race was won either by 2?, or by 
a horse D against which the betting was 2 to 1, find the value of 2*’s 
expectation. 

16. From a bag containing n balls, all either white or black, all 
numbers of each being equally likely, a ball is drawn which turns out 
to be white j this is replaced, and another l>all is di*awn, which also 
turns out to be white. If this ball is rei>laccd, prove that the chance 

1 

of the next draw giving a black ball is ~ (n - 1) (2 m + 1)“* . 

17. If mn coins have been distributed into m puraes, n into each, 
find (1) the chance that two specified coins will be found in the same 
purse ; and (2) what the chance becomes when r purses have been 
examined and found not to contain either of the specified coins. 

18. A, B are tw'o inaccurate arithmeticians whose chance of solving 
a given question correctly are ^ .and ^ resi>ectivoly ; if they obtain the 
same result, and if it is KKX) to 1 against their making the same 
mistake, find the chance that the result is correct. 

19. T^t. witnesses, each of whom makes but,, one false statement in 
six, agree in asserting that a certain event took pkice ; shew that the 
/yias are fivet,to one in favour of the truth of their statement, even 
• 1 
although the a prhri probability of the event is as small as 
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Local Probability. Geometrical Methods/ 

*481. Tlie application of Geometry ^bo questions of Pro- 
bability requires, in geueral, the aid of the Integral Calculus; 
tiiere are, however, many easy questions which can be solved by 
Elementary Geometry. 


If^xampk 1. From each of two equal liuce of lenf?ih Z a portion is cut 
off at random, and removed: what is the chance that the sum of the 
remainders is less than I? 

^ Place the lines parallel to one another, and suppose tliafc after cutting, 
the right-hand portions are removed. Then the question* is equivalent to 
asking what is the chance that the sum of the nght-hand portions is greater 
than the sum of the left-hand portions. It is clear that tlie first is 
equally likely to bo greater or less than the second; thus the required 

probability is - . 

A 

CoE. Each of two lines is known to be of length not exceeding 1: the 
chance that their sum is not greater than 2 is ^ . 


KxampU 2. If three lines are chosen at random, prove that they are 
just as likely as not to denote the sides of a possible triangle. 

Of three lines one muit be equal to or greater than each of the other 
two ; denote its length by L Then all we know of the other two lines is that 
the length of each lies between 0 and /. But if each of two lines is known to 
be of random length between 0 and Z, it is an even chance that their sum 
is greater than Z. [Ex. 1, Cor.] 

Thus the required result follows. 


Example 8. Three tangents are drawn at random to a given circle: 
shew that the odds arc 3 to 1 against the circle being inscribed in the triangle 
formed by them. 



Draw three random linos P, Q, in the same plane as the circle, and 
draw to the circle the six tangents parallel to these lines. 


H. li. A, 


26 
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Then of the 8 triangles so formed it is evident that the circle will be 
escribed to O and inscribed in 2 ; and as this is true whatever be the original 
directions of P, Q, P, the required result follows. 


^482. Questions in Probability may sometimes be con- 
veniently solved by tike aid of co-ordinate Geometry, 

Example* On a rod of length a+6+r, lengths a, h are measured at 
random: find the probability that no point of the measured lines will 
coincide. 

bet AB be the line, and suppose AP=x and PQ = a; also let a be 
measured from P towards Ji, so that x must be less than h + c* Again let 
AP'=yt P'Q^=hf and suppose P'Q' measured from P' towards P, then y must 
be less than a + c. 

Now in favourable cases we must have AP':>AQf or else AP>‘AQ\ ^ 
hence y^a + x^ or x>b-hy (1). 

Again for all the cases possible, we must have 
a’>0, and <cb-tc^ 

y>0, and ca+c) ' 

Tabe a pair of rectangular axes and malte OX equal to h + c, and OY 
equal to a + c, ,*>« 

Draw the lino y = a + x, represented by TML in the figure; and the line 
a;^h + y represented by AP, 



The conditions (1) are only satisfied by points in the triangles MYL and 
KXIi, while the conditions (2) are satisfied by any points within the rect- 
angle 0 A, OF; 

/•2 

the required chance = , , . 

(a+c)(6+c) 


■*■483. We shall close this chapter with some Miscellaneous 
t Examples. 


a. 


Picawjpifc i±\ A box is divided into m equal oompartments into whi<^ n 
halls are thrown at random; find the probability that there will be p oom- 
jpartments each containing a baUa, q compartments each containing b balls, 
» compartments each containing c halls, and so on, where 


pa+gb+rc+ 



PROBABILITY. 


403 


Since each of the n ballti can fall into any one of the m oomparimente 
the total number of oaecs which can occur is m”, and those aie all equally 
likely. To determine the number of favourable case^ we must find the 
number of ways in which the n balls can be divided into p, ^ , r, . . . parcels 
containing a, c , balls respectively. 


First choose any s of the compartments, wherd s stands for p + q -f r + , 
the number of ways in which this can be done is r-r= — (1). 

I* !’"-*’ 


Next subdivide the s compartments into groups containing p, q, 
severally; by Art. 147, the number of ways in which this can be done is 




, Lastly, distribute the n balls into the compartments, putting a into each 
of the group of p, then b into each of the group of q, c into each of the 
group of r, and so on. The number of ways in which this can be done is 

1 ^ 



Hence the number of ways in which the balls can be arranged to satisfy 
the required conditions is given by tlie product if the expressions (1), (2), (3). 
Therefore the required probability is 

[to [^ 

TO"'(]a)>“(|ft)«(|c)'- I£i£ |r ' 


Example 2. A bag contains % balls; k drawings are madeJn suooesBion, 
and the ball on each occasion is found to be white : find the chance that the 
next drawing will give a white ball; (i) when the balls are replaced after 
each Rawing ; (ii) when they are not replaced. 

(i) Before the observed event there are w + 1 hy^wtheses, equally likely; 
for the bag may contain 0, 1, 2, 3, ... n white balls. Hence following the 
notation of Art. 471, 




and g)‘. g)* P„= (-)*. 

Hence after the observed event, 

0 ,= 'i 

^ l* + 2*+3‘ + ... + n* 

* %• r 

Now the chance thaf the next drawing will give a. white haU:=2 - <2^; 

, 1 l*+i + 2*+i + 8*+»+...+n*+i . 

thus the required ohanoo =- . — — > 

and the value of numerator and denominator may be found hy Art. 406. 

26—2 
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In the iiartioalar case when k=%, 
the required ohanoe J j”-Mj % 'M’i+ipLt 

__8(n+^ 

■“2"(2nVl)' 


If 71 ia indefinitely large, the chance is equal to the limit, when is in- 

1 »*+2 ^ ^i*+i 

71 /c ■j' 2 k~\’ 1 


finite, of ' 


and thus the chance in 


* + l 
Ic + 2 


(ii) If the halls are not replaced, 

_ ?• r - 1 ?• - 2 r - -f 1 

’ n- 1 ’ - 2 71- k + i^ 


Jlr _ (r-k + l)(r-k + ^2) (r-l)r 

v'*(r-I*+l)(r-I;+2) (r-l)r 

fj=.0 




(ri- it + l) (n- A;+2)'..;.;.V- i)n (7i + i) ‘ 


I Art. 31)4.] 


The chance that the next drawing will give a white ball- 
7c + 1 

= A/ / - 1 ^ / . S {r-k){r-lc+l) 

(71- ft) (n- 4 + 1) 7t{W+l)r-0 

440 {n-k){n-k + l) 

4) (n- 4 + 1) w(7i + l) ’ 4 + 2 


. (r-l)r 
fi (n + 1) 


Qr 


4 + 1 
"4 + 2* 

which is independent of the number of balls in the bag at first. 


, Example 3. A person writes w letters and addresses n envelopes ; if the 
fetters are placed in the envelopes at random, what is the probability that 
/"every letter goes wrong? 

Let denote the number of ways in which all the letters go wrong, and 
let d^cd ... represent that arrangement in which all the letters are in their 
own envelopes. Kow if a in any other arrangement occupies the place of an 
assigned left^r b, this letter must either oceppy a's place or some other. 

(i) Suppo^ b occupies a’s place. Then the number of ways in which 
all the remaining n - 2 letters can be displaced is and therefore the 
..numbers of w^ays in which a may be displaced by interchange with some one 
of the ether n - 1 letters, and the rest be all displaced is (a - 1) 



moBAMhn% 


m 


(ii) Suppose a occupies 5’s place, and I does not occupy a* 0 . Then iu 
am^emeuts satisfying the required conditions, since a is fixed in &*b place, 
the letters btC,d,... must be aU displaced, which can be done in ways; 
therefore the number of ways in which a occupies the place of another letter 
but not by interchange with that leiter is {n 1) ; 

••• «»=(«-l)K-i+“n-,): 

fixan which, by the method of Art. 444, we find = ( - 1)”(W3 - wj. 

Also Uj — l; thus we finally obtain 





Now the total number of ways in which the n things can be put in n 
places is j-s ; therefore the required chance is 


1^1 

12 - 13+14 



The problem here involved is of considerable interest, and in 
some of its many moditications has maintained a permanent place 
in works on the Theory of Probability. It was first discussed 
by Montmort, and it was generalised by De Moivre, Euler, and 
Laplace. 


*484. The subject of ^probability is so extensive that it is 
impossible here to give more than a sketch of the principal 
algebraical methods. An admirable collection of problems, illus- 
trating every algebraical process, will be found in Whitworth^s 
Choice and Chance; and the reader who is acquainted with the 
Integral Calculus may consult Professor Orof ton’s afticle Proba- 
bility in the Encyclopaedia Briiannica, A complete account of 
the origin and development of the subject is given in Todhunter’s 
History of ilse Theory of Prohahiliiy from the time of Pascal to 
that of Laplace, 

The practical applications of the theoiy of Probability to 
commercial transactions are beyond the scope of an elementary 
treatise; for these we may refer to the articles Annuities and 
In^ance in the Encyclopaedia Britannica. 


^EXAMPLES. XXXU. e. 

1. V?^hat arc th (4 odds iu favour of throwing at leaS^T in a single 

throw with two dice ? ^ 

2, In a purse there are 5 sovereigns and 4 shilling*^. If they ai^ 

drawn out one by one, what is the chance that they come out sovermgns 
and shillings alteimtdy, beginning With a sovereign ? « 
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3« If on an average 9 ships out of 10 return safe to port, what 
is the ohance that out of 5 ships exi.>ected at least 3 will arrive 1 

4. In a lottery all the tickets are blanks but one ; each person 
draws a ticket, and retains it; shew that each person has an equal 
chance of drawing the prize. 

5 . One bag contains 5 white and 3 red balls, and a second bag 
contains 4 white and 5 red balls. From one of them, chosen at random, 
two balls arc drawn : find the chance that they are of different colours. 

6. Five persons A, B,G^ Dy E throw a die in the order named 
until one of them throws an ace : find their relative chtinces of vrinning, 
supposing the throws to continue till an ace appears. 

7. Three squares of a chess board being chosen at random, what 
is the chance that two are of one colour and one of another ? 

8. A person throws two dice, one the common cube, and the other 

a regular tetrahedron, the number on the low'est face being taken in 
tlio case of the tetrahedron ; find the average value of the throw, and 
compare the chances of throwing 5, 6*, 7. ♦ 

9 . A’s skill is to Fs as 1 : 3 ; to ( 7 ’h as 3 : 2 ; and to i)’s as 4 ; 3 ; 
find the chance that A in throe trials, one with each person, will succeed 
twice at least. 


10. A certain stake is to be won by the first person who throws 
an ace with an octahedral die: if there are 4 persons what is the 
chance of the last ? 


11, Two players A, B of equal skill are playing a set of games ; A 
wants 2 games to complete the set, and B wants 3 games: compare 
their chances of winning. 


12. A purse contains 3 sovereigns and two shillings: a person 
draws one coin in each hand and looks at one of them^ which proves 
to be a sovereign ; shew that the other is equally likely to be a sovereign 
or a shilling. 

13. A and B play for a prize ; A is to throw a die first, and is to 
win if he throws 6. If he fails ^ is to throw, and to win if he throws 
C or 5, If he fails, A is to throw again and to win with 6 or 6 or 4, 
and so on : find the chance of each player. 


14. Seven persons draw lots for the occupancy of the six seats in 
a first class railway compartment : find the chance (1) that two specified 
pers ms obtain opposite seats, (2) that they obtain adjacent seats on 
the same side. 

16, A number conaists of 7 digits whose sum is 59 ; prove that the 

4 

oh^nce of its bjing divisible by 11 is rr- . 

• ^1 


16. ^Fiud the chance of throwing 12 in a single throw with 3 dice. 



PBOBABILirr/ 


407 


17. Aba€ contains 7 tickets marked with the numbers 0, 1, 2, ...6 
respectively. A ticket is drawn and replaced; find the chance that 
after 4 drawings the sum of the numbers drawn is 8. 

18, There are 10 tickets, 6 of which are blanks, and the others are . 

marked with the numbers 1, 2, 4, 6 : what is the probability of 

drawing 10 in three trials, (1) when the tickets are replaced at every 
trial, (2) if the tickets are not replaced ? 

19, If n integers taken at random are multiplied together, shew 

2" 

that the chance that the last digit of tho product is 1, 3, 7, or 9 is ^ ; 

4n _ 2*1 4n. 

the chance of its being 2, 4, 6, or 8 is ; of its being 5 is — — ; 

and of its being 0 is * 

20. A purse contains two sovereigns, two shillings and a metal 
dummy of the same form and size ; a person is allowed to draw out one 
at a time till ho draws the dummy : find the value of his expe(^tation. 


21, A ceitain sum of money is to be given to the one of three 
persons A, i?, (7 who first throws 10 with three dice; supposing them 
to throw in the order named until the event hai)pens, prove that their 
chances are respectively 



22, Two persons, whoso probabiliticKS of si>eakiug the truth are 
2 5 

and ^ respectively, assert that a specified ticket has been drawn out 
d U 

of a bag containing 15 tickets: what is the probability of tho truth of 
tho assertion 2, 


23, A bag contains counters, of which ono is marked 1, 

two are marked 4, three are marked 9, and so on ; a person puts in his 
hand and draws out a couiibjr at random, and is to receive as many 
shillings as tho number marked upon it; find the value of his ex- 
pectation. 

24, If 10 things are distributed among 3 persons, the chance of 
a particular jierson having more than 5 of them is , 

25, If A rod is marked at random in n points and divided at 
those points, the chance that none of the parts shall be greater thi^ 

ith of the rod is 4 , 
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26. There are two purses, one containing three sovemgns and a 
flhiliing, and the other containing three shillings and a sovereign. A coin 
is taken from one (it is not known which) and dropped into the other ; 
and then on drawing a coin from each purse, they are found to be two 
shillings. What are the odds against thia.happening again if two more 
are drawn, one from each purse ? 


27. If a triangle is formed by joining tln*ee points taken at random 
in the circumference of a circle, i>rove that the odds are 3 to 1 against 
its being acute-angled. 

28. Three points are taken ^at random on the circumference of a 
circle: what is the chance that the sum of any two of the arcs so 
determined is greater than the third? 

29. A line is divided at random into three parts, what is the chance 
that they form the sides of a possible triangle ? 

30. Of two purses one originally contained 25 sovereigns, and the 
other 10 sovereigns and 15 shillings. One purse is taken by chance 
and 4 coins drawn out, which i>rove to be all sovereigns : what is the 
chance that this purse contains only sovereigns, and what is the prob- 
able value of the next draw from it? 

31. On a straight line of length a two points are taken at random ; 
find the chance that the distance between tJiem is greater than h, 

32. A straight line of length a is divided into three i>arts by two 
points taken at random ; find the chance that no part is greater than b. 


33, If on a straight lino of length two lengths a, b are 
measured at raiidoni, the chance that the common pjirt of these lengths 

shall not exceed c is ^ , whore c is less than a or h ; also the chance 

^ ^ 

that the smaller length b lies entirely within the larger « is - . 

Ctf 


34. If on a straight line of length a-^b-\-c two lengths a, b are 
measured at random^ the chance of their having a common i)art which 

(c-vdf 

shall not exceed c? is - v-, v , where d is less than either a or 5, 
(<?+«) 

35. Four passengers, A, B, C. D, entire strangers to each other, are 

trevelling in a railway train which contains I first-class, m second-class, 
and n third-class compartments. A and B are gentlemen whose re- 
Hj>ective a chaiices of travelling first, second, or third class are 

^’epresentea in each instance by X, fi, y; & and J> are ladies whose 
Himilar a pricyri chances are each represented by m, n, i^ove 
that, for all ^falues of X, /*, v (cxoopt*^in the particular ease when 

* X : fi ; : m : n\ A and B are more likely to be found both in the 

company of the same lady than each with a different ohA 



CHAPTER XXXIII. 

Determinants. 


485. The present cliapter is devoted to a brief discussion of 

determinants and tlieir more elementary properties. Tlie slight 
introductory sketch here given ’will enable ^ student to avail 
himself of the advantages of determinant notation in Analytical 
Geometry, and in some other parts of Higher Mathematics; 
fuller information on this branch of Analysis may be obtained 
from Dr Salmon’s Lessons Introductory to the Modem Higher 
Algebra^ and Muir’s Theory of Determinants. t i 

486. Consijler the two homogeneous linear equations 

a^x + h^y = 0 , 

aga3 + 5^ = 0; 

multiplying the first equation by the second by ftj, sub- 
tracting and dividing by we obtain 

This result is sometimes written 

», \ 

o, 6, 

and the expression on tlie left is called a determinant. It consists 
of two rpws and two columns, and iii its expanded form each 
term is the product* of two quantities; it is therefdf^* said to l>e 
of the second order. * 

The letters a,, 6^^ arc called the constitmvde of tfee 

determinant;*^nd the terms ajb^ are called the 
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487, Since 


1 «. K 

=«A-«A = 


1 


K K 



it follows that tJte value of the determinant i>s not altered by chang- 
ing the TOWS into columns^ and the columns into rows. 


488. Again, it is easily seen that 


a, 

== - 

6, «, 

, and 

«i 1=--- 





K 1 


? that is, if we inlercliange two rows or two columns of the deter- 
j mmantf we obtain a determinant which differs from it only in sign. 


489. Let us now consider the liomogencous linear equations 
a^x + b^y -f c,j^ « 0, 

a,^x + bj^ + cjs = 0 . 

By eliminating a;, ?y, we obtain as iii Ex. 2, Art. 1C, 

»i (Va - a) + iP’h - «A) = 


or 



i 


a. 


1 

h 





■f cv 


a. 


K ho. 

K 


Tliis eliminaiit is usually written 

rt, 5, c. 




and the expression on the left being a determinant which consists 
of three rows and three columns is called a determinant of the 
third order, 

490. By a rearrangement of terms the expanded form of 
the above v4^*Aerminant may be written 

A - { V. - - V.)* 


or 


h. h. 


“I" a. 




6 . 6 , 
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hence 


that is, the value of the determinant is not altered hy changing 


a, 


Cl 



a 




c. 


K 

K 



K 

Ca 






TOWS inlo columns^ and the colvmim into rows, 
49 L From the preceding article, 


mg 


a, 

6. 



h. 


+ «» 

K 



h 

Ox 


b. 



i 



K 

Cl 


K 

<=. 


K 


a j 

K 


-a. 


Cl 

+ «,, 

K 

C, 





K 



K 

Cb 


K 



•(!)• 


Also fixna Art. 489, 



hx 

C, 

= «, j K 


- 6 , 



+ «. 


K 


K 


■ 






«» 

K 

“a 

K 











...( 2 ). 


We shall now explain a simple method of writing down the 
expansion of a determinant of the third order, and "it should be 
noticed that it is iinmatcTial whether we develop it from the first 
row or the first column. 

From equation (1) we see that the coefficient of any one of 
the constituents aj , a^,, is that determinant of the second order 
which is obtained by omitting the row and column in which 
it o<3ours. These dett^rminants are called the Minors of tlm 
original determinant, and the left-hand side of equation (1) may 
l>e written 

a^A.^ — a^Ag + a^A^y 

where A,, A^y A^ are the minors of a^, a^, a^ respectively. 

• ^ » 

Again, from equh.tion (2), the determinant is equal to 

where A^, (7j are the minors of 5^, c, respectively • 
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492. The detenninaut a, 5, c^ 


= a, (5/, - b,c,) + b, (c.o„ - c,a.) + c. (a,6, - 0,6.) 

= - ^.( v» - V.) - “i (eA - cA) - c. (V. - ; 


a. h. 
2 8 


= - h «. 


Thus it appears that if Uoo adjacent colum,m^ or rowSy of tlm 
V' determinant are interchanged^ the S'ign of the determinant is 
changed^ hut its value remains unaltered, 

Tf for the sake of brevity we denote the detenniiiant 
¥ 

Z», c, 

K 

% K 

by then the result we liave just obtained may be written 

(6.VJ = -(«A0' 

V Similarly we may shew that 

(tf.aA) = - K^A) =+ («,Va)- 


^ 493. If two rows or two columns of tfie determinant are 

'‘^^^entical the detenninant va7mhe8. 

For let i) be the value of the determinant, then by inter- 
changing two rows or two columns we obtain a determinant 
whose value , is -/>; but the determinant is |^altered; hence 
i> = - i), that is /> - 0. Thus we have the following equations, 

a,A^-a,A, + aJ^ = J), 

! M, + 

, . 494. Jfi, each eonttUumit in any row, or m any oohmn, is 

' &*dt{pHsd by the same /actor, tJwn the determinant is muUiplieii 
by tba^/ader. 
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For 


wta, bi Cl i 

tna, />, c, 

»«*, b, c, 

— »*«, . -^1, — . A, + «w*j . 


which proves the proposition. 


Cor. If each constituent of one row, or column, is tlie same 
multiple of the corresponding constituent of another row, or " 
column, the determinant vanishes. 


495. jy each constituent in any row^ or columny oonjfists of two 
terinsy then the determinant can he exyreseed m the sum of two 
oifisr determinants, 

Tims wo have 


®1 ®) 

-- 

a, h, Cl 

+ 

0, ft, Cl 

«. *•, c. 


a. Cj 


% K <•. 



«3 C3 


s K 


for the expression on the left 

(a^ +* ttj) yl , - (a^ -i- a^) A g ^ + a ,) 

(«i^i - f>>At+a^AJ + (a,^, - a^A, + j 

which proves the proposition. 

In like manner if eacli constituent in any pne row, or column^ ^ 
consists of m terms, the determinant can be expressed as the 
sum of m other determinants. 

Similarly, we may shew that 

«, + «, c. 





«. , 

+ 

®i 

Cl 

+ 

*•. c. 

+ 

,“l A . 


ffi. 





/S, c. 


^ 




. 

K 

e. 





^ «. 


*4 Ai «, 
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Tliese results may easily bo generalised; thus if the con- 
stituents of the three columns consist of w, p terms respec- 
v/tively, the determinant can be expressed as the sum of ^rrymp 
determinants. 

Example 1. Shew that h-\-c a-h a = 8at>c - tt* - - c®. 

V, c+« h -c h 
a +h c- a c 

The given determinant 



h 

a 

a 1 ~ 

h 

h 

a 



a 

a 1 - 

e 

h 

a 


c 

h 

^ ! 

c 

c 

h 


a 

h 

^ 1 ' 

a 

c 

h 


a 

c 

1 

c 1 

1 ^ 

a 

c 


b 

c 

c i 

h 

a 

e 


Of these four determinants the first three vanish, Art. 493; thus the ex- 
pression reduces to the last of the four determinants ; hence its value 

= - {c (c'* - ah) ~h (ac- Ifi) + a (a® ~ he) } 

= 3a6c - a® - - c®. 


Example 2. Eind the value of 67 19 21 . 

39 13 14 

81 24 26 

We have 


67 

19 21 

= ! 10-1.57 

19 

21 

= j 10 10 

21 

+ 

57 

19 

21 

39 

13 14 

’ 0 + 39 

13 

14 

1 0 13 

14 


39 

13 

14 

81 

24 26 

i 9 + 72 

24 

26 

1 0 24 

26 


72 

24 

20 


= 10 

19 21 = 

JO 

19 

19 + 2 = 

10 

19 

2 




0 

13 14 

0 

13 

13 + 1 ! 

0 

13 

1 




9 

24 26 

9 

24 

24 + 2 

9 

24 

2 




= 10 1 

13^1 1 +9 1 

19 

21 

=20-63= - 

-43. 






1 

24 2 I 1 

13 

11 








496. Consider the determinant 

a, +ph^ + qc^ ; 

+ b, c, 

a^+ph^ + qc^ \ 

. as in the laifc article we can shew that it is e^^ual to 


6, Cj 

+ 

pbi 6) < 

+ 

qc, 6, c, 

a, h, c. 


A c. 


S'®, K 

% K «. 


Ph K c. 


K % 
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and the last two of these determinants vanish [Art. 494 Oor.]. 
Thus we see that the given determinant is equal to a new one whose 
first c5olumn is obtained by subtracting from the constituents of / 
the first column of the original determinant equimultiples of the 
corresponding constituents of the other columns, while the second 
and third columns remain unaltered. 

Conversely, 


rt, 6, 0, 


+ phi +qc^ by c, 

K 


a,+pb^\qc^ b, c. 

K •’a 




and M^lmt lias been here proved with reference to the first column 
is equally true for any of the columns oc rows ; hence it appears 
that in reducing a determinant we may replace any one of the 
row^s or columns by a new row or column formed in the following 
way: 

Take the constituents of the row or column to he replaced^ 
and hhcreaso or diminish them hy any equimultiples of the cor-V 
responding constituents of om or more of the other rows or 
columm. 

After a little practice it will be found tliat determinants 
may often be quickly simplified by replacing two o^ more rows 
or columns simultaneously : for example, it is easy to see . 
tliat 


+ ph^ 

6 , - ffc, c, 



6 , c. 





y- 

''a ^8 






but in any modification of the rule as above enunciated, care ^ 
must be taken to leave one row or column unaltered. 


Thus, if on the left-hand side of the last identity the con- 
stituents of the third column were replaced by Cj+m,, + 

C 3 + m i;espectively, we should have the formqf value in- 
creased by * . ^ 


a, - 1 - pb^ 

bi-qc. 

ra^ 

> 4 


a,+pb. 





%+pK 


ra^ 
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4ilA 

and of the four determinants into which this may be fesolved 
there is one which does not vanish, namely 


pby - gc^ ra^ 

VK -^<^2 
pK -r, 

Extmple 1. Find ihe value of i 29 26 22 

I 25 81 27 

' 63 54 46 


The given determinant 


= 

3 

26 

-4 .= 

: - 3 X 4 X 

1 26 

1 12x; 

1 

26 

1 


-6 

.31 

-4 i 


~2 31 

ll 

-3 

5 

0 


9 

54 

- 8 1 


3 51 

2 1 1 

1 

2 

0 

» , 

-12 

1 

1 26 j 

^ - 12 1 

-3 5 1 = 

132. 






0 - 

3 

5 

1 

1 2 j 







0 

1 

2 








[Kprplanation, In the first stop of the reduction keep the seooiid column 
unaltered; for the first new column diminish each constituent of the first 
^lamn by the corresponding constituent of the second ; for the third new 
colcBiB^n diminish each constituent of the tliird column by the corresponding 
constituent of the second. In the second step take out the factors 3 and 
- 4. In the third stei) keep the first row unaltered ; for the second new row 
diminish the constituents of the second by the corrc*^ponding ones of the 
first ; for the third new row diminish the constituents of the third by twice 
the corresponding constituents of the first. The remaining steps will bo 
easily seen.] 


Example 2. Shew that 

a-h-c 

2a 

2a 


2b 

b~ c-a 

2b 


2c 

2c 

e- a-h 


= + c)*. 


The given determinant 





a+6 + c + c ci + 5 + o 

= (a+6 + c) X 

1 1 

1 


26 6-c-a 26 


26 6 - c - a 

26 


2c 2c c-a-h 


2c 2c 

c-a^b 


S= (rt + 5 + c) X 


10 0 
2b -a 0 

2c 0 -c-a-5 


c) X 


-h-e-a 0 s=(flH-5+c)^ 

0 -c a-h 



DETERMINANm 


417 *1 


y^xplmati<m. In th^ first new determinant tl^e first row is the sum of 
the oonstituonts of the three rows of the original determinant, the second 
and third rows being unaltered. Xn the third of the new determinants they 
first column remains unaltered, while the second and third columns are 
obtained by subtracting the constituents of the first column from those of 
the second and third respectively. The remaining transformations are suffi- 
ciently obvious.] ' 

497. Before shewing how to express the product of two de- 
tomiiiiaiits as a determinant, we shall investigate tlie value of 

<*i“i + + 6 A + f,y. + 6A + “iTj 

+ + + + ^/*. + '■.Yi 

+ '’dYi “A * A + ‘^aY. »A + * A + '’.Yb 
From Art. 495, wo know that the above determinant can bo 
expressed as the sum of 27 determinants, of which it will lie 
sulHcient to give the following specimens ^ 


a a 
11 



1 



‘■.Yd 

> 


^lYa 


I (1 OL 
a 1 

it Cl 





<'.Y. 


a CL 

«.Y. 

“A 

1 «d“. 

a tx 
*^0 a 

Vi 


“d“. 

6A 

«.Yd 


a a 

dl^l 

“•dY. 

*A 


these ai-o respectively equal to 






. “i^Yd 


K 

‘^1 

. “i^dY. 


c. 

h 



^dl 




\ 



a. 


K 


«d 

«d, 

“d 




'■b 


«b 

'’d 

K 


the first of which vanislu's; similarly it will be foujid that 21 
out of the 27 deteniiinants vanish. The six determinants that 
remain aro#equal to 


(“■^.Yd - “Ay. + “ Ayi - “/iYb + “ d<®iYB - “Ay.) x 

that is, 



/3. 

y^ 

X 



“a 

/3d 

y« 




^*8 

/3d 

78 


»B 

K '•d 


hence the given determinant can be expressed as the product of 
two other determinants. 


498, The produet of two determinants is a detenkinant 
Consider the two linear equations • ^ 

0/ 

H. n. A. a? > 


.(1). 
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where 


A’', = a,.*, f 


( 2 ). 


Substituting for and X^ (1)> have 

(<*■“> + *. + («.s + ^1^.) *■>. 

(a,o, + 6,/3,) !», + (rt,a, + 6,^,) w. = Oj 


fn order that equations (3) may simultaneously hold for 
values of cc^ and other than zero, we must have 


a,a, + 6,^, 


^2®2 + ^2^2 


^0 


(4). 


lJut equations (3) will hold if equations (1) hold, and this 
will bo the case either if 


a, \ 
«2 *^2 


= 0 


(S), 


or if and X^^O; 

which last condition requires that 


“i 

“2 P, 


=.0 


( 6 ). 


Hence if equations (5) and (6) hold, equation (4) must also 
hold and therefore the determinant in (4) must contain as 
factors the determinants in (5) and (6) ; and a consideration of 
the dimensions of the determinants slie\<^s that the remaining 
factor of (4) must ho numerical ; henco 


la, tlx 

“i A 

= n,a, + 6.^, nfl^ + bX 

U. h\ 1 

1 “2 /2. 

«2“i+^/*i «,«, + &.^2 


the numerical factor, by comparing the coollicients of 
on tJie two sides of the equations, being seen to be unity. 


Cor. 

^ j 

a _ 


a,a, + 6,6. 





a,* + V 


The above method of proof is perfectly general, and holds 
whatever bo the order of the determinants. 

Since •the value of a detormiiaant is not altered when we 
writci the rows as chlumns, and the columns as rows, the product 
two dohirminants may be expressed as a determinant in 
» several wajrs; bu^ these will all give the same result on ex- 
pansion. 



BUTSEKXNAKTS. 


m 


Saamjtle, Shew that j Ay 

-By 

Cy « 

«1 

hy e, 

■-A, 

By 

-Cy 

as 

h e. 





®j 


the capital letterB denoting the minoi^s of the corresponding small letters in 
the determinant on the right. ; 

Jiet J>' denote the determinants on the right and left-hand sides 
respectively ; then 

jyl) ^ j ^2^1 ®8^1 ”” ^8^1 "i" ^8^1 

= D 0 0 ; [Art. 493.] 

0 D 0 f ’ 

0 0 D 

thus 1>D'=Z)®, and therefore D'^D-, 

EXAMPLES. XXXm. a. 


Calculate the values of the determinants : 


1. 

1 

1 

1 

. 2. 

13 

16 

19 

3. 

13 

3 

23 


35 

37 

34 


14 

17 

20 


30 

7 

53 


23 

2(5 

25 


15 

18 

21 


39 

9 

70 


4, a h 

9 • 

5. 1 ^ -y ■ 

6. 

1 

1 

1 

h b 

/ 

- 1 X 


1 

1+d 

7 1 

9 f 

c 

y -X 1 


1 

1 

1+y 

7. a-h 

b-c 

c~a . 8. h-k-c 

a 


a 1 

. 

b-c 

C-# 

a — h b 

c+a 


h j 


c — a 

a-b 

h-c 0 

. c 

a 

+ b 



If w is one of the imaginary cube roots of unity, find the value of 


9. 

1 

a> 

€0^ 

10. 

1 

«s 

0)® 


«9 


1 



1 

<0 



1 

a» 


4)2 

6> 

1 


11, Eliminate I, m, n from the equations 

a? + c»i4*6«=p0, c?4*6»i 4*«»«0» W+cwa4*c^=«0. • 

and express the result in the simplest f<»m. ' 

87-^8 
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12. Without expanding the doterniiiiants, prove that 



a h e =- y b q 

aa. X 

y z 

• 


X y z X a p 

V 

q r 



p q r 2 c r 

a 

h c 


13. 

Solve the equations : 





(1) a a X = 0 . (2) 

15- 2x 

11 

10 


ni m wi 

11 -3a; 

17 

16 


h X b 

1-x 

14 

13 

Provo the following identities : 




14. 

b+c c+a a+h =2 a h 

c 1 , 




q+-T r+p p+-q p q 

r 




y+z z + x x+y x y 

z 




15, 1 a = (h -c){o — a) {a-- h), 

I h 

I c 

16. I 1 1 1 r = (6-c)((j-a)(a-6)(<'if + &-f <f). 

a b c 
<? 

17. ^ X y -{y-t){z-v){v-y)iyz 

\ ^ 

\ yz zx xy 

18. —Sot a+h a + t’ ^{h+c) a) {<f ■\‘b). 

b-^-a -2b b + c 

c + a f -f- 6 - So 

19, (6 + c)2 ^2abc\(i’\b-\'c)^, 

(c+ay 

20, Express as a determinant 0 r ^ - 

0 0 a 

h a 0 

21* Finj),the condition that the equation Ix+my-i-m^^O may be 
aatiehed by the threa sets of values (o^, tj, c^Yia^.^ ^2, C2) (Og, ftg, Cg) ; 
and shew that it is the same as the condition that the three equations 

^ a^x+h^y + c^=sO, 

may be simultaneously satisfied by n^, n. 
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22* Find the value of 



<*&4-cX ca-'hX X 

X f 

-b 

• ah - cK 

?>2 + X2 hc^dk 

-c* X 

a 

!■ CtL 4“ b\ 

V 

hc-\a\ {c®4'3C® 

b -a 

X " 

23. Prove that 

1 a-{-ib c+id | x | 

a - 

y “ ib 


1 —c^^rid a — ib\ 1 

— y - 

a 4-^/3 

whole V — 1> r.an 

lie written in the form 




I A—iB C—iD I ; 

! -C-tD A+iB I ' , 

hence deduce the following theorem, duo to Euler : 

The product of two sums each of four squares can he ejopte^ed as the 
sum of Jour squares. 

Prove the following identitiee : 

24. 1 hc+ad 

1 ca-\-hd + 6 W 

1 ah-\-cd aP'U^ + c^d^ 

- {h—c) (c - a) (u -h) (a- d) {(> - d) (c - d). 

26. hc-a^ ca-b'^ ah-<^ 

-Z>6* + ca + a6 bc — ca + ab bc+ca-ab 

((^+6)(a + c) (b c) (b -{- a) (^+u.) (<';+?>) 

— 3{b-c){c-a){a- b) (a + 6 + v) {be 4- m + ab). 

26. (a-z)'^ 

(5_^)2 {b-^y {b^zy 
{c-^)K{c-yy {c-zy 

— 2 (6-c) (c-a) (a-b) (y-z)(z-x)(jt;-y). 

27. Find in the form of a determinant the condition that the 
expression 

4- 2u'ffy 4- 2v'ya + 2w'a^ 

may \>e the product of two factors of the first degree in a, /3, y: 

28. Solve the equation : 

u^a^x w'+abx v'4-a<vg ^0, 

v/+€d}x v+l^x u* -^hox ^ 

d-ifCLcx u' ^box w4- 

expressing the result by means of determinants. 
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499 The properties of determinants may be usefully em- 
ployed in solving simultaneous lihear SquatioBS. 

Let the .equations be 




Cj 


h 


The coefficients of y and * vanish in wtue of the relations proved 
in Art. 493, and we obtain 
(a, 4, - a..4, + 

»Siruilarly 'v^e may show that 

(5,15, - i A + hj}^ y + {dfix " A ‘^A) =" 

{cfi, - cfi, + cfi^) z + (d,C, - (1,0, + d,Cj --- 0. 

Now a, A , - u,A, + a,A, = - (b,li, - b,B, + h,B^ 

^eC -cXl, + ef,^D-, 


hence the solution may be written 


X 

-y 



-- 

. 

h. c 


dy «, ‘^1 


'fZ, a, 6. 


", 6, c, 

1 1 * 


d, «; c. 


d, a, h. 


a, h, c. 

g 3: s 


d» 


d, a. K 


"a K 


or more Byionietrically 


X 

6 c. d. 

li 

a, c, d, 


a, ^>1 

t! 

a, 6, c, 

\ 1 1 

b, ('s <i-^j 


«, «, 


a, b, d,^ 


a, fl*. c. 

^3 


«3 «. 


a, K 


». ^ ®8 


600. Suppose we havp the system of four hmnogeneous linear 

^quatibns : 
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a^x + hj/ + (Jjs; + d^u — 0, 
a^x + h^y + e^z + d^u = 0, 
a^ + h^ + c,z+d^u = 0, 
a^x + bj/-i- c^z + d^u = 0 ^ 

From the last three of these, we have as "in the preceding article 


X _ —y _ » . _ -u 


b, c. d. 


<5, d. 


to 


®. <■. 

^3 


«3 «a 


«3 h 


«3 ^ 

K c. 


«4 C. 


“4 K 


«4 ^ C 4 


Substituting in the first equation, the eliminant is 



b, c. d. 

-6. 

C, 

+3: 

«a d. 

-d, 

«. «. 


^3 ‘^a 


«8 «a ‘^a 


«a \ d. 


“a ®a «. 


J. d^ 


»4 «4 d. 


«4 ^4 d. 


«4 ^4 «4 


This may be more concisely written in the form 


6, c, rf, 

h 

K 

K Ca d. 


0 ; 


the expression oji the left being a determinant of the fourth order. 

Also we see that the coefficients of a, , />, , c, , taken with 
their proper signs are the minors obtained by omitting the row 
and column which respectively contain these constituents. 


501. More generally, if we have n homogeneous linear 
equations 

a, a;, + 6,*. + c,®, + + - 0, 

+ Va + + V» = 


+ + *A=- 0. 

involving n unknown quantities a;,, these quantities 

can be eliminated and the result expressed in the form 


6, c, *1 

K 


- 0 . 
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^The left-haud member of this equation is a detenuinant which 
consists of n rows and n columns, and is called a determinant of 
the order. 

The discussion of this more general form of determinant is 
beyond the scope of the present work ; it will be sufficient here 
to remark that the properties whicli have been established in the 
case of deteraninants of the second and third orders are quite 
general, and are capable of being extended to determinants of 
any order. 

For example, the above determinant of the order is 
equal to 

1 )"-' 

or - a^A^ +...+(- 1)*"' a„A^, 

according as we develop it from the first row or the first column. 
Here the capital letters stand for the minors of the constituents 
denoted by the corresponding small letters, and are themselves 
determinants of the (n - 1)*** order. Each of these may bo ex- 
pressed as the sum of a number of determinants of the (n — 2)^*^ 
order; and so on; and thus the expanded form of the deter- 
minant may be obtained. 

Although we may always develop a determinant by means of 
the process described above, it is not always the simplest method, 
especially when our object is not so much to find the value of 
the whole determinant, as to find the signs of its several 
elements. 

502. The expanded form of the determinant 


and it appears that each element is the product of three factors, 
c ae taken from each row, and one from each column ; also the 
signs of half the terms are -f and of the other half - . The signs 
of the sever*^ elements may be obtained as. follows. The first 
element in which the suffixes follow the arithmetical order, 
i^ positive ; vfe shall call this the leaditig element ; every other 
element may be obtained from it by suitably interchanging the 
suffixes. The sign + or - is to be prefixed to any element ac- 
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cording as it can be deduced from the leading element by an ' 
even or odd number of permutations of two suffixes ; for instance, 
the element is obtained by interchanging the suffixes 1 and 
3, therefore its sign is negative; the element is obtained ; 
by first interchanging the suffixes 1 and 3, and then the suffixes 
1 and 2, hence its sign is positive. 

503. The determinant whoso losing element is ... 

may thus be expressed by the notation 

2 -fc , 

the 2 ^ placed before the leading element indicating the aggregate 
of all the elements which can be obtained from it by suitable 
interchanges of suffixes and adjustment of signs. 

Sometimes the determinant is still more simply expressed by 
enclosing tlie leading clement within brackets; thus ...) 

is used as an abbreviation of 2 =*= .... 

Example^ In the determinant what sign is to be prefixed to 

the element aJ[)^Cyd^c,^*l 

From the leading element by permuting the suffixes of a and d we get 
O 4 ; from this by permuting the suffixes of h and c we have ; 

by permuting the suffixes of c and d we have a^h^c^d^e^ ; finally by permuting 
the suffixes of d and e we obtain the required element ajb^cfipc^ ; and sinoe 
wo have made four peimutations the sign of the element is positive. 


504. If in Art. 501, each of the constituents c , is 
equal to zero the determinant reduces to ; in other words 
it is equal to the product of and a determinant of the {n - 1)^** 
order, and we easily infer the following general theorem. 


ff euch of the constitumts of the first row or column of a 
determinant is zero except the firsts and if this constituent is equal 
to m, the determinant is equal to m times that determinant of lower 
order which is obtained by omitting the first column and first 
row. 


Also since by suitable interchange of rows and columns any 
constituent can be brought into the first place, it follows tl^at if 
any rowl^r column has all its constituents except .one equal to 
zero, the determinant can immediately be^xpresseS as a deter- 
minant of lower order, 

* . . . ’ 

This is sometimes useful in the reduction and simplificatidn 
of determinants. 
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KxampUn Find the value of 


30 

11 

20 

38 

6 

3 

0 

9 

11 

-2 

36 

3 

19 

6 

17 

22 


Diminish each constituent of the first column by twice the corresponding 
constituent in ,the second column, and each constituent of the fourth column 
by three times the corresi)onding constituent in the second column, and 
we obtain 

8 11 20 “ 5 , 

0 3 0 0 

15 - 2 36 9 

I 7 16 17 4 

and since the second row has three zero constituents this determinant 


8 

20 

6 

00 

cc 

If 

20 

5 =3 

1 ^ 

1 

0 1= -3 1 8 

5 1 

15 

36 

9 

! 8 

19 

5 . 

1 8 

19 

5 ! 7 

4 ' 

7 

17 

4 

1 7 

17 

4 

! 7 

17 

4 ! 



505. The following examples shew artifices which are oc- 
casionally useful. 

Example 1. Prove that 

a h c d —(a + h^c-\-d)(a~h’\c-d)(a-b-c-\-d)(a + h--c-‘d). 
hade 
c d a h 
d c h a 

By adding logetlior all the rows wo see that a + ^/-l-c + d is a factor of the 
determinant; by adding together the first and third rows and subtracting 
from the result the sum of the second and fourth rows we see that 
a-6-f-c-d is also a factor ; similarly it can be shewn that a-h-c + d and 
a + 6 - c - d are factors ; the remaining factor is numerical, and, from a com- 
parison of the terms involving on each side, is easily seen to be unity; 
hence we have the required result. 


Example 2. Prove that 

I 1 1 1 1 |=(a-6)(a-c)(a-d)(6-c)(6-d)(c-d). 


The given determinant vanishes when 5= a, for then the first tand second 
columns are ^entical; hence a - is a factor of the. determinant [Art. 514]. 
Similarly each of the elpicBsions a - a - d, ft- c, 6 - d, c - d is a factor uf 
ftie detebninai^t ; the determinant being of six dimensions, the remaining 
must be numerical ; and, from a comparison of the terms involving 
on each side, it is easily seen to be nnity ; hence we obtain the required 
result. , 
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Calculate the values of the determinants : 


1 . 


3. 


1111 
12 3 4 

1 3 6 10 

] 4 10 20 

a 1 1 J 

I a 1 } 

i I a } 
111a 


2 . 


4. 


7 13 10 6 . 
r> a 7 4 
S 12 11 7 
4 10 6 3 

011 1 

I b+c a a 

1 h c + a h ^ 

1 . e c a-^h 


f 


3 

2 

1 

4 

6. 

1 + a 

1 

1 1 

15 

29 

2 

14 


1 

1 + 6 

1 1 

16 

19 

3 

17 


1 

1 

1 + c 1 

33 

39 

8 

38 


1 

1 

1 i+d 


7. 

0 X y z 

8. 

0 X 

y z 


X 0 z y 


— X 0 

c h 


y z 0 x 


-y -c 

0 a 


z y X 0 


-6 

-a 0 

9. 1 

a b 

c 

d\ 

i- 


I a a^h a + b+c a+6 + c+cf 

la 2a + ^ 3a 4-26 + 0 4a+"Sb-\-2c + d 
I a 3a 4“ 6 6a +364-0 10a+66 + 3o+c? 


10. If <0 is one of the imaginary cube roots of unity, shew that 
tlie square of 


1 

O) 

0,2 

0)3 


J 

1 

-2 

1 

ti> 

0)2 

0)3 

1 


1 

1 

1 

-2 

0)2 

0,3 

1 

O) 


-2 

1 

1 

1 

0)3 

1 

0 ) 

0)2 


1 

-2 

1 

1 


hence shew that the value of the determinant on the left is 3 - 3. 

11. If {P'-hc)!c+{oli-fg)y+Q>g-lii)z=^o/* 

(ch -fg) x+f.g'^- ea)y + {af- gh) z=0, ^ 
(J>g-hf)x+{af-gh)y+{h^ -ah)z=Q, 


shew that 
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Solve the equatioas : 

12. 13. ax’\‘hy-^ cz-ky 

ax-\' hyJf cz=^ky a^x-\-l>^y + <^z=^k\ 

a\v + h^y + c^z= IcK v^x + h^y 4* = P. 

14. y+ w = l, 

cuc + hy + <?-5+ du=^ky 
d^x + h^y + c^z + d^u == Jc\ 
a^x 4- Py +<^z-{‘ d^u = P. 

15. Pi‘ove that 

h-^^c — a-d %c-ad hc{a+d) — ad{b-\'i‘) 
c-\-a-h~-d ca-M ca{h + d)’-hd (c+a) 

aJ^h-c-d ah-cd a.h{c-{-(d)^cd{a + h) 

= _ 2 (6 — c) (c — a) (a - h) (a — d) (h - d){c~ d), 

16. Prove that 

— {h — cf ho 

h'^ 1^'-{C — O)^ CAl 

d 0 ® - (a - hy ah 

= (& — c){c — a) {a - h) {a^h c) (a^4- 6^4'C^). 

17. Shew that 

\ a h c d e f A B C y 

\ f a h 0 d c CAB 
e f a h c d B C A 

d e f a h c 

c d € f a h 

he d e f a 

where A = a^ — d^’^2ce —2hf, 

B=e^ “P +2ac~2dfj 
C=<^ —f^-i-2ae-2bd. 

18. If a determinant is of the order, and if the constituents 
of its first, ^oiid, third, rows arc the first figurate numbers of 
the first, second, third,, orders, shew that its value is unity. 



CHAPTER XXXIV. 


MISCELLANEOUS THEOllEMS AjJU 


EXAMPLES. 


506. We shall begin this chapter with some remarks on the 
permanence of algebraical form, briefly reviewing the fundamental 
laws which have been established in the course of the work. 

507. In the exposition of algebraical principles we proceed 
analytically : at the outset we do not lay down new names and 
new ideas, but wo begin from our knowledge of abstract 
Arithmetic ; we prove certain laws of operation which are capable 
of verification in every particular case, and the general theory of 
these operations constitutes the science of Algebra. 

Hence it is usual to speak of Arithmetical Algebra and Sym- 
bolical Algebra^ and to make a distinction between them. In the 
former we define our symbols in a sense arithmetically intelligible, 
and thence deduce fundamental laws of operation ; in the latter 
we assume the laws of Arithmetical Algebra to be true in all 
cases, whatever the nature of the symbols may be, and so find 
out what meaning must be attached to the symbols in order that 
they may obey these laws. Thus gradually, as we transcend the 
limits of ordinary Arithmetic, new results spring up, new lan- 
guage has to be employed, and interpretations given to symbols 
which were not contemplated in the original definitions. At the 
same time, from the way in which the general laws of Algebra 
are established, we are assured of their permanence and uni- 
versality, even when they are applied to quantities not arithmeti- 
cally intelligible. , 

• 

508. Confining our attention to positive integral values ot 
the symbols, the following laws are easily established from a prio 7 % 
arithmetical definitions* 
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I. The Law of Ooi^iitation, which we enunciate as follows: 

(i) Additions and mbtractiona may he made in any order. 

Thus a + & — c=a — c-f& = Z)-c + a. 

(ii) Multiplications and divisions may he made in any order. 

Thus a X 6 = 6 X a ; 

rtx6xc — 6xcxa=-axcx?>; and so on. 

— c ~ a X 6 c = (a -i- c) x ?> -- (6 -r c) x 

II. The Law of Distribution, which we enunciate as follows: 

Multiplications and divisions mo/y he distributed over additions 
and subtractions. 

Thus (a — 6 + c) m - am — hm + cm, 

(a -h){c-d) = ad— he hd, 

[See Elemnentafry Algebra^ Arts. 33, 35.] 

And since division is the reverse of multiplication, the distri- 
butive law for division requires no separate discussion. 

TIT. The Laws of Indices. 

(i) rrxa"-a’”"", 

a”* -i- a" = a’"::*. 

(ii) (ary--^a^\ 

[See Elementary Algebra^ Art. 233 to 235.] 

These laws are Laid down as fundamejital to our subject, having 
been proved on the supposition that the symbols employed are 
positive and integral, and that they are restricted in such a way 
that the operations above indicated are arithmetically intelligible. 
If these conditions do not hold, by the principles of Symbolical 
Algebra we assume the laws of Arithmetical Algebra to be true 
in every case and accept the interpretation to which this assump- 
tion leads us. By this course we are assured that the laws of 
..algebraical operation are self-consistent, and that they^^include in 
their genewility the particular cases of ordinary Arithmetic, 

, 509, Ejrom the law of commutation we deduce the rules 

^or the removal and insertion of brackets \Elevmntdry Algebra, 
Arts. ^21, 22] ; and by the aid of these rules we establish the law 
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of distribution as in Art. 35. For example, it is proved that 
(a - 5) (c - - ttc — ac? — 5(j + 

with the restriction that a, 5, c, d are positive integers, and a 
greater than 6, and c greater than d. Now it is the province of 
SypiboKcal Algebra to interpret results like this when all restric- 
tions are removed. Hence by putting a = 0 and c = 0, we obtain 
(- V) X (- d) - or tlie product of two. negative quantities is 
positive. Again by putting 5—0 and c= 0, we obtain a x (— c?) =— ad, 
or the product of two quantities of opposite signs is negative. 

We are thus led to the Hule of Signs as a direct consequence 
of the law of distribution, and henceforth- the rule of signs is 
included in our fundamental laws of operation. 

510. For th^^ way in which the fundamental laws are applied 
to establish the properties of algebraical fractions, the reader is 
referred to Chapters xix., xxi., and xxii. of the Elementcury Algebra ; 
it will there be seen that symbols and operations to which we 
Cannot give any a priori definition are alw'ays interpreted so as 
to make them conform to the laws of Arithmetical Algebra, 

511. The laws of indices are fully discussed in Chapter xxx. 
of the Elementary Algebra, When m and 7i are positive integers 
and m > w, we prove directly from the definition of an index that 

a X a —a j ^ -r- a =^a i (a ) —a , 

Wo then assume the first of^ these to be true when the indices 
are free from all restriction, and in this way we determine mean- 
ings for symbols to which our original definition does not apply. 

p 

The interpretations for a*, a“" thus derived from the first law 

are found to be in strict conformity with the other two laws; 
and henceforth the laws of indices can be applied consistently and 
with perfect generality. 

512. In Chapter viii. we defined the symbol i or ^—1 as 
obeying the relation i* = -l. From this definition, and by 
making i subject to the general laws of Algebra we are enabled 
to discus* the properties of expressions of the form a 4- in 
which real and imaginary quantities are combined. *«Such forms 
are sometimes called complex numbers^ andf it will be seen by 
Iterance to Articles 92 to 105 that if we perform»on complep 
mmdmr the operations of addition, subtraction, multiplication, 
and division, the result is in general itself a complex number. 
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Also since every rational function involves no operations but 
those above mentioned, it follows that a rational function of a 
complex number is in general a complex number. 

Expressions of the form log (a? + cannot be fully 

treated vdthout Trigonometry; but by the aid of De Moiv^^^s 
theorem, it is easy to shew that such functions can be reduced! to 
complex numbers of the form A + iB, 

The expression is of course included in the more general 
form but another mode of treating it is worthy of attention. 

We liave seen in Art. 220 that 

+ *— j , when n is inhuite, 

\ nj 

X being any real quantity; tlio quantity may bo siniilarly 
defined by means of the equation 

Lim > wlien n is infinite, 

X and y being any real quantities, 

Tlie dcvelopnieiib of the theory of comj)lex numbers will be 
found fully discussed in Chapters x. and xr. of Schlomilcii^s 
Handhuch der ahjehraischeit Analysis, 

513. We shall now give some theorems and examples illus- 
trating methods vliich will often be found useful in proving 
identities, and in the Theory of Equations. 

514. To find the remainder when any rational iidegral function 
of X is divided by x - a.. 

Let fifi) denote any rational integral function of x) divide 
f (x) hy X — a until a remainder is obtained which does not involve 
03 ; let (? be the quotient, and R the remainder ; then 

f{x) ^Q{x-a) + B. 

f^ince R does not involve x it will remain unaltered ^whatever 
value we g^o to x ; put 03 = a, then * 

’ y(a) = <2x0 + ie; 

flow Q is finite for finite values of x, hence 

f . R=f{a). 
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OoH. If f{x) is exactly divisible by a; - a, then i? ~ 0, that is 
f{a) = 0 ; hence if a ratiorml integral function of x vanishes when 
X a, it is divisible by x- a. ^ 

515. The proposition contaihod in the preceding article is so 
useful that we give another proof of it which has the advantage 
of exhibiting the form of the quotient. 

Suppose that the function is of n dimensions, and let it l>e 
denoted by 

PX + +pX 4- 

then the quotient will be of ~ 1 dimensions ; denote it by 

+ ... ' 
let Jl be the remainder not containing x ; ^then 

+ ... 

=• (■* - «) (s.*"' ' + S', + ya*"’’ + ••• +?.-,)+ -S- 

]VI ultiplying out and equating the coej93.cients of like powers of x, 
we have 

or 

thus each successive coeiSicient in the quotient is formed by 
multiplying by a the coellicient last formed, and adding the 
next coefficient in tlie dividend. The process of finding the 
successive terms of the quotient and the remainder may be 
arranged thus : 

P, Px P, n Pn-l Pn 

aq, aq, ag, aq^_, 

# 

Thus H = aq,_, +p^ = a {aq,_, +p,_,) + p,= ' » 

=n»" +F.«'"’ + •■• +!».• " 

If the divisor is as + a the same method can be used, only in 
this case the multiplier is - a. 

H* H. A. 


28 
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■ i&xawpl^-. Fiud tlie i|aotieiit and reminder when 8*i^ — ar® + + 2lx + 5 

is divided by a: + 2.v 

l^ere the multiplier is ~ 2, and we have 

3-10 31 00 21 6 

-6 14 -28 j-6 12 ^4 6 

3 ~7 14“ 3 ~G' 12 - 3 ’ll 

Tims the quotient is 3.r^-7^* + 14a;4 + 3ar*-Gaj®+12.c-3, and the re- 
mainder is 11. 

ni6. In the preceding example tlie woi*k lias been abridged 
by writing down only the coefilcients of tlie several terms^ zero 
coefficients being used to represent terms corresponding to powers 
of X which are absent. This method of Detached Coefficient 8 may 
frequently be used to save labour in elementary algebraical 
processes, particularly when the functions we are dealing with 
are rational and integral. The following is anotlicr illustration. 

Examine. Divide - Bx-^ - -f 26 j?^ - 33jr + 20 by - 2x~ - 4x + 8. 

l4‘i4-4_8)3-8- 6 + 26-33 + 26(3-24 3 
3_+G:^r2:-24_ 

-2+ 7V 2-33 

3- '6 -17 + 2 6 
3+j5 + 12_-24 
- 5-f-"2 

Tiius the quotient is 3x‘- - 2x 3 and the ronmindor is - 6 jt m 2. 

It should be noticed that in writing down tiie divisor, the sign of every 
term except the first has been changed ; this enables us to replace the process 
of subtracti(M hy that of addition at each successive stage of the work. 

517. The work may be still further abridged by the following 
arrangement, which is known as Horner’s Method of Synthetic 
Division. 

1 3_8- 5 + 26-33 + 26 
2. 6 + 12-24 

4 - 4- 8 + 16 

-8 6 + 12-21 

. 3-2+3+0-5+2 

[KxplancXton. The column of figures to the left of the vertical line 
consists of the coefficiei^ts of the divisor, the sign of each after the first being 
.changed; the second horizontal line is obtained by multiplying 2, 4, -8 
6y 8, the first ^term of the quotient. We then add the terms in the second 
column to the right of the vertical line; this gives - 2, which is the coeffi- 
cient of the second term of the quotient. With the coefficient thus obtain^ 
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WO farm the next horizontal line, and add the terms in the third column; 
this gives 3, which is the coeiBcicnt of the third term of4he quotient. 

By adding n^) the other columns we get the ooefiicients of the terms in 
the remainder.] 

Example, Divide 6a® + 5a*h — by 2a* + Sa^h - 

to four tenns in the quotient. 

2 6+6-8-6-6 
-8 -9+0+3 

0 G+0~2 

1 3+0 - 1 

12 + 0-4 

3-2'-T+0-4 'Vll + 0-4 

Thus the quotient is Sa'-* - 2a& - 6® - 4a~*6^, and IW-Aar'^lP is the 
remainder. 

Here we add the terms in the several colun\U8 as before, but each sum has 
to be divided by 2, the iirst coefficient in the ‘divisor. When the requisite 
number of terms in the quotient has been so obtained, the remainder is 
found by merely adding up the rest of the columns, and setting down the 
results will) out division. 

The student may easily verify this rule by working the division by 
detached coefficients. 

518. The principle of Art. 514 is often useful in proving 
nlgebniical iclejitities^ but before giving any illustrations of it 
we shall make some remarks upon Stjimmtrical arid Alternating 
Functions, 

A function is said to be symmetrical with respect to its vari- 
ables when its value is unaltered by the interchange of any pair 
of them ; thus oj + y + sj, 5c + ca + a5, + »* — xyz are sym- 

metrical functions of the first, second, and third degrees respec- 
tively. 

It is worthy of notice that the only symmetrical function of 
th(i first degree in a;, y, z is of the form M {x + y + s;), where M is 
independent of a;, y, z, 

519. It easily follows from the definition that the sum, 
difference, product, and quotient of any two symmetrical expres- 
sions must also be symmetrical expressions. The recognition of 
this principle is of great use in checking the accuracy of alge- 
braical York, and in some cases enables us to dispense with much 
of the labour of calculation. 

For example, we know that the expansion of {jc + + zY must 
be a homogeneous function of three dimensions, «ind therefetfe 
of the form as® + + A {a^y + xy^ + yh + + z*x + texF) -f Bxyz^ 

Yhere A and B are quantities independent of y, • 


28—2 
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Put z^O, then A = 3, being the coeiFicient of. in the ex- 
pansion of (x + yf. 

Put x — y — z — lf and wo get 27 -- 3 + (3 x C) 4- j whence 
i^=6. , , , 

Thus (x + y + zY ' ‘ 

^ cc® -f 2/® + 4 Zoi^y 4 3xiY 4 3ifz 4 3yz^ 4 3z^x 4 3«£C® 4 3xyz, 

520. A function is said to be alternating with respect to its 
variables, when its sign but not its value is altered by tlie inter- 
change of any pair of them. Thus x — y and 

a® (6 — c) 4 6® (c - a) 4 (a — b) 
are alternating functions. 

It is evident that there can l)e no linear alternating function 
involving more than two variables, and also that the product of 
a symmetrical function and an alternating function must be an 
alternating function. 

521. Symmetrical and alternating functions may be con- 
cisely denoted by writing down one of th^ terms and prefixing 
the symbol S ; thus Su stands for the sum of fill the terms of which 
a is the type, '^ah stands for the sum of all the terms of which 
ah is the type; and so on. For instance, if the function involves 
four letters a, 6, c, d, 

%a = a 4 6 4 c 4 ; 

^ab = 4 ac 4 ad + be 4 hd 4 ct/ ; 

and so on. 

Similarly if the function involves three hitters a, h, c, 

* 2a* - c) = a* (6 — c) 4 6®(c — a) 4 c*(a — 6) ; 

2a®6c - a^bc + b^ca 4 c^ah; 

and so on. 

Tt should be noticed that when there are three letters involved 
^a^b does not consist of three terms, but of six : thus 

^ ' 2a*6 = a^b 4 a*c 4 5*c 4 6®a 4 c*a 4 c*6. 

M 

^ The symbol 2 may also be used to imply summation with 
rtjgard to two or more sets of letters; thus 

». Xyz (6 - c) = yz (Z> - c) 4 (c - a) + ccy (a - b). 
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S22. The above notation enables us to express in an abridged 
form the products and powers of symmetrical expressions ; thus 

(f j + 6 + c)“ = Sa® 4- + 6a5c ; 

{(I b c + 6?)® — 4- 

{a + h + cy - -f 4Sa®6 + + n%a%c ‘ 

Example 1. Prove that 

{o, 4' by - a® -h^= Sab (a 4- b) (rt® + 06 + 6“). 

Denote the expression on the left by E ; then 2? is a function of a which 
vanishes when a:=:() ; liencc a is a factor of E ; similarly E is a flactor of E, 
Again E vanishes when -b^ that is a + 6 is a factor of E; and therefore 
E contains ah {a + h) as a factor. The remaining factor must be of two 
dimensions) and, sinco it is symmetrical with respect to a and 6, it must be 
of the foi-m + Bab AW \ thus 

(a + by - a® - 6® = a6 (a + b) a® + Bab + A W ) , 
where A and B are independent of a and b. 

Putting a = l, 6 = 1, wo have 16=2^4 + 25; 
putting 0 = 2, 6 = - 1, we have 15 = 6.4 - 2B ; 
whence ^ = 5, B^S\ and thus the required result at once follows. 

Example 2. Find the factors of 

(6^ + c®) (6 - c) + (c®.+ a®) {c-a) + (o® + 6®) (a - 6). 

Denote the expression by E ; then FJ is a function of a which vanishes 
when a — hf and therefore contains a - b as a factor [Art, 514]. Similarly it 
contains the factors 6 - c and c- a; thus E contains (6 - c) (c - a) (a - 6) as a 
factor. 

Also since E is of the fourth degree the remaining factor must be of the 
first degree ; hnd since it is a symmetrical function of a, 6, c, it mim be of 
the form 11/ (u + 6 + c) . [Art. 618] ; 

^ — il/(6-c) (c-a) (a-6) (a + 6 + c). 

To obtain M we may give to a, 6, c any values that we find most con- 
venient; thus by putting a=0, 6=1, c=2, we find J1J=1, and we have the 
required result. 

Example 8. Shew* that • 

(aj+y+;e)®-a^-y®-£;®=6(2/ + «)(2+a;) (x+y) (x^-hy^+z^^yz + zx+xf), 

9 • 

Denote the expression on the left by E ; then E vanishes when y = 
and therefore y + z is a factor of E; similarly z + x and a: + y arc factors; 
therefore E contains (y + «)(«+ a;) (a? + y) as a factor. Also since E Hs of the 
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fifth degree the remaining factor is of the second degree, and, since it is 
symmetrical in ar, 3 /, z, it must be of the form 

A {ix?+y^'{-z^) + B {yz-^zx-^xy). 

Put a:=ry=i:=l; thus 10=A+J5; 
put 35 = 2 , y=l, 2 = 0 ; thus 35 = 5^ + 21? ; 
whence A=B=5, 

and we have the required result. 

523. We collect here for reference a list of identities which 
are useful in the transformation of algebraical expressions; many 
of these have occurred in Chap. xxix. of the Elmientary Algebra, 

S6c(6-c)=— (^-c) (c-a) (a-h), 

^a^{h - c) = ~ (ft - c) (c — a) (a - b), 

Sa (ft* — 0®) = (ft - c) (c - a) (a — ft). 

(ft - c) = - (ft - c) (c - a) (a ~ ft) (a + ft + c), 

■!- ft” + o'* - 3aftc = (a + ft + c) (a®-f- ft*+ c®— hc-^ca- aft). 

This identity may be given in another form, 

a® + ft® + 0 ® - 3aftc = ^ (a + ft + c) {(ft — c)® + (c - a)® + (a - ft)®}. 

(ft — c)® + (c — a)® + (a - ft)* = 3 (ft — c) (c — a) (a - ft). 

(a + ft + c)* - a® - 6» - c* = 3 (ft + c) (c + a) (a + ft). 

2ftc (ft + ( 7 ) 4 - 2aftc = (ft + c)(c 4 a) (a + ft). 

5a®(ft 4 c) 4 2aftc = (ft 4 c) (c 4 a) (a 4 ft). 

(a ; ft 4 c) {he 4 ca 4 aft) - aftc = (ft 4 c) (c 4 a) (a 4 ft). 

2ft®c® + 2c®a® 4 2a®ft® ^ a* 

= (a 4 ft 4 c) (ft 4 c - a) (c 4 a - ft) (a 4 ft - c). 


EXAMPLES. XXXIV. a. 

1, Find the remainder when 3^*^ 4 1 + 90^ - 19^ 4 53 'is divided 
by /p 4 5. ^ 

, 2. Find the equation connecting a and ft in order that 

2^F*-7^+ajF4ft 


may be divisible by - 3. 
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3. 'Find the quotient and remainder when 

4 - 9^-» « 6 ;p 2 _ ^ 13 jg divided by .v® - 3r + 2. 

4. Find a in order that may be a factor of 

2.?r4>-4.rHi9^~3L*:+12 + «. 

5. Expand ' g descending pf)wers of .v to four 

terms, and find the remainder. 

Find the factors of 

6. ct(b — c)^ +b(c- a)^ +c(a- h)^. 

7. (6® - c®) + h* (c® - a®) + (a® - ?>®). 

8 . (a + 6 + c )®“(6 + c-a)®-(c'+a-/>)'‘^“-(« + &-c)‘\ 

9. « {b - <?)® + (c — «)® + c (« — + 8ai«. 

10 . a{h^^d^) + h + c (a^ - 5 ^). 

11. (Z>c 4- ca + ab)^ - - crV - 

12. (a 4* 6 + cy -{h + €)*-{€ + a)* - (a 4- by + u* 4 /d 4- c^. 

13. (<x 4- 6 4 - (6 4- -(c+a- by - (a -f b -- r)'*. 

14. (.^ ■ ” ay {b - c)® 4 {x ~ 6)® (c - «)® 4 ~ cy (a — by. 


Prove the following identities : 

15. 2 4 c - 2ay — 3 (^) 4 c - 2a) (c 4 « - 26) (a 4 6 - 2e), 

, h{c.~a)l c{a-hY _ , ^ ^ 

(f - a) (a - 6) ^ (<f - 6) (4 - c) ^ (6 - c^c - a) ~ ^ ^ 

2« 26 2c (6 - c) (c — a) (a — 6) _ ^ 

a+b 64c' c4« (64c)(c + a)(a46) 

18, (6 4 r) - 2a® — 2a6c ~ (6 4 c - a) (c 4 « - 6) (a 4 6 - c). 


16, 


17. 


19. 


a® (6 4 c) 


6®(c4a) . c®(a46) , , , , 

+ 7T-— = 2»c 4 m 4 ah. 


(a -b){a- c) ^ (6 - c) (6 - a) ^ (c - a) (c - 6) ' 

20. 42(6“c)(64C'-2a)®=92(6-c)(64c- a)®. 

21 . (y+ 2 )*( 2 +ir)a(«+ 2 /)“- 2 ^c*(y+z)*+ 2 ( 5 y^)•'’- 2 »^V. 


22. S(a6-c»)(ac-42)=(26c)(24c-Sa*). * 

23. aiic(Sa)* — (S5c)*=«6c!Sa’— S6®c®=(a®— 6c)(4‘'*— ^a)(c* — oft). ♦ 

24. hence deduce 2(3 ~ 7)047- 2a)®- 0. 
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25. (6-l-^*)®+(c+o)®+(a+&)3-3(6+c) (c-Htf) («+^) 

= 2 (a^ + ^ + c® - 3a6c), 

26. l#ii?=&+6‘~a, y=c-ha-“6, 4;=a4-6-'tJ, shew that 

4 ^3 ^ 28 _ 3 = 4 (a ^ + + ^3 - 3a&c). 

27. Prove that the value of a^+b^ + c^-Sabc is unaltered if we 
substitute s — a,s-by8-€ for a, c respectively, where 

3s=2 (a + ?;+t*). 

Find the value of 

OD ? . ^ . c 

{a - 6) (a - 6-) (jr - a) - c) (6 ~aj (s- b)'^ (o-a) (e- bj (a? - c) ' 

(a - 6) (a - c') (6 - c) (6 — a) (c - cr) (c - 6) * 

30 ( g+i ?) (g + ry) + <i) {c+q) 

{a - 6) (a - c) {a+ x) (6 -- c) (?- a) {b + u?) (c - u) (c - 6) (c* + x) ' 

31 2 — 32 V - 

• -^(a-6)(a-c)(g-t/)* (a-r)'(a-of) * 

33, U x-\-y^rz~8y aud xyz =^, shew that 

(p. ^y\(P^ ^^\j^(P._^\(p + ^y\: ^ 

\ys pj \zs p) \z8 pj \xs pj \.V8 p/ \ps pj ■■ ^ ‘ 


Miscellaneous Identities. 

624. Many identities can \)g readily established by making 
use of the properties of the cube roots of unity; as usual these 
will be denoted by 1, w, u)*. 

Example, Shew that 

(a;+y)^-a/~y^=7icy (oc+y) (ar^+acy + y®)^ 

The expression, jB, on the left vanishes when ic=0, y=0, ar+y = 0; 
hence it must contain xy (x+ y) as a factor. 

Putting x^LuyyVfe have 

E={(l + w)7-w7_lJyr=|(^„2)7.t^7.1Jy7 

= (-. w®- w - l)y7=:0; 

hence E contam^! a: - wy as a factor; and similarly we may shew that it con- 
tains x-ia^y as a factor; that is, E is divisible by 

, {x-ufy)(x- w»y), or x^+ 3:y + ?/». 
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Further, E being of eeven, and a^(a!+y) (aj^+scy+y®) of five dimonsionfl, 
the remaining factor must be of the form A + thus 

(* + yY - a5^ - / == ay (ac + y) (as® + £cy + y®) {Ax^ + Bxy 

Putting as = 1 , y = I, uve have 21 = 2-4 + JB ; 
putting a5~2, y=- 1, we have 21 = 6vl -2Z^ ; i 
whence ^*7, JI = 7; 

. (a; + y)7 - a;7 - y7 = Yasy (x + y) + xy -V y®)®. 

525. We know from elementary Algebra that 

+ li* -!• c® -- Zahc — {a + h + c) (a® + h‘^ + c® ~ 6c - ca — ab ) ; 

also we have seen in Ex. 3, Art. 110, that 

a® 4- 6® + c® — 6c — ca — ah -- (a + <06 4* oYc) (a 4- 0*6 4- tac ) ; 

hence a® 4* 6® 4 - c® — 3ffl6c can he resolved into tliree linear factors; 
thus 

a® 4- 6® 4- c® ~ 3abc = (a 4- 6 + c) (a 4- o>6 4* w“c) {a 4- 0*6 4- oc). 

Example* Shew that the product of 

, a® 4- 6® 4- c® - 3a6c and ar*4*y®4--s®-- 3a:yz 

can be put into the form + BABC, 

The product = (a 4- 6 4- c) (a 4- w6 4- (trc) (a 4- 4- wc) 

X (a:4-y4-2) (a; 4- wy 4- (ar4- a;®y4-w2). 

By taking these six factors in the pairs (a + b + c) (x4-y 4-;s); 

(a 4- w& 4- w®c) (a; 4- <*ry 4- wz ) ; and (a 4- u)% 4- o>c) (x 4- wy 4- w®«), 
we obtain the three partial products 

A + B + Cf A + wB + ui^C, A 4- + wC, 

where ^=aa;4-^y 4-^21, B=bx+cy + aZf G=:^cx+ay {-hz. 

Thus the product = 4- B 4- 0) (vl 4- wB 4- w®(7) (A 4- w®B 4- «C) 

=A^+B^+(P-3ABC. 

526. In order to find the values of expressions involving 
«, 6, c when these quantities are connected by the equation 
a + 6 4 - <? ” 0, we might employ the substitution *# 

d = A 4- Z;, 6 = (o7i 4- fiYkf c = uYh + mk* 

If however the expressions involve a, 6, c symmetrically the 
method exhibited in the following example is preferable. 
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Example. If a + h + e—Of shew that 

6 (a® + -t- c®) — 5 4- Zr* ■}- C'"*) (a^ + i® + c®). 

We have identically 

(1 4- ax) (1 4- bx) (1 4- cx) - 1 ^px 4 qs^ 4* 
where jj = a4‘2>4*Ci q — bc + ca-\-ah^ r~aht\ 

Hence, using the condition given, 

(1 -f ax) (1 4- bx) (1 4- rx) =14- qx^ f r.r\ 

Taking logarithms and equating the coefficients of .t’*, we have 
^ ^ (rt" 4- 4- c^) — coefficient of in the expansion of log { 1 ^ qx^ 4- rr*) 

=: coefficient of rr>’‘ in {qx^ 4- rs^) - ^ {q-x^ 4- rac®)® 4- ^ (qae® 4- rr®)^ - 

By putting n=2, 3, 5 we obtain 

a® 4- b^ 4- c® a® 4- b'^ 4 a*’ 4- b^' + c*® 

2 — =?. — 3-- =/■, -y 


whence 


rt® + ?/4*c® a*-ff;®4-c® «“4-?^®4-e® 

5 - 3 • 2 


and the required result at once follows. 

If a~/ 3 “ 7 , & = 7 -a, c — a-^, the given condition is satisfied; hence 
we have identically for all values of a, /3, 7 

C{(/3-7)‘ + (7-a)''+(a-m 

= 5 { (^ - 7)» + (7 - a)’ + (« - ^)“l i '13 - 7 p + (7 - 0)2 + (a - /3)»} 

that is, 

(^3 - 7 )® 4- (7 - a)® 4- (a - /3)® 5 (j3 -y){y- a) (a /J) (a® 4- /3® f 7 ® ' /37 - 7® a/J) ; 
compare Ex. 3, Art. 52‘2. 


EXAMPLES, XXXIV. b. 

1. If (« 4 - 6 4 - 6*)^ = a*"* 4 - f 0 -'*, Hhew that when n is a positive 

integer {a c)®” + ^ + 1 4 - 6®” ^ 4- ^ h 

2. tSliew that 

{a 4 - o>6 + + {a 4- <o^b + tacY = (2a -h-c) (2?> -- c - a) (2c' ~a — h). 

3. Shew that is divisible by if 

7?^ is an odd po^itivo integer not a multiple of 3. 

A Shew that 

o' (hs - V»/)^ 4 - ft® (x'-r - a?)® 4 - (^a// - Z>.r)3 ^ (hz- {cx — az) {ay - hr^. 
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5 . T’ind the value of 

(fi ~ c) (c - a) (a-b) + (b- a>c) (c - wa) {a - a>b ) + (& - m^c) (c - o^a) (a - M). 

6 . Shew that (a^ + b^+c^-bc—ca — ah) ■\-y^ — xy) 

may be put into the form A® + 52 4 . (72 _ qj^ _ ^ 2 . 

7 . Shew that (a2 + a5 + 52jj(^3_|. -j;y can be put into the form 
A^+AB+I^^ and find the values of A and B. 

Shew that 

8. S _ 3 (^2 _|_ 2^c) ( 62 + 2 r?a) (c2 + 2a6) — {a^ + 6® + c® - ZahG)\ 


9. S ~ boY - 3 {a? - he) (62 _ ca) (c2 — ah) = («•’ + 6 ® + - 3abc)^. 

10. (a2 + 62 + c2)2 4- 2 ( 6c + ca + a6)2 - 3 (a2 4- 62 + c2) (6c H- ca 4* a6)2 

— (a? 4- 62 4- c2 - 

If a 4 - 64 'C= 0 , prove the identities in questions 11 — 17. 

11. 2 (a^ 4-6*4- c^)-=(a2 4. 62 4-^2)2. 

12. 4- 6^ 4- c® = - 5a6c (6c 4- ca 4- ah). 

13. a® + 6 ” + c® = - 2 ( 6 c + ca + ah)K 

14. 3 (a 2 + 62 4 - (p) (aP H- IP -H c ®) = 6 («2 4 - 6 ^ 4 - (p) (a* + 6 * 4- c**). 

-- a^4'6^ + c'^ a''M-6^-fc® ^24-624-02 

15. . — - 2 ™ . 

/6-c c-a a~b\/ a 6 c \ 

\ a 6 c J\b-^c c-a a~h/ 

17. (62c 4- c2a 4- aPb — 3a 6c) (6c2 4- m2 4. alP — ^ahe) 

= (6c 4- ca 4- d6)2 4- 27 a2i)2r;2. 

18. 25 {(?/ - + (z- xy + (.V - yY} {{y - + (5: - xf 4- (^ - 

= 2i {(y - 0)^ 4- («f - xf 4- (^ - yf) 

19. {(y - ^y x)^ + {x- y )2} » _ 54 (y - 2)2 (2 _ ^•)2 _ ^y 

= 2 (y 4- « - 2.t:)2 (2; 4- .r - 2y)2 (.^’ 4-y - 2^)2. 

20. (6 - c)” 4- (c - a)® 4 - (a - 6)® - 3 (6 ~ c)2 (c - a)2 (a -• 6)2 

= 2 (a2 4- 62 4- c2 - 6c - ca - a6)'*. 

21. (6-c)^4-(c~a)^4*(a-6)7 ^ 

' ==: 7 (6 - c) (c - a) (a - 6) (a2 + 62 4- c® -7>c - ca - a6)2 

22. If a 4 - 64 - c= 0 , and . 7 : 4 - y 4 - r=0, show that ,, 

4 (a^ + by 4- c«)2 - 3 (ax 4- 6y 4- C2;) (a2 4- 62 4- c®) (.i?2 4-y^ 4- «®) 

- 2 (6 - c) (c -- a) (a - 6) (y - z) (2; ~-x)(x-y) — h^hexyz. 
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HIOHEJ* algebra: 


Ifa + l!> 4 *c + £)?= 0 , shew tliat 


23 . 


+ + a3 + Z>®+<3®+c?^ + 


24. (a® + 6® + c® + c?®)^ = 9 (fecr^-Hc<faH-c?a?) + a&g)^ ^ 

= 9 (6c - (^d) {ca - hd) {ab - cd), 

25. If 2^ = a + 6 + c and 2(r^ =a^ + 6“ + c*, provo that 

(^ — 6) (« — c) (< 7 - — a‘^) + bahi)s «= - cr^) (4s- 4* ir^). 

26 . Shew that + ( v/^ 4 - 4 

= 27.r?/ (.'^4"^) GrH^4-yV- 

^ (a — 6) (a — c) (a — d) 

= 4 6 ^ -f 6*2 4 c^'-i + ah 4 ac 4 cui 4 he 4 hd 4 evL 


27. Shew that 2 , 


28. Resolve into factors 

2^26 V 4 4 63 4 c“0 <thc 4 h\^ 4 4 a^h K 


Elimination. 

527. In Chapter xxxiii. we have seen that the eliininant of 
a system of linear equations may at once he written down in the 
form of a determinant. General nietliods of elimination ap- 
plicable to equations of any degree will be found discussed in 
treatises on the Theory of Equations ; in pi'\j4icular we may refer 
the student to Chapters iv. and vi. of Dr Salmon’s Lessons Intro- 
ductory to the Modern IJvjher Ahjehra^ and to Chap. xiii. of 
Burnside and Panton’s Theory of Liquations. 

These methods, though theoretically complete, are not always 
the most convenient in practice. We shall therefore only give a 
Ijrief explanation of the general theory, and shall then illustrate 
by examples some methods of elimination that are more practi- 
cally useful. 

528. Let us first consider the elimination of one unknown 
quantity between two equations. 

Denote 'whe equations by f{x) — 0 and fl>(x) = 0, and suppose 
that, if necessary, the equations have been reduced to a form in 
which /{x) jfeiid if} (x) represent rational integral functions of x. 

,, Since these two functions vanish simultaneously there must be 
some ^lue of x which satisfies both the given equations ; hence 
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the elimmant eatresses the condition that must hold between the 
ooe^ci^ts that the equations may have a common root. 

Suppose that a; = a, a; = yS, a; = y, . . . are the roots of f (x) = 0, 

then one at least of the quantities <f>(y), must 

be equal td zero ; hdtioe the elim inant is : 

■<f,(a)<^(fi)il>(y) = 0 . 

The expres*sion on the left is a symmetrical function of the 
rpots of tl»o ecjuation /’(x) — 0, and its value can be found by the 
metliods explained in treatises on the Theory of Equations. 

529. We shall now explain three general methods of eliminti- 
tion i it will be sufiicieiit for our purpose to take a simple 
example, but it will be seen that in each case the process is 
applicable to equations of any degree. 

The principle illustrated in the following example is due to 
Euler. 

Example. Eliminate x between the equations 

ax!^ + + cx d = 0, /x^ -}- gx 4- h ~ 0. 

lict X 4- h be the factor corresponding to the root common to both equa- 
tions, and suppose that 

ax^ 4- hx“ 4- cx H- d = (x 4- h) (ax- 4- lx m) , 
and fx^ 4- gx 4- /t - (x 4- h) (fx h n) , 

/c, /, m, 71 being unknown quantities. 

From these equations, we have identically 

(ax^ 4- l>x^ 4- cx H- d) (fx 4- n) = (ax® 4- 4- 7u) (fx^ 4 - gx + h). 

Eijuating coeiheients of like powers of .r, we obtain 
f I - an + ag - hf - 0 , 
gl i fm ~hn^ ah - c/= 0, 
hi -1- gin cn - df — 0, 

Iwi - dn = 0. 

From those linear equations by eliminating the unknown quantities Z, w, 

wo obtain the determinant 

f 0 a ag-hf 
g f h ah-'cf 
h g c -df 
0 h d 0 


= 0 . 
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530. The eliminant of the equations f {x) ~ 0, (a?) = 0 can 

be very easily expressed as a determinant by Sylvester’s Dialytic 
Metliod of Mimmation. We shall take the same example as 
before. 


Example. Eliminate x between the equations 

ax^ + bx^i‘CX + d=0f fx^+gx-\-h=0. 

Multiply the first equation by x, and the second equation by x and x^ in 
succession ; we thus have 5 equations between which we can eliminate the 4 
quantities x\ a:'*, x^, x regarded as distinct variables. The equations are 

aa^+ bx^-i- cx-\-d=i0, 
ax* -i- cxl^ dx = 0 , 
fx^-i-gx + h^O, 
fx^ + gx^ + hx =0, 

fx* + gx^ + hx^ = 0. 

Hence the eliminant is 


0 a h e d 
a b c d 0 
0 0 f g h 
0 f g h 0 
f g h 0 0 


- 0 . 


531. The principle of the following method is due to Bezout; 
it has the advantage of expressing the result as a determinant of 
lower order than either of the deter luinauts obtained by the pre- 
ceding metliods. We shall choose the same example as before, 
and give Cauchy’s mode of conducting the elimination. 

Example. Eliminate x between the equations 

I*’rom these equations, we have 

a __ hsfi + cx'\-d 
f gx^-^rhx ’ 

ax + ?) cx^-d 
fx^g" hx * 

Whenoe “ {ag ~hf)x^+(ah-cf) x- dj-ld, 

•ftud ^ (ah~cf)x^+(hh-cg-d/)x-dg—0. 

* 

Combining these two equations with 
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and regarding and x as distinct variables, we obtain for the eliminant 

/oh =0. 

- V ah -cf df 

ah -cf hh- eg- df - dg 

532. If wo, have two equations of the form = 

^3 (^j y) y eliminated by any of the methods 

already explained; in tliis case the eliminant will be a function of x. 

If wc have three equations of the form 

4‘, (■'»■ y , «) -- 0. (*, y, -) - 0, (as, y, z) =- 0, 

by (diminatin^ z betw’een the first and second equations,, and tljen 
between the lir.st and tliird, we obtain two equations of tlie form 

2/) =0. <l'A^>y)-^- 

Jf WC eliminate y from thcwse equations we liave a Tosult of 
tlie form f (x) - 0. 

l?y reasoning in this manner it follows that we can eliminate 
n variables between n + 1 equations. 

533. The general methods of elimination already explained 
may occasionally be employed with advantage, but the eliminants 
so obtained are rarely in a simple form, and it will often happen 
that the equations themselves suggest some special mode of 
elimination. Tliis will be illustrated in the following examples. 

Example 1. Eliminate I, vi between the equations 
Ic + my^Uf mx-ly = hi 

By squaring the first two equations and adding, 

+ m^x^ + m^y^ + Py^ = 

tJiafc is, + wi^) (x^ + y^) ~ a® + Z/® ; 

hence the gliminant is x^-by ^— + hK 

If IssconOt m ~ sin the third equation is satisfied identically; thatisi 
the eliminant of 

X cos 0+y Bind xuinO-y cos 0^h * 

iy a:® + ^2=a‘- + Z^®. , 
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lCxam^l4X2^ Eliminate x^y^z between the equations 
y^-\-z^^ayz^ ;2®+a?®=6iJ;r, + y^:=cxy* 


4 

We have 


y . 2 

z y 


z X , X y 
+ - = «, - + -q-i = c; 


X z y X 
by mul.tiplying together these three equations we obtain, 

2 + f+^Ut+^l + "U^l-alK-, 

z‘ y- X- 2/= x^ 


hence 


2 4-(«^-2) + (l»2-2) + (c2-2) = aZ»e; 

+ V- ^ - 4 = ahc. 


Example 3. Eliminate y between the equations 
x^-y^^px-qijj 4a-?/ = g.f +p7/, 

Multiplying the first equation by t, and the second by y, we obtain 
x^ + 3 {x^ + '?/*) ; 
hence, by the third equation, 

p = x^ + d.ry^. 

Similarly q = 3 .t-?/ + y®. 

Thus p-\ q~ (x H- ?/)*, p-q=(x~ ; 

••• ip + q)^-^ {p'-q)^-(x-i yY-\-(x y)- 
= 2 (x^'by^); 

■■• {y^+«)^ + {i>-9)*=2. 

ExarnpU 4. Eliminate x, y, z between the ‘jquations 
=a ^ 

z y ^ X z ^ y X ' 

W. have a + 6 + 

xyz 

^ (y - z)Sz^x)^^ y) ^ 
xyz 

If we change the sign of x, the signs of h and c are changed, while the 
sign of a remains unaltered ; 

. (y-^) {z^x)(x+y) ^ 
xyz 


nence 


a - 6-c = ^ 


Similarly, 


and 


xyz ' 

(y + 2) jz + x) (g-y) 


C-a- 6isr 
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\ (a + d +e) (6+c-a) (c +a - 6) (a+ft - c) =s - 


Syi* 


\z y) \x^z) Vy'®/ 


= - a%\\ 

.• . IIW + 2 <;*a 2 + 2 a 26 « - ^4 _ 54 „ + a W = 0 . 



EXAMPLES. XXXIV. c. 

1. Eliminate m from the equations ^ 

m^x - wiy + a = 0, my + x — U. 

2. Eliminate »t, n from the equations 

m^x — my + a == 0, + a = 0, mn 4 1 — 0. 

3. Eliminate w, n between the equations 

mx — ny=^a nx + = ^am j 

A Eliminate y, r from the equations 

p + <? + r=0, a(5^r+rjt>+jt)y) = 2a-' .r, 
apqr^y^ qr—-^. 

5. Eliminate x from the equations 

ox^ - 2a*.r + 1—0, x^ - Zitx — 0. 

6. Eliminate m from the equations 

y + ?>i,r=a (1 + m), my — x — a (1 - w). 

7. Eliminate y, c from the equations 

ys — a\ zx—h\ xy—c^^ 

8. Eliminate py q from the equations 

.r(^ + <^)=:y, p-q^ki\^pq)y xpq^a. 

9. Eliminate Xy y from the equations 

- y = (ly -y^ = W’y x"^ -y3 = 

10, Eliminate Xy y from the aquations 

A'+y=a, a^^+y-=i>®, ;r*+y*=c*. 

11, Eliminate Xy y, 2 ^, « from the equations 

• + C3 + rfw, y«=c 2 : +c?w+a.r, ^ 

js=Sw+ar+^, w=a.r+6y+,(?2. 

12, Eliminate Xy y, « from the equations ^ 

a;4.y+2«0, a?®+y*+»®=a2^ 
^+y®+s®~&®, ^+y®+2®«c^. 


H. H. 1 . 
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13. Eliminate x, y, » from the equations 


Z X 


z X y ' 




14. Eliminate a-, z from the equations 

^ Cy + g) y^ +x) _ z^(x +;/) xyi 
a® cibc 


15. Eliminate a', y from the equations 

4 (jr® +y^) ^ax-^ hy^ 2 (.r® - y'^) = - hy^ xy ~ 6*‘< 

16. Eliminate y^ z from the equations 

(y + £r)2 = ^yz^ {z + x)^ — Ahhx^ (x + ,y )^ = itPxy, 


17. Eliminate y, z from the equations 

(X'^y--z){x-y+z)^ ayz, {y+z~x)(y ^z+x)^ hzx, 
(z+x- y) (z-x^ y) = cxy. 

18. Eliminate a’, y from the C([uations 

x'^y = a, X {x +y) = 2./; +// ~ c. 


19. Shew that (a + 5 + c*)^ - 4 (6 + c) (c + a) (a + 6) + hahe — 0 
is the eliminant of 

ax^ + hy*^ + cz^ = ax + by + cz ^yz + zx + xy ^ 0 , 


20 . 


Eliminate y from the equations 


as^'\-hy'^^ax-^hy — 


xy 

x-vy 


==c. 


21. Shew that W + <rW + = 5 V 
is the eliminant of 

ax-\-yz=ihcy by^-zx^ca, cz + xy — ah, xyz^abc, 

22. Eliminate x, y, z from 

x'^+y^-^-z^^x+y+z^ly 

^(.x-p)^^^(y-q)=^(z-r). 

23* Eiqqloy Bezout’s method to eliminate x^ y from 

asP^ AhaPy’^cxy^-^dy^=^0, a>‘^4-^^r^+e'.v//4*<^y’==0. 



CHAPTER XXXV. 


THEORY OF EQUATIONS. 


534:. In Chap. ix. we have established certain relations be- 
tween tlie roots and the cociheienis of quadratic equations. We 
sliall now investigate similar relations which liold in the case of 
etpiations of the degree, and we shall then disCuss some of the 
more elementary properties in the general theory of equations, 

535. Let + ^ ^ rational 

integral function of a? of w dimen8ion.s, and let us denote it by 
f{x)\ then f{x) = 0 is the general type of a ratiorud integral equetr 
tion of ihii 71 ^^ degree. Dividing througliout by we see that 
without any loss of generality wo may take 

= ^ 

as the typo of a rational integral equation of any degree. 

Unless otherwise stated the coefficients 2^ii Ph always 
Ixe supposed rational. 

536. Any value of x which makes /(x) vanish is called a 
rqQt ot the equation /(sc) ~ 0. 

In Art. 514 it was proved that wbeii /(x) is divided by 
ac-a, the remainder is /(a); hence if /(sc) i^ divisible by sc -a 
without remainder, abjsi, a root of the equation/ (sc) =? 0. 

537. We shairossume that every equation of the’lfonn /(x)=0 
has a root, real or imaginary. The proof ol this proposition will 
be found in treatises on the Theory of Equations^ it is beyoqd 
the range of the present work. 


29 - 1-2 
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638. 


Mvet^^^ucUion of tl^e degree has n raote, and tio moreu 


Denote the given equation by / (x) = 0, where 

/(*) =p^ +pf-' +p^~’ + + p,. 

The equatim /(a5) = 0 has a root, real or imaginary; let this be 
denoted then/(a;) is divisible by a? -a,, so that 

/(®) = (x-a,)«^,{a;), 

where {x) is a rational integral function of n - 1 dimensions. 
Again, the equation ^,(a;) = 0 has a root, real or imaginary; let 
this be denoted by then <^,(a:) is divisible by so that 

where is a rational integral function of m - 2 dimensions. 
Thus f{x) = (x - «,) (x-«J ^,(x). 


Proceeding in this way, we obtain, as in Art. 300, 

/(x) =p„(x - rt,) (x- o,) (x - a,). 

Hence the equation f{x)-(^ lias n roots, since f (x) vanishes 
when X has any of the values a^, a^, 

Also the equation cannot have more than n roots; for if x has 
any value different from any of the quantities all 

the factors on the right are different from zero, and therefore 
f (a;) cannot vanish for that value of x. 

In the above investigation some of the quantities a, , 
may be equal; in this case, however, we shall suppose that the 
equation has still n roots, although these are not all different. 


^^^530, To imm^ate the relations between the roots m^d the 
‘ coefficients in any equation. 


Let us denote the equation by 

£c" + = 

and the roots by a, S, c, h\ then we have identically 

: *"+;»,*".■* +fX"’+ +F.-,®+A 

, ' =(x-a) (x — jj) (x— c) ,(x-/fe); 

faenoe> with the notation of Art. 163, we have 

i x" +p,V'“' + + J’.-i* +i>. 

- af - ^,x»- + - + (- l)““'-S',_iX + (- 1)"5,. 
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Equatipg coefficients of like powers of x in this identity, 

-- sum of the roots; 

Pj, - ^3 =* sum of the prodiicts of the roots taken two at a 
time; 

-7?a ~ >Vj - sum of the products of tlio roots taken three at a 
time ; 


(— 1)";?^ “ = product of the roots. 

If the coefficient of x" is 2\y then on dividing each term by 
the equation becomes 


x’+^x' 


+ ^x~ 


p„ 


Po P« 

and, ■with the notation of Art. 521, -wo have 


0 , 


2rti=^, , atr. 1)"?^*. 

Po Po Po ^ Po 


Example 1, Solve the equations 

ir + ay + a^« = a*, x-)-hy-^lp‘z=:b\ x-^ey + c^z=.c^. 

From these equations we see that a, I, c are the values of t which 
satisfy the cubic equation 

henco + b + -{bc + ca + ab)j a;=a&c. 

Example 2. If a, b, c are the roots of the equation -^PiX^ +jPa* +P b = 0, 
form the equation whose roots are a®, 6®, c®. 

The required equation is {y - u®) {y - b®) (y - c®) = 0, 
or (j:* - a«) (.r« - 7>®) (x® - c®) =0, if y =a;® ; 

that is, (aj-u) (a;-b) (ar-c) (a? + a)(aj + b) (a? + c)=0. 

But (x ^a)(x-b)(x-c)-3fi +^ 2 jc® + +^8 ; 

hence (a- + u) (aj + b) (x + c) =a^ - +^ 2 ® - Fa- 

Thus the required equation is 

• {!<!’+i»,*’+j>^+l)j)(«*-i)ia*+J>aa!-JPa)=0, , 

or * (i»^+JP^)’-(ft**+J>»)’=0, , * 

or «!'+(2jpj-jPi*)**+(i»/-2yii>,)a»-j>s>=0; ^ 

and if we replace x® by y, we obtain 

y* + (2i»j -ft®) y® + (ft® - y -ft*=o. 
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640* The student might suppose that the relations estaUished 
in the preceding article would enable him to solve any proposed 
equation; for the number of the relations is equal to the number 
<ji the roots. A little reflection will shew that is this not the 
case ; for suppose we eliminate any w ~ 1 of the quantities 
a^h^Cy ... A and so obtain an equation to determine the remaining 
one; then since these quantities are involved symmetrically in 
each of the equations, it is clear that we shall always obtain an 
equation having the same coefficients; this equation is therefore 
the original equation with some one of the roots a, ft, c, . . . A; sub- 
stituted for X, 

Let us take for example the equation 

4 - p^x 4 - p,^ 0 ; 

and let a, ft, <rbe the roots; then 
a + 

<<ft4-ac4-ftc- 

abc-- -j>^. 

Multiply tliese equations by «*, ~ a, 1 respectively and add; thus 
a^-=-p,a‘-p,a-p^, 
that is, + p^a + 0, 

which is the original equation with a in the place of x. 

The above process of elimination is quite general, and is 
applicable to equations of any degree, 

641. If two or more of the roots of an equation are con- 
nected by an assigned relation, the properties proved in Art, 639 
will sometimes enable us to obtain the complete solution. 

Example 1. Solve the equation 4j;*~24a;24'23a;4-18=:0, having given 
that the roots are in arithmetical progression. 

Denote the roots by a - ft, a, a 4- ft ; then the sum of the roots is da ; the 
sum of the products of the roots two at a time is 3a^-ft^; and the prcxlact 
of the roots is a (a* - ft®) ; hence we have the equations 

, 3a=6, 3a®-ft®=^. a(a»-6*)=-5; 

i , ■* i ^ 

% 5 

the first equation we find a =2, and from the second ft=:kg, and 

since these values satisfy the third, the three equations are consistent. 

Thus the roots are - ^ , 2, ^ . 

c ,22 
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^xofnple 2. Solve the eaufttion 2ix^ - 14a:* - 68a:+ 46 =:0, one root heing 
double another. 

Denote the roots by a, 2a» 6 ; then we have 

3a + 6=j^, 2aS + 3a6= 2a»4=- 

From the first two equations, we obtain 


2a- 3-0; ^ 



1 

2 


and 6— or 
o 


25 

iiJ 


1 25 

It will be found on trial that the values a= - g, 6—^^ do not satisfy 
1 5 

the third equation 2a*6= ■'‘tt'* hence we are restricted to the values 
o 



Thus the roots are 


8 

4* 


3 5 

2’ ""3* 


542. Although we may not be able to find the roots of an 
equation, we can make use of the relations proved in Art. 639 
to determine the< values of symmetrical functions of the roots. 

Example 1. Find the sum of the squares and of the cubes of the roots 
of the equation -px^ + ga: - r = 0, 

Denote the roots by a, b, c\ then 

a + & + c=p, bc + ca-\-ah=q. 

Now (rt + i+c)*- 2 (ftc+co+aft) 

A|;ain, substitute a, 5, c for x in the given equation and add; thus 
a* + 6* + c®~ji(a* + 5*-t'C*) + g (a+6 + c) -3rj=0; 
a* + 6* + c®=p(p*-2g) -jpg + 3r 


=p*-3pg+3r. 

Example 2. If a, &, o, d are the roots of 

f a:*+pj^*+g«*+r« + *=0, 

find the value of Ea®6.. 

Wo have a + 6+c+d=-p .! (1), 

ab'f + + (2)? 

ahc -k- ahd-\’ acd-^hcd^ -r (»). 



HIGHKB ALGEBHA. 


456 

From these equations we haye 

-j?q=2Ia*6-f 3 (ahc-^-ahd^-acd-^-hcd) 
«:Sa26-3r; 

*•. Sa®6 = 3r-pq. 


EXAMPLES. XXXV. a. 

Form the equation whose roots are 

1. *v/3. 2. 0, 0, 2, 2, -3, -3. 

3. 2, 2, -2, -2, 0, 5. 4. a+2>, a-5, ~a + 5, -a~h. 

Solve the equations : 

5. .V* — 16.ir3 + 86 j; 2 - 176.*; 4 105 = 0, two roots being 1 and 7. 

6. 4.173 ^ - 907 - 36 =0, the sum of two of the roots being zero. 

7. 4^73 q, 20 1:3 - 23o 7 +6=0, tw^o of the roots being equal. 

8. 3^3 ~26a' 3+ 52.17 -24=0, the roots being in geometrical pro- 
gression. 

9. 2a'3— — 22 u 7- 24=0, two of the roots being in the ratio of 
3 ; 4. 

10. 24^ + 460:3+947 — 9=0, one root being double another of the 
roots. 

11. 807* -2073-27073+ 607+ 9=0, two of the roots being equal but 
opposite in sign.. 

12. 540:3 -39o:3-26o 7+ 16=0, the roots being in geometrical pro«^ 
gression. 

13. 3247®- 48073 +22o 7- 3=0, the roots being in arithmetical pro- 
gression. 

. 14. 6o7^-29o:3_|.4o^_' 7^^_X2 = 0, the product of two of the roots 
being 2. 

16. 07* -207® -21073+22,17 + 40=0, the roots being in arithmetical 
progression. ‘ 

16. 2707*- 196o?3 + 49407® -620o7+ 192=0, the roots being in geo- 
metrical progression. 

17^ 18o?3+ 8107®+ 12I07 + 60=0, one root being half the sum of the 
other two. 
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18, If 6, c are the roots of the equation .r®— had 
the value of 


a) 


i + ^ 4. 1 
« 3 p + ^ - 




19. If a, 5, c are the roots of find the value of 

(1) (/>^c)2+(c-a)H(a-ft)2. (2) {b^cy^ + {c + a)-^ + {a+h);\ 

20. Find the sum of the squares and of the cubes of the roots of 

X^ + qx'^ + rx+8 = 0 . 

21. Find the sum of the fourth i)owers of the roots of 

.%^+qx+r=0. 


543. In an equation tmth real coefficients imaginary roots 
occur in pairs. 

Suppose that /(x) — 0 is an equation with real coefficients, 
and suppose that it has an imaginary root a + ih] we shall shew 
that a - ib is also a root. 

The factor of /{x) corresponding to these two roots is 
(a; - a - ib) (.c — a 4- ib), or (x - a)* + 6*. 

Let / (x) be divided by (x - a)^ + b^ ; denote the quotient by 
Qy and the remainder, if any, by Ex + JI; then 

/ W =-Q{(x-aY-^b^} + 2lx + R\ 

In this identity put x~ a ’‘^ib, then /(a?) = 0 by hypotlmsis ; also 
(aj - a)* + = 0; hence R {a + ib) + R! — 0. 

Equating to zero the real and imaginary parts, 

Ra + 0, Rb~0\ 

and h by hypothesis is not zero, 

7? = 0 and Rf = {), 

Hence /(a;) is exactly divisible by {x — aY + 6*, that is, by 
^ (sc - a - ib) (sc - a f ib ) ; 

hence sc s= a - is also a root. * § 


544. In the preceding article wo have seen that if the equa- 
ti<my(a 5 ) = 0 has a pair of imaginary roots a^ih, ttfen (sc -a)® +*5® 
is a factor of the expression /(sc). 
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Suppose that a the imaginary roots 
at the equation /(a;) = 0, and that ^ (no) is the product of the 
quadratic factors corresponding to these imaginary roots; tlien 

^ (^) - {(ic -«)* + 6®}{(a; -e)® + d®}{(a5 -e)® 4-^*}.... 

Now each of these factors is positive for every real value of asi 
hence tf> (x) is always positive for real values of x. 

645. As in Art. 543 we may shew that in an equation with 
rational coefficients, surd roots enter in pairs; that is, if a + Jb is 
a root then a - ^6 is also a root. 

Example 1. Solve tho e<iuation Ca;^ — 13ar^ — 36a;® — a; -h 3 =s0, having given 
that one root ia 2 - /^3. 

Since 2 --<^3 is a root, we know that is also a root, and corre- 

sponding to this pair of roots we have tho quadratic factor x® - 4x + 1, 

Also 6x« - I3x» - 35x2 - x + 3 ~ (x® - 4x -h 1 ) (Ox® + llx 4 3) ; 

hence the other roots ore obtained from 

6x24 11x4 3==:0, or (3x4 1) (2x43) = 0; 

1 3 

thus the roots aro _ ^ , 2 4 /y/H, 2 - ^^3, 


Example 2. Form tho equation of the fourth degree with rational 
coehicients, one of whose roots is 4 /^- 3 . 

Here we m ust have 4 ^/ - 3, ,^/2 - a/ - 3 as one pair of roots, and 
- i^2 a/ ' 3, - x/2 ~ \/ - 3 as another pair. 

Corresponding to the first pair we have the quadratic factor x* ~ 2*,y2x 4 5, 
and corresponding to the second pair we have the quadratic factor 

ar24 2^2x-4“d. 

Thus the required equation is 

(x2 4 2 ^2x 4 6) {x^ - 2 ^/2x 4 6) = 0, 
or (.^S^.5)2_8a;3=:0, 

or x<42x«425=0. 


Example 3. Shew that the equation 

J11 -k 

x-a ^ x->6 ^x-c^ ^x- k"” * 


has no imaginary roots. 

If possible let p4i(? be a root; then p-iq is t^lso a root. Substitute 
these values for x and subtract the first result from the second; thus 


0 



. C» , . i 

(p~6)®4<?^“^{p-c)®4?^’^’” *^(p-k)®4g^) * 


which impossible unless q =5 0, 
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54<>. To tha a^tura of spme Qf tba roots of »n,^ 

equation it is not always n^essary to solve it ; for instance, the 
truth of the following statements will be readily admitted 


;(i) ; If the coefficients are all positive, the equation has no ‘ 
positive root; thus the equatioh a;* + a:* + ^+1=0 cannot have a 
poj^tiye root. 


^ii) ^ If the coefficients of the even powers of x are all of one 
sign, and the coefficients of the odd powers are all of the contrary 
sigh, the equation has no negative root; thus the equation 

x^ + a!‘-2x* + si^-3a^ + 7x-5 =0 
cannot have a negative root. 


(iii) If the equation contains only even powers of x and the 
coefficients are all of the same sign, -the equation has no real 
root; thus the equation 2a5" + 3a3*4-a?‘*+'7-0 cannot liave a real 
root. 


(iv) If the equation contains only odd powers of oj, and the 
coefficients are all of the SJinie sign, the equation has ho real root 
except a; = 0 ; thus the equation as® 4 - 2a;'^ + 3as* + as ^ 0 lias no real 
root except a? = 0, 

All tlie foregoing results are included in the theorem of the 
next article, which is known as Descartes^ /Mfi of Signs, 

547. An equation f(x)=r0 cannot have more positive rootsi 
than there are changes of sign ini(x)j and ccmnot have mQrm 
negative roots than there are chamjes of sig^n in f (- x). 

Suppose that the signs of the terms in a pol3momial are 

+ H + _ + we shall shew that if this polynomial 

is multiplied by a binomial whose signs are + there will be at 
least one more change of sign in the product than in the onginal 
polynomial. 

Writing down only the signs of the terms in the multiplica- 
tion, we have 

^4.4. 4. -f--}-- 

t 

4 - 4 _ 

"Lr ^ 

=F =P + — + — + 
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Hence we see that in the product 

(i) an ambiguity replaces each continuation of sign in the 
original polynomial j 

(ii) the signs before and after an ambiguity or set of am- 
biguities are unlike ; 

(iii) a change of sign is introduced at the end. 

Let us take the most unfavourable case and suppose that all 
the ambiguities are replaced by continuations; from (ii) we see 
that the number of changes of sign will l)e the same whether we 
take the upper or the lower signs; let us take the upper; thus 
the niuji^r of changes of sign cannot be less than in 
+ + 4- + - + 

and this series of signs is the same as in the original polynomial 
with an additional change of sign at tlie end. 

If then we suppose the factors corresponding to the negative 
and imaginary roots to be already multiplied together, each factor 
sc — a corresponding to a positive root introduces at least one 
change of sign; therefore no equation can have more positive 
roots than it has changes of sign. 

Again, the roots of the equation /(- a;) == 0 are equal to those 
of y*(a;)=r0 but opposite to them in sign; therefore the negative 
roots of /{x)-0 are the positive roots of/(-£Cj) = 0; but tlie 
number of these positive roots cannot exceed tlie number of 
changes of sign in /(- cc); that is, the number of negative roots 
of /7x) = 0 cannot exceed the number of changes of sign in 

/(-*> 

Example, Consider the equation x^-^5x^-sD^ + 7xi-2=i 0. 

Here there are two changes of sign, therefore there axe at most two 
positive roots. 

Again /(- a:)= + + and here there are three changes 

of sign, therefore the given equation has at most three negative roots, and 
therefore it must have at least four imaginary roots. 

EXAMPLES. XXXV. h. 

Solve the equations : ^ ‘ 

f *' q . /Zo 

1. - 10.y 3 4- 4x7^ .r - 6 = 0, one root being ^ — . 

® 2. - 35.j'2 ~ .r 4. 3 =r 0, one root being 2 - 4/3. 

3« 4- 4- +^‘-2=0, one root being - 1 4- V - 1. 
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4 + 4x*® + + 4^ + 5 = 0, one root being */ - 1 . 

5* Solve the equation .v'5-^+8:r2-dj7-15=0, one root being 
^3 and another 1 

Form the equation of lowest dimensions with rational coefficients,, 
one of whoso roots is ' . 

6. 7. + 

8. 9. V5 + 2\/6. 

10. Form the equation whose roots arc =t 4 ^3, 5 Js 2 ^ - 1. 

11. Form the equatioii whoso roots arc 1 =t 

12. Form the -equation of the eighth degree with rational co- 
efficients one of whose roots is v/24-V3+ >/ — 1. 

13. Find the nature of the roots of the- equation 

3;r4 + 12j?2 4-5:t’-4=0. 

14. Shew that the equation 2.v’^ - -I- 4^^ - 5 0 has at least four 

imaginary roots. 

15. What may bo inferred respecting the roots of the equation 

16. Find the least possible number of imaginary nK)ts of the 

equation .r® -■ -j- 1 = 0, 

17. Find the condition that -px^ + qx - r = 0 may have 

(1) two roots equal but of opt)osite sign ; 

(2) the roots in geometrical progression. 

18. If the roots of the equation x^-hpx^-\-qx'^-hrx ■^s==^0 are in 
arithmetical progression, shew that — 4jt7y-f-8r— 0; and if they are 
in geometrical progression, shew thatp^j,--/^ 

19. If the roots of the equation a?" - 1 - 0 are 1 , a, shew that 

(l-o) (l-/3)(l~y) 

If rt, bf c are the roots of the cqufltion + find the 

vahie of 

20. 21, (?»f-c)(c+a)(a+2^). 

22. 50+1). ” 23. Sa^6. . 

If <*, 6, are the roots of + ?«■'* + ra; + e = 0, fiwd the value gf 

24. 25. S«*- 
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^7 valm.of f (x + h), Wm?»<NE(x) is a rational 

iMegrmfumtim of x. 


Let f{x) = 2?oaj" + ■♦■ + JPn-i® 

/(os + 4) - {aJ + “* 

+^’.-.(*+^*)+/».- 

Expanding eacli term and arranging tlie result in ascending 
powers of 4, wo have 

px +/',*"■' +p ,^~‘‘ + ••• +p„~,^ + p. 

+ h{np^~' + {n - + (« - 2 ) + ... +/’„_,} 

+ {« (m -!)/>„ + (w- 1) (w - 2)/>, *"-=•+...+ 2^._J 

+ 


This result is usually written in the form 
f{x + h) =f{x) + hf{x) + /'(*) + /"'(*) + 


H- 


K 

\7l 




and tlie functions f{x), f”{x)y arc called the firnty 

atcoiidy thirdy . . . derived functions of f{x). 

The student who knows the elements of the Difierential Cal- 
culus will see that the above expansion of f{x->fh) is only a 
particular case of Taylor^ s Theorem y the functions f (x)y f'{x)y 
f'*'{x) may therefore bo written down at once by the ordinary 
rules for dilTerontiation : thus to obtain f{;x) from f{x) we multiply 
each term in f{x) by the index of x in that term and then 
diminish the index by unity. 


Similarly by successive differentiations we obtain 

/'"(*),.... 

By writing - 4 in the place of 4, we liave 


f(x - h) =/(*) - /t/-'(=c) + +...+(- 1)" (*). 

The function / (05 + 7*) is evidently symmetrical with respect 
to X and 4; hence ' 
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Here tlie ex^r^sioiis ... denote the results 

obtained by writing h in the place of x in the successive derived 
functions /'(£c), f'(x), f"(x ), .... 


Example. If f {x) = 2ob* - - 2af -h5x-lf find the value of /(x + 8). 

Here /(a;) = 2a;^-ic3-2iic®-f6ar-i, so tliat /(3) = 131; 

/'(a:) = 8x3 -3x2 -4a; + 5, and /' (3) = 182; 


If. I£ 


If ll 


^ 2. 


Thus / (x + 3) = 2x* + 23x3 + 97x2 i ^ 2 ^ + 131. 

The calculation may, however, be effected more systematically by Jlorner*e 
jprocesst as explained in the next article. 


549. Let f{x) ^p^x"" + • •• 

put x - y-\- hy and suppose that f (x) then becomes 

?oy'+9'y‘+9'y’ + -"+9»-.2'+a'.- . ' 

Now y = sc - 7 a j hence we have the identity 

p„x’+j>^x"-'+p^->+ ... +p,_,x+t>^ 

= ?.(* - ^*)" +?,(*- /»)"■' + •• • + ?„-i (* - A) + ?,; 

therefore is the remainder found by dividing y (sc) by as -A; * 
also the quotient arising from the division is 

?o (* - *)’■' +«,(*- +•••+?.-,• 

Similarly is the remainde^, found by dividing tho last 
expressiqp by » - A, and the quotient arising from the division is 

*• 

fmd so on. Thus q^, ... may be found W the rule ex- 

plained in Art. 515. The last quotient is q^^ an# is obviously 
equal top^ 
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Mscum^le, Find the result of changing z into z 4 * Ian ^ expression 

SiB* — ac*— 2*® + 605 - 1. 


Here we divide sncoessivdy by as - 3. 


-1 

6 

-^2 

15 

5 

39 

-1 

132 

5 

"13“ 

44 

“131^ 

C 

33 

138 


11 

6 

46 I 
61 


= 73 

17 

6 

97 = 

= 9. 



23 = gj 


Or more briefly thus: 
2 - 1-2 6 -1 
2 5 18 44 I 181 

2 11 46 1 182 

2 17 I 07 

2 I 23 
2 


Hence the result is 2aj^ + 23a* -f 97a® 4- 182a 4- 131 . Compare Art. 648. 

It may be remarked that Homer’s process is chiefly useful in numerical 
work. 


550. 1/ the variable x changes cmtinuously from a to I3 the 

'^fumtion f (x) will change conlirvmnely from f (a) to f (b). 


Let t and c 4- A be any two values of ac lying between a and h. 
We have 

/(c+A)-/(c)=/t/''(«)+'^/"(«)+ - +|/"W; 

and by taking h small enough the difference between /(o 4- A) and 
f(c) can be made as small as we please; hence to a small change 
in the variable a? there corresponds a small change in the function 
f (oj), and therefore as x changes gradually fi’om a to 6, the func- 
tion y (a?) changes gradually from f{a) to/(?>). 


551. It is important to notice that wo have not proved thalf'^ 
/(ac) always increases from /(a) to /(5), or decreases from /(a) 
to ^(5), but that it passes from one value to the other without 
any sudden change; sometimes it may be increasing and at other 
times it may be decreasing. 

The student who has a knowledge of the elements of Curve- 
tracing will in any particular example find it easy to follow the 
gradual changes of value of f (a?) by drawing the curve y =/(ap). 

t' e 

552. If t (a) cmd f (b) me. of contrary signs then om root of 
^he equation | (x) = 0 nmst m hotween a emd b. 

As flj changes gradually from a to 6, the function /(as) changes 
gradually £rom/{a) to/(6), and therefore must pass through all 
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intermediate valuer; but emoe /(a) and /{b) have eontrary mgm 
the value zero must lie bet^en them ; that is, f(x) = 0 for seme 
value of X between* a and b. 

It does not follow that /(x) = 0 has on/y one root between a , 
and b ; neither does it follow that if /(a) and /(6) have the mme 
sign /(x) -- 0 has no root between a and 

^553, Every equation of an odd degree Ms o>t least one reed 
'^'root whose sign is opposite to tJbat of its last term, 

Tn the function f{x) substitute for x the values +oo , 0, -oo 
successively, then 

/(+00) = +CO, f{0)=-P., /(-Co) = -QO. 

It is positive, then f{x)=^0 has a root lying between 0 and 
- CO , and if p^ is negative f(\ic) = 0 has a root lying between 0 
and 4- GO . 


J554. Every equation which is of an even degree and M« its 
Imt term negative has at least two real rootSy one positive and one 
7iegative. 

For in this case 


/(+oo) = + ao, /(-ob)^ + <»; 

but 2*^ is negative j hence f (x) = 0 lias a root lying between 0 
and -f GO , and a root lying between 0 and - co . 

^ 655, If the expressions f(a) and f(b) have contrary signs^ 
odd nu^er of roots of f(x)~ 0 will lie between a and b; and 
if f (a) aM f (b) have the same sigUy either no root or an even nwmher 
of roots will lie between a and b. 

Suppose that a is greater than 6, and that a, 
represent all the roots of f(x) =; 0 which lie between a and 6. 
Let ^ (x) be the quotient when f (a;) is divided by the product 
(!»-a)(a;-j8)(a;-y) ... (oj-k); then 

/(») = (® - o) (as - /3) (« - y) . . . (as - *t ) (as). 

Hence » f{(£) s=(a — a)(a — 0) (a — y) ... (a - K)^(a^- 
/(6) = (6*- «) (6 - iS) (6 - y) .. . (6 - «)^(6).* 

Now <l>{a) and ^(5) must be of the same sign, fy otherwise a 
root of the equation and therefore o£/^)t;=0, wouffl 

lie Ijetween a and 6 (Art j552], which is <^trary fo the hype* 

H. JhA, 30 
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Hence if /(a) and /{&) have oontmiy signs, ttfe ex- 
pressions 

{a-a){a-^{a-y) ...(a-K), 
{b-a){b-P){b-y)...{b-K) 

must have contrary signs. Also the factors in the first expression 
are all positive, and the factors in the second are all negative; 
hence the number of factors must be odd, that is the number of 
Toots a, y, . . . must be odd. 

Similarly if /(a) and /(h) have the same sign the number of 
factors must be even. In this case the given condition is satisfied 
if a, y, ... fc are all greater than a, or less than b; thus it does 
not necessarily follow that / (x) -- 0 has a root between a and 5. 

556. If a, 5, c, ... Z; are the roots of the equation f (x) 0, then 

Here the quantities a, Cy..,h are not necessarily unequal. 
If r of them are equal to a, « to 6, ^ to c, , then 

/(*) =n(* - «)' (* - Vf (®- c)‘ — . 

In this case it is con^nient still to speak of the equation 
f(x) 0 as having n roots, each of the equal roots being considered 
a distinct root. 


/ 557. If the equation f(x)5:i0 Ivas r roots equal to a, then the 

^ equalion f '(x) ^ 0 mil have r - 1 roots equal to a. 

Let €l>(x) be the quotient when /(sc) is divided by (sc — aV; 
then/(sr)=(«-a)Xsc). 

Write sc + A in the place of sc; thus 

/(x A) = (sc — a + hy<li(x + A); 

/(*) + V'(*) + ^/"(*) + — 

= I (as - a)' + »• (as - ' A + . . . I (iji (a) + (») + ^"(a:) + . . . I , 

In this identity, by equating the coefficients of A, we have 
, /'(sc) = r(x - + (sc - ay^^^x). 

Thus/'(sr) Sontains the factor sc -a repeated r-1 times; that 
is, the equation f*{x) = 0 has r roots equal to a. 
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Similarly we may shew that if the equation ;/(«?) ==; 0 has # 
roots equal to 6, the equation /'{a:) = 0 has s - 1 roots equal to 6; 
and so on, 

B58. From the foregoing proof we see that if /(x) contains 
, a factor (x-^aY, then f^{x) contains a factor (aj — and thus 
/(x) and /'W have a common factor (oj-a)’*"'. Therefore if 
/{x) and /' (x) have no common factor, no factor in /{x) u^l be 
repeated] hence the equation t (x)--= 0 kcLS or km no$^ equal roote^ ‘ 
accordhiff as f(x) and f'(x) have or have rwt a eontmon factor 
involving x. 

559. From the preceding article it follows that in order to ‘ 
obtain the equal roots of the equation f (x) = 0, we must first find 
the highest common factor of f (x) and f (x). 

Example 1. Solve the equation - Xl*® + 44a:^ - 76x + 48 = 0, whioh has 

equal roots. 

Here /(a;)=a5*-- Har*+44*® — 7(5a5 4-48, 

/ {x) ^ 4aj» - 332)2 + 88® - 70 ; 

and by the ordinary rule we find that the hkhest common factor of f(x) and 
/' (*) is ® - 2 ; hence (x - 2)* is a factor of f{x)\ and 

/(®) = (®-2)2(®2-7a;+12) 

= (x-2)a(®-3) (®-4); 

thus the roots are 2, 2, 3, 4, 

Example 2, Find the condition that the equation 4- 36®® + 3<j® -H d = 0 

may have two roots equal. 

In this case the equations / (®)=0, and f (ae) = 0, that is 


0*3 + 3&®2 + 3c® - 1 -^ = 0 (1), 

rt®® 4 26® 4 c — 0 (2) 

must have a common root, and the condition required will be obtained by 
eliminating x between these two equations. 

By combining (1) and (2), we have 

?w*42c®4d=0 (3). 

From (2) 4nd (3), we obtain 

• ®« ® 1 


2(6d-c*) bc-ad 

thus the required condition is 

(6c “ «d)2 = 4 (oc - 6®) {hd - fi®). 


30—2 
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560, We hftve seen that if the equation /( 9 c) « 0 has, r roots 
equal to a, the equation /'(») = 0 has r - 1 roots equal to o. But 
fJUc) is the first deriv^ function of /'(a?); hence the equation 
= 0 must have r - 2 roots equal to a; similarly the equation 
/'^'(a5) = 0 must have r-3 roots equal to a; and so on. These 
considerations will sometimes enable us to discover the equal 
roots of /(£c) = 0 with less trouble than the method of Art. 559. 


561. 1/ ii, b, c, ...k are the roots of the equation f(x) =--0, to 

prove that 

f'(x) M + M + ... +.!W 

x-a x-b x~c x-k 

We have f{x)-{x-a){x-h){x^c),..{x-k)\ 

writing x + hm the place of Xy 

f{x-^h) = {x-a + h)(x-h + h){x--c + h).,. {x-k->t^h) ... (1). 

But /(* + /<)=/(*) + A/(x) + |^J/'(*) + ... ; 

hence f (x) is equal to the coefficient of h in the right-hand 
member of (1); therefore, as in Art. 163, 

f'(x)= (x-h)(x-c) ... (x-k) + {x-a)(x--c) ... {x-‘k)+ 

that is, /' lx) = + &'> + .„ + /(?) 

'' cc-a x-o.x-c x — k 

562. The result of the preceding article enables us very easily 
to find the sum of an assigned power of the roots of an equation. 

Example* If denote the sum of the powers of the roots of the 
equation a:^-{-px*^qx^-^t=0j 

find the value of 8^ and 

bet f{x)=x^+px^+qx^+t; 

then f' = 5x* + 4px ^ + 2qx, 

and similar expressions hold for 

• /M fi^) /(?) /(£) 

aJ-6* ar-c’ x^d' 
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Hence by addition, ^ 

6s»* + + 2 qz = 6a!* + ( -i- 5 p)x^+ (S, + pS^) ' 

+ (^3 +F5^a + H) ® + (-5^4 +F'S^8 + 3^i)* ’ 
By equating coefficients, ^ . 

4- %=4j?, whence , 

/S>2+p-Sfi=0, whence 
t% + + 6g = 2q, whence ^^3= - p^ ^ 3^ ; 

<^4 + pS^ + whence <*?4 =^j* + 4pg. 

To find tlie value of Sjt for other values of /c, we proceed as follows. 
Multiplying the given equation by 

a:* +px*”^ + qaj*^3 ^ _ 0^ 

Substituting for x in succession the values a, 6, c, d, c and adding the 
results, we obtain ;Sf* +pSk..i + qf^k~a +^*-5 = 0. 

Put A: -= 6 ; thus iSfg +p/Sf4 + qS^ + 5t = 0, 

whence = -p^ - - 6f. 

Put A ^ 6 ; thus iS^a -^P^s + = 0» 

whence *Sg + 85® + dpi. 

To find /?_4, put A = 4, 3, 3, 1 in succession; then 

S^+pS^ + qS^-\‘tS_j=: 0 ^ whence 5^_i = 0; 

2(1 

+pi5»j + 5q + tiS^3= 0, whence 8 ^^ ”"■'/» 

*S4-p-5?i + q*Sf_, +t^»_3=0, whence S^.^- 0 ; 

+ 6p + g'5_2 + t(S_4 = 0, whence /S_4 = ^ . 


563, When tlie coefficients are numerical wo may also pro- 
ceed as in the following example. 

Example. Find the sum of the fourth powers of the roots of 
a:* - 2a;®+a!- 1=0. 

Here / (a:) =a:® - 2a^ + ® - 1, 

/' (a;) = 3x®-4a; + l. 



Also 



4-70 


HIOHEK ALQEBBA. 


henoe JS 4 is eiiaal to the coefficient of ^ in the quotient of /'(*) by /(*), 

which is very oonvexuently obtained by the method of eynthetic division as 
fbUowB; 

1 3-4+1 

2 6-3+3 

-1 4-2+ 2 

1 4- 2 + 2 

10-5 + 5 

3 + 2+2 + 5 + lb + 

„ . 3 2 2 6 10 

Hence the quotient is - + ; 2 + + “i + + i 

X Xf iC' Xr 

thus /S4-IO. 


EXAMPLES. XXXV. c. 

1. If / (x) = a,-* + 1 +- 76 a- -f- 65, find the value of f(x - 4). 

2. if /(a) =: A* - 1 %v ^ + 1 7 - 9j? + 7, find the value of f(x + 3), 

3. If /(a)=2;^- 13^2 + IOa’- 19, fimd the value of /( a+I). 

4. If / (a-) == + 1 6a-3 + 72a-2 + 64a - 129, find the value of /(a- - 4). 

5. If /(a) =: OA® + 6a5 + cx + cf, find the value of /(a + h) -/ (a - h). 

6. Shew that the equation 10a® - Ha^ +a + 6 = 0 has a root 
between 0 and - 1. 

7. Shew that the equation a*-5.v®+3a'^+35a--70=0 has a root 
between 2 and 3 and one betvreen - 2 and - 3. 

8. Shew that the equation a* - 12a2+ 12a - 3 — 0 has a root 
between - 3 and - 4 and another between 2 and 3. 

9. Shew that a® + 6a* — 20a® — 19a -2=0 has a root between 2 and 
3, and a root between - 4 and - 5. 

Solve the following equations which have equal roots : 

10. A* — 9a®+-4a+-12=0. 11, A* — 6a® +• 12a® — 10a +3=0. 

12. A® - 13a* +. 67a® -171 A® + 216a -108=0. 

13. A6-Ar+4A®-ar + 2=0. 14. 8a* + 4a3- 1Ba’3+11a-2=0. 

, 15, A«-3A-fi + 6A3-3A2-3A+2=0. 

‘ 16, A«-2A»'^-4A* + 12A3-3A®-iar+18=0. 

17. A**(a4-b) A®— a(a- 5) A®+a®(a+5) A — a®6=0. 
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Find the solutions of the folFowing equations which have coninion 
roots: 

18, 2^" 24;®-f-^+8ir'-6=s0, 44?*-2a:®+3^7~9=0. 

19. 4^+12a:8-ic«- 16^=0, 6^+iar»~4j?«- 15^=0. 

20« Find the condition that may have equal roots. 

21. Shew that ar* + qp(^ 4* « = 0 cannot have three equal roots, 

22. Find the ratio of hio a in order that the equations 

aA^+6.r+a~0 and ar3-2a?2 + 2a7-* 1 =0 
may have (1) one, (2) two roots in common. 

23. Shew that the equation 

cannot have equal roots. ^ 

24. If the equation has three equal roots, 

shew that ah^ - 9a® + c® = 0. 


25. If the equation +hx^-\^cx^d=0 has thrc(S equal roots, 

shew that each of them is equal to * 

26. If .«?®+j^ + ra?2+^=0 has two equal roots, prove that one of 
them will bo a root of the quadratic 

Ibrx^ — — Aqr—0. 

27. In the equation =0, find the value of /SV 

28. In the equation ^-.r*-7:r2 4-.r + C=0, find the values of 
and aSj. 


Transformation op Equations. 

564. The discussion of an equation is sometimes simplified 
by transforming it into another equation whose roots bear some 
assigned relation to those of the one proposed. Such transforma- 
tions are especially useful in the solution of cubic equations. 

565. 7b transform an equation into another wh/ose roots are 

ifu^se of the proposed equation with contrary signs, • 

• ^ 

Let f (x) = 0 be the proposed equation. • 

Put -y for x; then the equation f(-y)^0 ms satisfied by 
every root of /(as) = 0 with its sign changed ; thus the reqxiired 
equation is /(-* y) == 0. • 
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If the proposed equation is 

“ 0 , 

then it is evident that the required equation will be 

py -^>y ' +py~‘ - ■*■ <- + (- 

which is obtained from the original equation by changing tJiC 
sign of every cUtemate term beginning with tbs teeond. 

666. To tranafo^-m an equalim into another whose roots me 
equal to those of tbs projwsed equation multiplied by a given 
qwintity^ 

Let f{x) ~ 0 be the proposed equation^ and let q denote the 
given quantity. Put y .= qx, so that then the required 

equation is f = 0. 

The chief use of this transformation is to clear an equation of 
fractional coefficients. 

Example. Bomove fractional coefficients from the equation 
2x5-|;r^-?a;+j5=0. 


Put a;= - and multiply each term by ^ ; thus 

JV* ~\i"y + 


By putting g=4 aU tho teims become integral, and on dividing by 2, 


we obtain 


y3_3y>_j, + C=0. 


667. To transform an equation into another whose roots are 
tbs redprocals qf the roots of the proposed equation. 

Let f{x)-0 bo the proposed equation j puty=-, so that 


- ; thendthe required 


= 0f 


' One pi thq^ chief uses of this transformation is to obtain the 
v^ues of expressions which involve symmetrical functions of 
— negative powers of the roots. 



transformatiok of equations. 


Mapatnple 1. It a,ht c ato Uie roots of the equation 


fiuA the value of 


1 i 1 

a« + 63 + c* • 


Write “ for x, multiply by y^, and change all the sigus; then the re- 
Iting equation ry^ - qtf -1=0, 


salting equation 
has for its roots 


111 
a' h' 

^P. 

^ a r* ah r ’ 

V ^ _q^-^pr 
•' ‘rS ' 


Example 2. If a, b, c are the roots of 

ar + 2flc2-3a;-l = (), 
jfind the value of a-^+ 

Writing - for tlie transformed equation is 
y^4-32/2-2y-l=0 ; 

and the given expression is equal to the value of in this equation. 

Here 5i= - 3; 

53=(-J1)^‘-2(-2) = 1.3; 
and aSj -h 3>32 “ -3=0; 

whence we obtain (LSf3=-42. 

668. If an equation is unaltered by changing x into — , it 
is called a reciprocal equation. 

If the given equation is 

+ l»y ' +p,a;”"* + 

the equation obtained by writing - for *, and clearing of fractions 

X 

is 

+ P.-3®’"’ + • • • + + p,» + 1 = 0. 

If these two equations are the same, we must 


- ^ n ~ r.-fl « — ^ « — 

I--— -> Pi- „ > •••» P.-9-„ > P.-i- 


P, 1 *^" P- 


P. ' “ P. T, ^ ‘ P, »~ P, . 

from tlie last result we have and thus wo have two 

classes of reciprocal equations. < 
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(i) If 1, tlien 

Pi=Pn-x^ P^'^P.-^^ Pa = i>«-.a» ; 

that is, tho coefficients of terms equidistant from the beginning 
and end are equal. 

(ii) If = - 1, then 

Pl^-Pn-l^ P^^-Pn-^^ Pn-^-^Pn-B^ ^ 

hence if the equation is of 2m dimensions or 

I|x this case the coefficients of terms equidistant from the l>egin- 
ning and end are equal in magnitude and opposite in sign, and 
if the equation is of an even degree the middle term is wanting. 

569. Suppose that f{x)==.0 is a reciprocal equation. 

If /(a) = 0 is of the hrst class and of an odd degree it has a 
root - 1 ; so that / (x) is divisible by £c + 1. If ^ (x) is the 
(luotient, then <f) (x) = 0 is a reciprocal equation of the first class 
and of an even degree. 

If /(x) = 0 is of the second class and of an odd degree, it 
has a root 41; in this case /(ar) is divisible by w - 1 , and as 
before (x) - 0 is a reciprocal equation of the first class and of 
an even degree. 

If /(«:)== 0 is of the second class and of an even degree, it 
has a root 4- 1 and a root - 1 ; in this case /(x) is divisible by 
a® - 1, and as Ixiforo <^(a5) = 0 is a reciprocal equation of the first 
class and of an even degree. 

Hence any reciprocal equation is of an even degree faith 
its last term positive^ or can he -reduced to this ferrm; which may 
therefore be considered as the standard form of reciprocal 
equations. 


570. A reciprocal equation of the standard form can he re- 
duced to am, equation of Imlf its dimensions- 

Let the e(^uation be 

oas*" 4'Oa:*’"'"’ 4* ccc*”"* 4- ... 4- 4- ... 4- cai* 4* irr 4- a = 0; 

dividing by jr” and rearranging the terms, we have 

ft C 
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Now 

ii) ; 

hence writing % for ® + ” i giving to in succession the values 
1, 2, 3,... we obtain 

*" + i = «* - 2, 

X 

X 

X* (z^ — 3 «) - {z^ - 2) — z* — -^2; 

and HO on ; and generally a;'" h- \ is of dimensions in «, and 

X 

therefore the equation in « is of w dimensions. 

D71. To find the equation whose roots are the squares of those 
of a proposed equation. 

Let f{x) = 0 be the given equation ; putting y - a;*, we have 
>Jy\ hence the required equation is f {Jy) - 0. 

Example. Find the equation whose roots are the squares of those of the 
equation v? +Pia^ +P9* +^3= 0. 

Putting x=y/yj and transposing, we have 

(y+Ptt)s^V=-{Piy-^Ps)l 

whence (j/® + 2p.^y +p2®) 3/ -PiV + + Ps®* 

or + ( 2 p 2 - pi*) f + W- 2piP8) y-p^^= 0. 

Compare the solution given in Ex. 2, Art. 539 . 

572, To transform an equation into another wJmse roots 

exceed those of the proposed equation hy a given quomtity. 

• 

Let /(aj) = 0 be the proposed equation, and let the given 
quantity; put y^x-\-h^ so that X’^y-^h'f then the required 
equation is fiy - A) = 0, ^ 

Similarly /(y + A)“0 is an equation whose roots are leas by 
h than those of f (oj) = 0. * 
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Example* FhaU tlio equation whose roots exceed by 2 the roots of Uie 
equaHoa 4a?* + 32x® + 83a?3 + 76i + 21=0. 

The ^^uired equation will be obtained by substituting a: - 2 for a? in the 
proposed equation ; lienee in Horner’s process we employ a? + 2 as divisor, 
and the calculation is performed as follows : 


4 

32 

83 

70 

21 

4 

24 

35 

0 

la 

4 

Ifi 

3 

|0 


4 

8 

}-l3 




4 I 0 
4 

Thus the transformed equation is 

4a;*-13a?2 + 9=0, or {4^'*^ - 9) (a:*- 1)=^0, 

S 3 

The roots of this equation are +-, - , +1, -1; hence the roots of 

O 6 

the proposed equation are 



573. Tlie ehief use of the sulKstitutiou in the pre(?eding 
article is to remove some assigned term from ali equation. 

Let the given eejuation be 

then if y we obtain the new equation 

p<,hf+^‘)"+p,{y+^)'~' +Fa(y+/‘)"'’+ ••• •* p.^^^ 
which, when arranged in descending powers of y, becomes 

py + + + (« - !);>/» 

If the term to be removed is the second, we put npji + = 0, 

so that : if the term to bo removed is the tliird we put 

f 1 ) ^ 

M - ^)Pl^ +Pz = 0, 

ktid so obtaiA a quadratic to find h) and similarly we may remove 
any other assigned term. 
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Sometimes it will be more coijvenfent to prooeed^s in the 
following example. « 

Example, Bemove tl^ seoond term from the equation 
H- qx^ + ra: + « = 0. 

Let a, ft, y be the roots, so that a+/3+7=-~. Then we increase 

each of the roots by 5?- , in the transformed equation the sum of the roots 
Qp ^ 

will be equal to + that is, the coefficient of the seoond tenn will 
, P V 

be zero. 

Hence the required transformation will be effected by substituting a? - ^ 
for X in the given equation. 


574. From the equation y(£c) = 0 we may form an equation 
whose roots are connected with those^ of the given equation by 
some assigned relation. 

Let 2 / be a root of the required equation and let = 0 

denote the assigned relation; then the transformed equation can 
be obtained either by expressing a? as a function of y by means 
of the equation {x, y) = 0 and substituting this value of x in 
/(fic) = 0 ; or by eliminating x between the equations f{x)=^0 
and ^ (x, y) = 0. 


Example 1 . If a, 5 , c are the roots of the equation O, 

form tliG equation whoso roots are 


a 


1 

6c* 



c- 


i. 

ab ‘ 


When a in the given equation, ^ in the transformed equation; 

but 


1 a a 

a- r-=a~ — =aH — ; 
he abe r 


and therefore the transformed equation will be obtained by the substitution 

X ry 

y:=x+-, or 

thus the required equation is ^ 

f^^+pr (1 + r) q (1 +r)® y + (1 +r)*=;0. 

Exampte 2 . ’Boxm the equation whose roots are the squares of the 
differences of the roots Of the cubic ^ 

a:» + 5flj+r=:0. * 

Let a, 6, c be the roots of the cubic ; then the rootsyof the required 
equation are (6 - c)®, (c - a)\ (« * l>)\ 
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Npw , (ft-c)»=6»+c*-26c»a« + 6“ + c>-<iS-^^ 

* « 

= (o + 6 + c)’ - 2 (6c + ca + ab) - a*- 

==_23-a»+?’:-. 

a 

bIbp when x=sa in the given equation, y = (fc-c)® in the transformed 
equation ; 

_ -* 2r 

2/ = -22- 3;* + — . 

X 

Thus we have to eliminate x between the equations 
ar* + 5a: + r=0, 

and x^+ (2q + ]/) x-'2r=0. 

Ht 

By subtraction ((Z + 2 /) ^ = Sr ; or x = . 

y+JZ 

Substituting and reducing, we obtain 

2/3 + + 9(zV + 27r^ + dj® = 0. 


OoB, If «, ft, c are real, (b - c)% (e - «)2, (a ~ b )2 are all positive : therefore 
27r* + 4q3 is negative. 

Hence in order that the equation a^+qx + r=0 may have all its roots 
real 27r2+4q* must bo negative, that is must be negative. 

If 27r3+ 453=0 the transformed equation has one root zero, therefore 
the original equation has two equal roots. 


If 27r®+45® is positive, the transforoiod equation has a negative root 
[^t. 55.S], therefore the original eqixation must have two imaginary roots, 
since it is only such a pair of roots which can produce a negative root in 
the transformed equation. 


EXAMPLES, XXXV. d. 

1, Transform the equation ~ ^ ^ = 0 into another with 

4 9 

integral coefficients, and unity for the coefficient of the first term. 

2, Transform the equation 3^“53;*+3?2-4?+l=:0 into another 
the coefficient of whose first term is unity. 

Solve the equations : ^ 

3, 2it^v3^-6.s?®4*a?+2*=0. 

A .r*-103r»+26>-l(>3?+l«0. 
c 5. .t?®"-5ii<*+93;3-9a;® + 5.r-l=0. 

*0. - 24.^ +t)7a?* - 73^3 ^ 57^,3 +4 = 0. 
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7. Solve the equation 3^ -22.^2+483? -32=0, the roots 
are in harmonical progression. 


8, The roots of lLr24.3ar-36=0 are in harmonical 
gressiqn; find them. 

9* If the roots of the equation ^ - cux^ + x — h^0 are in hamlonioal 
progression, shew that the mean root is 32). 



10. Solve the equation - 22.r® - + 2.r +1 = 0, the roots of 

which are in harmonical prograssion. 

Kemove the second term from the equations : 

11. A•3-6.^•®+10:^;-3=0. 


12. .r^+4;r3^2^-44?-2=0. 

13. a:fi + 5ar^ + 3A'3 + A'H^-l=0. 

14. .2^- 12arH3.r2- 17^+300=0. 


16. Transform the equation 0 into one whose roots 

3 

exceed by ^ the corresponding roots of the given equation. 


16. Diminish by 3 the roots of the equation 

- 4^^ + - 4jp+ 6=0. 

17. Find the equation each of whoso roots is greater by unity 
than a root of the equation - b,%^ + 6a? - 3 = 0. 

18. Find the equation whoso roots are the sqmires of the roots of 

+ 07^ 4 2a?2 + /p + 1 = 0. 

19. Form the equation whose roots are the cubes of the roots r-v . 

ar* + 3;t^+2=0. ' * 


If a, h, c ai’o the roots of or’ + g^ar + r^O, form the equation whose 
roots are 


20 . 


22 . 

24. 

26. 


ka’-\ Jch-\ Jcc-\ 21. 

h+c c+« <x + 2) „„ 

IP*"’ r-*'* 

a(2»+c), 2)(c+a), c(a + 6). 
h c c a « , & 

0^5*. 6^a* 


chi\ 

+ (7rt + l, 

tV 6 ’ c 

25. h\ 


27. Shew that the cubes of the roots of a 7 ®+aa 72 +ftA:+a 6=0 are 

given by the equation a?® + aV + + a^b^=0, ^ 

28. Solve the equation afi - 5a;* - bx^ + 2bx^ + 40; - 20 = 0, whose 
roots are of the form «, - a, 5, - 5, c, 

29. If the roots of a;® + 3p;^+35'a7+r=0 are ill harmonical pro*- 

gression, show that = r {Spq- r). 
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Cubic Equations. 

575. The general type of a cubic equation is 

r/j® + = 0, 

tut as explained in Art. 573 this equation can be reduced to the 

wMc^rshall take as the standard form of a cubic equation. 

576. To solve the equation ar’ + gas + r = 0. 

A 

lict as — 2^ + ® y then * 

a^'=2/’ + s* + 3i/8(2/ + ») = y" + «“ + %*=>'> 

and the given equation becomes 

y" + e’' + (3yz + gf)x + r = 0. 

. / 4 . irfi anv two quantities subject to the con- 

dition S their ’sum is equal to ‘J J*' ^^^^y tae^equSn 

hence y*, are the roots of the quadratic 


» - 2 ' 


V g» 

(1), 

4 27 


4 27 

(2). 


we obtain the value of * from the relation a> = y + «; l^us 

* = H 1"^ " ' 

asifiLtr^ublSbyES^ 

hbtained the‘ solution froin ^ Ferroo, abrntt 

cubic seems to have been duo originally to »oipio rerr , 
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1605. An interesting historieal note on this subject 
^found at the end of Burnside and Banton*s Theory of Equa^^ 


\ 


577. By Art. 110, each of the quantities on the right-hand 
side of equations (1) and (2) of the preceding article has three 
cube roots, hence it would appear that x has nine values; this, 

however, is not the case. For since the cube roots are 

to be taken in pairs so that the product of each pair is rational. 
Hence if y, z denote the values of any pair of cube roots "^ich 
fulfill this condition, the only other admissible pairs will be • 
<i)y, (o*« and where w® are the imaginary cube roots of 

unity. Hence the roots of the equation are 

y + (uy -t- + a)«. 


i , 


Example^ Solve the' equation - 15;z;t=: 126. 

Put y + z for .r, then 

2 /^ + + (^yz - 16 ) X = 126 ; 

put Byz-l5-,0t 

then 2 /®+ 2 ^= 126 ; 

also y3;j3-sl25; 

hcnco y'\ s* arc the rools of the equation 

t2-12Gt + 125=0; 

2/3=126, 23=1; 
j/=5, 2 = 1. 

Thus yl -2 = 6 -Hl = 6 ; 

2 -l + ^Z-S ^ -*1 — \/~3 

wt/ + w®2 = ^ ^ ^ — 2 — ^ 

= -3 + 2 

ia^y-k-wz^-’B-^tJ -B\ 

6 , — 8 + 2 ^ — 8 , —3 — 2 — 3 . 


and the roots are 


678. * To explain the reason why we apparently obtain nine 
values for x in Art/ 576, we observe that y and z are»to be found 

from the equations ^ + «® + r = 0, yz=^-~^; but in the process of 

^ I « ’ 

solution the second of these was changed into , which • 


« 31 


H. H. A. 
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also hold if ^ , or ; hence the otlxer six 

y alues of X are solutions of the cubics 

aj® + <aqx + r = 0, re* + ta^qx + r = 0. 

579. We proceed to consider more fully the roots of the 
* equation a?® + ^a; + r = 0. 

r® 0® 

(i) ^ positive, then and z^ are both real; let 

y and z represent their arithmetical cube roots, then the roots 
are y + ^5, wy + iii\ tay + oxa. 

The first of these is real, and by substituting for o> and <o® the 
other two become 


T q 

(ii) If -j + ~ is zero, then y^ = z*\ in this case y = and 
the roots become 2y, y(<i) + a)®), y(a) + a)*), or 2y, -y, — 

r® <7® 

(iii) If ^ is negative, then y® and are imaginary ex- 
pressions of the form a + ib and a — ihr Suppose that the cube 
roots of these quantities are m + iyi and m — in] then the roots of 
the cubic become 


m in 4- m — in, or 2m , 

(?a + in) w + (w — w) 0 )*, or — 

{m + in ) (m — in)<i>, or — m + w 

which are all real quantities. As however there is no general 
arithmetical or algebraical method of finding the exact value of 
the cube root of imaginary quantities [Compare Art. 89], the 
solution obtained in Art. 576 is of little practical use when the 
roots of the cubic are all real and unequal. 

This case is sometimes called the Irredmible Case of Cardan’s 
solution. 

580. In the vrredncihh cme just mentioned the solution may 
completed |)y Trigonometry ak follows. Let the solution be 
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put a = r cos 0, h^r sin so that r* = a® + 6®, tan $ss - * ^ 

a 

1 I '' ' i 

then (a + ib)^ « {r (cos 0 + i sin &)Y, , ' 

Now by De Moivre^s theorem the three values of this ex- 
pression are 


and 


\( ^ \f 

r** (cos 2 + » sin ^ 1 , w 


0 -i- ^TT . . & + Sxr' 


r3 ^cos 


0 + 47r 

~3" 


+ 1 sin - 


. . ^4- 4'7r\ 

+ ,sm— - j, 


h27r\ 

3 > 


where denotes the .arithmetical cube root of r, and 0 the 
smallest angle found from the equation tan ^ . 


The three values of (a - iby are obtained by changing the sign 
of i in the above results ; hence the roots are 


or, ^ oJ ^ + 

2r3 cos g , 2r3 cos — g — , 


cl 

2r3 cos r — . 


Biquadratic Equations. 

581. We shall now give a brief discussion of some of the , 
methods which are employed to obtain the general solution of a 
biquadratic equation. It will be found that in each of the 
methods we have lirst to solve an auxiliary cubic equation ; and 
thus it will be seen that as in the case of the cubic, the general 
solution is not adapted for writing down the solution of a 
given numerical equation. 


582. The solution of a biquadratic equation was first ob- 
tained by Ferrari, a pupil of Cardan, as follows. 

Denote the equation by 

4* 4- qoif 4- 2rx -f- ^ 0 ; 


add to each side (oas -i- 2/)*, the quantities a and 6 being determined 
BO as toanake the left side a perfect square; then 

of 4^ 4- (g' ^ a®)£C® 4- 2 (r 4- ab)x 4- s -f 6* = (aaf4- 6)*. 


Buppose that the left side of the equation is equal to 

then by comparing the coefficients, we have * , * 

+ ph^T’Vahy « 
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by eliminating a and h from these equations, we obtain 

or 2(j9r-s)^ + ^“fi- 5 's-r® = 0, 

From tins cubic equation one real value of h can always be 
found [Art. 553]; thus a and b are known. Also 

(oj® -^px + ky = {ax + 5)®; 

+px-\-k = db{ax + h)] 

and tho values of x are to be obtained from the two quadratics 
ic® + (f? — a) £r + (A; - 5) = 0, 
and a* + ( jo + o) ic + (^ + 6) = 0. 

Example. Solve the equation 

- 2a;3 - 6^2 + 10a; - 3 = 0. 

Add a^x^ + 2ahx + to each aide of the equation, and asaume 
*^-2a;8+(a2-6) xa + 2 (a6 + 5) a + 6«-3 = (a;2-a! + fcF; 
then by equating coefficients, we have 

a**«2& + 6, ab=:~&-6, b2=F + 3; 

(2fcH-6)(fc2 + 3) = (fc + 5)2; 

2fe3 + 6fc2-4ft_7=:0. 

By trial, we find that A:= - 1 ; hence h'^ rt 4, ah~ ~ q. 

But from the assumption, it follows that 

(x2-a; + fej‘-‘=(«x + fe)2. 

Substituting the values of Hr, a and &, we have tho two /equations 
- a; - 1 = =fc (2x - 2) ; 

that is, a;2+a;~3 = 0; 

whence the roots are 

2 * 2 ' 

583. The , following solution was given by Descartes \n 1637, 
Suppose t^at the biquadratic equation is reduced to the form 
ft {• x^4-qa^ + rx + » = 0; 

%88ume ^ + rx + 8 (x’^ -h kx + 1) (x^ kx -h m) } 
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then by equating coefEcients, we have 

l-h m — ^ — Im = «. 

From the first two of these equations, we obtain 

hence substituting in the third equation, 

{k^-\-qk + T) 

or F4-2gA" + (^*-4d)>fc"-/ = 0. 

This is a cubic in ¥ which always has one real positive solu- 
tion [Art. 553]; thus when is known the values of I and m 
are determined, and the solution of the biquadratic is obtained 
by solving the two quadratics 

4- + Z = 0, and x* — hx + in = 0. 

Example. Solve the equation 

x4-2a;2+8a;-8 = 0. 

Assume sc* - 2a;3 + Bo; - 3= (j;® + ftx -I- Z) (x^ ~ kx 4- vi) ; 

then by equating coefficients, we have 

Z+m-"X*2 = -2, fe(w-Z)^8, 
whence we obtain (ft* - 2ft + 8) (ft* ~ 2ft - 8) = - 12fts, 

or fc« - 4ft* + 16ft* -64=0. 

This equation is clearly satisfied when ft* -4 = 0, or ft= i2. It will be 
sufficient to consider one of the values of ft ; putting ft=2, we have 

m4-Z=2, w-Z=4; that is, Z = -l, ?« = 3. 

Thus t* - 2a;* + 8ar - 3 = (ar* + 2.r - 1 ) (a:* - 2 j; 4- 3) ; 

hence a;*4-2a;- 1=0, and a;*-2£r+3=0; 

and therefore the roots are - 1 4-. ^2, 1 =fc 

584, The general algebraical solution of equations of a 
degree liigher than the fourth has not been obtained, and Abel’s 
demonstration of the impossibility of such a solution is g^erally 
accepted by Mathematicians. If, howeve^ the coefficients of an 
equation are numerical, the value of any real root may be found 
to any required degree of accuracy by Horner’%Methpd.Qf 
px 3 p|ximation, a full account of which will bo found m treatises oi^" ' 
the Theory of EqwjJLiom. • 
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585 . We shall conclude with the discussion of some miscella- 
neous equations. 

Example 1, Solve the equations : 

x+y + z-{ M--0, 
a.r + hy+cz + du=Oy 
a^x + h'^y + + dhi - 0, 

a?x 4- 4- i^z 4- dhi = k. 

Multiply these equations, beginning from the lowest, by 1, p, q, r re- 
spectively ; Pi qt r being quantities which are at present undetermined, 
iusume that tliey are such that the coefficients of p, 2 , u vanish ; then 

X {a^ -i-pa^ + qa + r)~ky 
whilst 6, c, (I arc the roots of the equation 

fi+pt^ + qt-i-r=zO, 

Hence a® 4- pa^ 4- qa 4- r = (a - h) {a - c) {a - rZ) j 

and therefore {a - h) (a - r) (a - d) x — h. 

Thus the value x is found, and the values of p, 2 , w can be written down 
by symmetry. 

Cor. If the equations are 

.'C4-2Z4-24*H=:1, 
ax 4- by 4 - cz ‘h iZ'« =!•, 
d^x 4 - Iry + 4- d'hi — 

a^x 4 - h^y 4- ch 4 - d^u = /r®, 
by proceeding as before, we have 

X ( +pa^ 4“ qa + r)~]^ 4- q/c 4 r ; 

. (a - b) {a - c){a - d) x — {k - b) [k ~-c){k- d). 

Tlius the value of x is found, and the values of p, 2 , u can be written 
down by symmetry. ^ 

The solution of the above equations has been facilitated by the use of 
Undetermined Multipliers, 

Example 2. Shew that the roots of the equation 

(x ~ a) (x - h) (x - c) -/® (x - tt) - g^(x ^ 6) - Zi® (x - c) 4 - 2fgh=:0 
are all real. 

From the given equation, we have 
. (® - a) { (I - 6) (* - <•) -f!H-fffHx-b) + h‘(x-e)- 2Mi =0. 

* Let p, j be tht> roots of the qnodratio 

(®-6)(*-c)-/5=0. 
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arOd.Bupposd to bo not lees than q. By solving the quadratic, we have 
2aT=6+c?tV{6-^)*+4/a (1); 


now the value of the surd is greater than 6 c, so that p is greater than h 
or c, and g is less than box c. 

In the given equation substitute for x successively the values 

+ ®» 3i -®; 

the results arc respectively 

+ «>, +(gj^q-hjc^~q)\ -oo, 

since {p -b)(p- c) =/« ~ (& - g) (c - g). 

Thus the given equation has three real roots, one greater than p, one * 
between p and g, and one less than g. 

If p=g, then from (1) we have (&~c)* + 4/^=0 and therefore b~c, /~0. 
In this case the given equation becomes ^ 

(a; - &){(a; - a) (a; - 6) ~ g*-*- =0 ; 

thus the roots are all real. 

If n is a root of the given equation, the above investigation fails ; for it 
only miewB that there is om root between g and + oo , namely p. But as 
before, there is a second real root less than g ; hence the third root must also 
be real. Similarly if g is a root of the given equation we can shew that all 
the roots are real. 

The equation here discussed is of considerable importance; it occurs 
frequently in Solid Geometry, and is there known as the Ducriminating 
Cubic. ^ 

586. The following system of equations occurs in many 
branches of Applied Mathematics. 

Example. Solve the equations : 

rt + k & + X c + X 

b + fi c+fx * 

• 

a+v b+p c+v 

Consider the following equation in ^ 

• a + + d c + d (a+ d) (6 -f d) (c + d) ^ 

Xt y, z being for the present regarded as known quantities. 
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This e<iuation when cleared of fractions is of the second degree ;n 0, nnd 
is satisfied by the three values 0=\ 0-p^ in virtue of the given, 

equations { hence it must be an identity. [Art. 310.] 

To find the value of a;, multiply up by u+ 0, and then put a+ ^=0 ; 


thus 


* {b - a) (c “• a) ’ 


that is, 

By symmetry, we have 

and 


(g + X) (tf H-m) {a + y) 
(a-h)(a-c) 


_ {b + \) {b + /x) (h + v) 
(b-^c)(h--a) ’ 

^ (c + X)(c-fM)(c + y) 


EXAMPLES. XXXV. e. 


Solve the following equations : 

1. .r*-18a^=35. 

3. .t;3 + 03a?--31()=O. 

5, 28^3 - 9.r2 + 1=0. 


2. .^•3 4 72.^-1720=0. 

4. .^•8+2L^7+ 342 = 0. 

6. - 1 - 33.r + 847 = 0. 


7. 2ar3+3,'r2+3a;+l=0. 

8. Prove that the real root of the equation + 12.r- 12 = 0 

is 2 4/2 -^4. 

Solve the following equations ; 

9. 42^7 -40=0. 10. - lO.^?*-. 20:fc* - 1C = 0. 


11, ,^;* + 8.r3 + 9 A'* - ar - 1 0 = 0. 




12. ^+2^-7.'f2_3^+12==.o. 


13. 14. + 3:^0, 

15. 4gr*-20A'8 + 33^2.20.r+4=0. 


16. 07^^ - 6a;* - 17^ + 17072 + 60; - 1 = 0. 

17. .r* + 907^ + 12072 — 80o7 — 192 = 0, which has eq^al roots. 

18. Find t^e relation between ^ and r in order that the equation 
i»®+g'a7+r=0 may be put into the form 07*= (072+00? +5)2. 

dience solve the equation 
c 8078 — 36,t7+ 27=0. 
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10 If + and^a72+2j3.»*f g' 

have a common factor, shew that 

4 (p2 - q) {q^ -pr) - {pq - r)2-0. 

If they have two common factors, shew that 

p^-q^O, q^-pr=0. 

20. If the ecjuation aa^+Zb^+Zcx+d—O has two equal roots, 

shew that each of them is equal to ~y - — . 

^ 2(ac-~b^) 

21. Shew that the equation x* +px^ + qx^ -f- + « = 0 may be solved 

aS a quadratic if r^ -^ph. 

22. Solve the equation 

a’O- iar*+iav»+2ar2-32.r+8=0, 
one of whose roots is ^6 - 2. 

23. If a, /3, y, 8 are the roots of the equation 

.r* + qx^ + rx + « = 0, 

find the equation whose roots ai’e /3+y+d-l-Oy8) S &c. 

2A In the equation x* -px^-\-qx^ - r.r+s=0, prpve that if the sum 
of two of the roots is equal to the sum of the other two p^ - +8rs«0; 

and that if the” product of two of the roots is equal to the product of 
the other two r^—p^s, 

25. The equation - 209vr+56“0 has two roots whose product is 
unity : determine them. 

26. Find the two ixjots of 409a? +285=0 whose sum is 5. 

27. If CL, h, are the roots of 

+ + p^^^ix + pn = 0, 

shew that ^ 

(l+«*) (1 +6^*) (1 +^=-(1 -p»+p, - .. .)”+(/'! -Ph+Pr- - f- 

28. The sum of two roots of the equation 

- 8a® + 2 1 .r® — 20a’ + 5 = 0 

is 4 ; explain why on attempting to solve the equation from the know- 
ledge of this fact the method fails. 
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1. If s.^ Sjj, aj, are the sums of n, 2/i, 3^^ terms respectively of an 
arithmetical progression, shew that «3=3 

2. Find two numbers such that their difference, sum and product, 
are to one another as 1 , 7, 24. 

3. In what scale of notation is 25 doubled by reversing the digits ? 
Solve the equations ; 

(1) + 2) (:r + 3) (.r - 4) - 5) = 44. 

(2) :r(y4-2) + 2=0, 2^) + 21 =0, r(2;a7--y)-^5. 

5. In an A. P., of which a is the first term, if the sum of the 
first terms =0, show that the sum of the next q toms 

a{p+q)q 

p-l 

[R, M. A. Woolwich.] 

6. Solve the equations : 

( 1 ) (a + h) (ouv + h) {a - bai) = — h^) {a 4 - bx). 

11 1 

(2) ^^+(2^~3)3=[12(jf~1)}* [India Civil Service.] 

7. Find au arithmetical progression whose first term is unity 
such that the second, tenth and tbirty-foorth teims form a geometric 
series. 

8. If a, p are the roots of .v^+px+q^O, find the values of 

a3+/33, + c 

9. If 2.v=a+a~^ and 2y 5= 5 -f 5“^, find the value of 

Ay + V(^-i)(y*-i). 

10» Find the value of 

8 3 

(4+Vi6)V(4-v^i5/ 

3 8 * ' 

, ' (e+V35)'“-(6-A/^)“ 

• [R. M. A. Woolwich.] 

, 11. If a are the imaginary cube roots of unity, that 
n*+|3*+o-»/3-*=0. 


A' 
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12. Shew that in ariy scale, whose tadix is greater than 4, the 
totmaber 12432 is divisible by 11 1 and also by 112, ^ 

IS. A and B run a mile race. In the first heat A gives B a start 
of 11 yards and beats him by 67 seconds ; in the second heat A ^iyos 
B a stiirt of 81 seconds and is beaten by 88 yards : in what time could 
each run a mile? 

14. Eliminate .r, ?/, s between the equations : 

[li, M!. A. Wooi.wicH.] 

15. Solve the equations : 

cLX^ 4 - hxy + cy^ ~ + cxy + ay^ = d. 

[Math. T^pos.] 

16. A waterman rows to a place 48 miles distant and back in 
14 houi's: he finds that he can row 4 miles with the stream in the 
same time as 3 miles against the stream: find the rate of the stream. 


17. Extract the square root of 

(1) (a^ 4- 4- he + ca) {be + ca + a6 4 h'^) {he 4 ca 4 4 c^). 

( 2 ) 


18 . 


IV 

Eind the coefficient of of' in the expansion of (1 - and the 

( 4 3 


19. Solve the equations : 


( 1 ) 


2.r-3 
x — \ 


3^-8 .a;43 

.r~2 


(2) 4 - y 2 ~ ^ +y) {(AX 4 hy) = 2a6 {a 4 h). 

[Thin. Coll. Cams.] 

20. Shew that if a (& - c) 4 5 (c - a) .ry 4 c (a - h) y^ is a perfect 

square, the quantities a, 6, c are in harmonical progression. 

[St Oath. Coll. Camb.] 

21. If 


(y _ 0 )aif (jjf - 4 - y)2 _ (^ 4 . ^ _ 2.r)2 4 4 ^ - 2y 4 (.a? 4y - 2^:)®, 

and X, y, z are real, shew that x^y—z. St Oath, 4I3 oll. Camb.] 

Extract the square root of 3e58261 in the scale of twelve, and 
find in what scale the fraction ^ would bo represented by d?. ^ 
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23. Find the sum of the products of the integers 1, 2, 3, ... » taken 
two at a time, and shew that it is equal to half the excess of the sum of 
the cubes of the giren integers over the sum of their squares. 

24. A man and his family consume 20 loaves of bread in a week. 
If his wages were raised 6 i)er cent., and the price of bread wcsre raised 

per cent., he would gain a week. But if his wages were lowered 
per cent., and bread fell 10 per cent., then he would lose 1^. 
a week : find his weekly wages and the price of a loaf. 


25. The sum of four numbers in arithmetical progression is 48 and 
the product of the extremes is to the product of the means as 27 to 35 ; 
find the numbers. 


26. Solve the equations : 


(1) a(6- c) ^72+5(c-a)^+(?(a- 5)=0. 


( 2 ) ,,, . 
^ ^ x-a-h x-c-d 


[Math. Tripos.] 


27. If ^/a-X'\‘^|h-x•\•^Jc-x^0y shew that 

(a + 5 + c + 3 a‘) (a + 5 4* c - .a?) = 4 (6 c 4- ca + a5) j 
and if - 1 ^ a + 4^6 4- = 0, shew that (a + 6 4- c)® = 27a6c. 


28. A train, an hour after starting, meets with an accident which 
detains it an hour, after which it i)rocceds at three-fifths of its former 
rate and amves 3 hours after time : but had the accident happened 50 
miles farther on the line, it would have arrived hrs. sooner: find the 
length of the journey. 

29. Solve the equations : 

2a?4*y=22, 95“7:r=6y, :i*^+//4-^'’=216. 

[R, M. A. Woolwich.] 

30. Six papers are set in examination, two of theta in mathematics : 
in how many different orders can the papers be given, provided only that 
the two mathematical papers are not successive ? 

31. In how many ways can £5. 4«. ^d. be paid in exactly 60 coins, 
consisting of half-crowns, shillings and fourpenny-pieces? 

32. Find a and 6 so that 4* 4- 11^4-6 and /r3 4 6,!r?4-14.f-h8 

may have a common factor of the form x^-^-px+q, 

[London University.] 

33. In time would A, B, € together do a work if A alone could 
(to it in six hours more, B alone in one hour more, and C alone in twice 
the time? 
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34 . If the equations 1 have only one solution 

prove that ~ + j ~ Ij awd > ^“5 • [Math. TbipoSp] 

35. Find by the Binomial Theorem the first five terms in the expan- 
sion of (1 - 2ii7+ . 

36. If one of the roots of a^+px+q^O is the square of the other, 
shew that - q {Zp - 1) 4- g'^=0. 

[PfiMa Coll. Camb.] 

37. Solve the equation 

X^ - 6.r ’— Qx — 6 = 0. 

[Queen\s Coll. Ox.} 

38. Find the value of a for which the fraction 

.^3 - aa^+ IOjp - a — 4 

^-|-23:r -a-7 

admits of reduction. Reduce it to its lowest terais. [Math. Tripos.] 


39. If «, 6, c, x^ y, z are real quantities, and 

(dj + 5 4- = 3 (5(3 + ca + -ya - 
shew that a=5=c, and .^=0, y=0, ^=0. 


[Christ’s Coll. Camb J 
8 

40 . What is the greatest term in the expansion | ^ when 

the value of ^ is ^ ? [Emm. Coll. Camb.] 


41 , Find two numbers such that their sum multiplied by the sum 

of their squares is 6500, and their difference multiplied py the difference 
of their squares is 352. [Christ’s Coll. Camb.] 

42 . If x=\a, y=(X-I)6, «=(X-3)c, X = ^~^^, express 
,^“* 4 - y24*-5^ in its simplest form in terms of a, 6, c. 

[Sidney Coll, Camb.] 


43* Solve the equations: 

, ( 1 ) 

(2) y<+«^“-.!F=5®4-a:*-y=s^4*y®-2»l* ♦ 

• [Corpus Coll. Ox.] 

44 . If X, y, z are in harmonical progression, shew tkat • 

log 4- «) 4- log - 2y 4- Jp) — 2 log (x - s). 
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45 . Sb&v that 


1 1.3/1\ 1.3.5/lV. 

2‘''2.4\4j ■^2.4.f)V4j 


|(2-V3)v'8. 

[Emm, Ooll. Gamb.] 


+ 2y _ S y + 2 z __ 3^ j-2£ 
3a - 2^) 36 ~ 2c “ 3c ^a ’ 


theu will 6 {of -^y + z) (5c + 46 - 3a) = (9x + 8y + 132^) (a^b + c). 

[Ohbist’s Coll. Camb.] 


47. With 17 consonants and 5 vowels, how many words of four 
letters can be formed having 2 different vowels in the middle and 1 
consonant (repeated or different) at each end? 

48. A question was lost on which 600 persons had voted ; the same 
persons having voted again on the same question, it was carried by twice 
as many as it was bef(»re lost by, and the new majority was to the fanner 
as 8 to 7 : how many changed their minds? [St John^s Coll. Cams.] 


49. Shew that 


logV 




Oafi 1.3^' 
0-^6.7+- 


[Christ's Coll. Camb.] 


50. A body of men were formed into a hollow square, three deep, 
when it was observed, that with the addition of 25 to their number a 
solid square might be formed, of which the number of men in each side 
would be greater by 22 than the square r« »ot of the number of men in 
each side of the hollow square ; required the nuuiber of men. 


51. Solve the equations : 

c. 

(1) V(a+;r)2-f2 y(a-.r)2=3 

(2) - a)i (a? - 6)i - (a; - c)i (.r - )4 = (a - c)^ {b—d )4. 


52. Prove that 


, 2 2.5 2.5.8 ^ 

1 \/4 = 1 4- + TT "I's + s — + 


6.12 6.12.18 *V'** 

[Sidney Coll. Camb.] 


53. Solve ^6 (6.r+6) (tte- ll') = 1- 


IQuhenb’ OoiiU Uamb.] 
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64. A vessel contains a gallons of wine, and another vessel con- 
tains b gallons of water : c gallons are taken out of each vessel and 
traiisfern^ to the other; this operation is repeated any number of 
times: shew that if c(a+b)=ah, the quantity of wine in each vessel 
will always remain the same after the first operation. 

55. The arithmetic mean between m and n and the geometric 

mean between a and b are each equal to ^ : find m and n in terms 

m-Vn 

of a and b. 


56. If .r, y, z are such that their sum is constant, and if 

{z+x — %) {x 4 -y - 22) 

varies as yz^ prove that ^{y+z)-x varies as yz, 

[Emm. Coll. Camb.] 

57. Prove that, if n is greater than 3, 

1,2.«(7,~2.3 «(7,,i + 3.4.»»C;.8-....:. + (~l)»'(r+l)(r+2) = 2.«*“»C?:. 

[Christ’s Coll. Camb.] 

68. Solve the equations : 


(1) ^|2x-\-{‘^fZx 

H i 

(2) 4{(^-16)4+8}=;r2+16(:t?2^ie)i 

^ [Sr John’s Coll. Camb.] 

69. Prove that two of the quantities .r, y, z niust be equal to one 


another, if 


y-z z—x x — y ^ 
l+yz 1+zx l+i 2 ?y 


60. In a certain community consisting of jo persons, a per cent, can 
read and write ; of the males alone b per cent., and of the females alone 
e jier cent, can read and write : find the number of males and females in 
the community. 


61. 


62. 


If .^=(1)"’-^ «hew that = (1)'“-"'. 

[Emm. ‘Coll. Camb.] 

Shew that the coefficient of x*^ in the expansion of 
(l--x+x^-x^)~^ is unity. 


63. Solve the equation 

^ x-a 6 ^ a 

b~^ a ^ x-a x-h' • 

* [LonbonAIniversity,] 

64. Find (1) the arithmetical series, (2) tfie harmonical series 

n terms of which a and & are the first and last terms and shew th^t 
the product of the r*** term of the first series and the {n—r+ 1)^^* term of 
the second series is ah. * 
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fiS. If the roots of the equation 

are equal, ebew that [R. M, A. Woolwich.] 

66. If a2+62=s7a6, shew that 

log {I (“ + ^)} == I « +log b). 

[Qubkn^s Coll. Ox.] 

67. If 71 is a root of the equation 

^ (1 - ac) - .r (a® 4-c®) - (1 + ac) =0, 

and if n harmonic meanp are inserted between a and c, shew that the 
difierenee between the first and last mean is equal to ac (a - c). 

[Wadham Coll. Ox.] 

68. If : ’‘-2i>^ = 57 : 16, find n, 

69. A person invests a certain sum in a per cent. Government 
loan ; if the price had been £3 less he would have received J per cent, 
more interest on his money; at what price was the loan issued? 

70. Solve the equation : 

{{a^+x+lf - 0 ^ 2 + 1 )'^ - {(^ - a;+iy - 

=^3 + 1)3 - 1 )3 - .t^} . 

[Merton Coll. Ox.] 

71. If by eliminating .r between the equations 

.t^ + a:v+h=0 and + (.v+y)+7Ji = 0, 

a quadratic in y is formed whose roots are the same as those of the 
original quadratic in a?, then either a =21; and b~7?i, ot h^m=<d^ 

[R. M. A. Woolwich.] 

72. Given log 2 = *30103, and log 3 = *47712, solv^ the equations : 

(1) 6*=^-6-*. (2) 

73. Find two numbers such that their sum is 9, and the sum of 

their fourth powers 2417. [London University.] 

74 . A set out to walk at the rate of 4 miles an horn*; after he had 
been walkings- 2| hours, B set out to overtake him and went miles 
the first hour, 41 miles the second, 5 the third, and so gaining a quarter 
of a mile every hour. In how many, hours would he overtake A? 

• c 

^ 75, Prove that the integer next above (^/3 + l)*** contains 2^’*'^ as 

a factor. 
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76. The series of natural numben| is divided into groups 1 ; %3, 4 ; 
5, 6, 7, 8, 9; and so on.; prove that the sum of the numbers in the 

group is (n - l)®+w3. 

77. Shew that the sum of n terms of the series 

+ 


+ (3_ Vaj \± Vaj 


is equal to 1 — - 


1.3. 5. 7 (2?i-l) 


78. 


2** Ijw 

[R. M. A. Woolwich.] 
1 


Shew that the coefficient of x'*' in the expansion of 

n n-I 7^9 * 

(-1)^', 3(-l)« , 2(-l)3-, 
according as u is of the form 3m, 3m + l, 3m + 2. 

79. Solve the equations : 


(1) 

( 2 ) 


‘.r+y+2’ 


X v Z V Z X V 

+ 4^4.. - + .-^a*+?/+^=3. 

y z X X y z '' 

[Univ. Coll. Ox.] 

80. The value of xyz is 7| or 3J according as the series a, .r, y, 

h is arithmetic or hann<')nic : fmd the values of a and h assuming tnem 
to bo positive integers. [Merton Coll. Ox.] 

81. If ay -hx=^c/s/{x- af + (v -- h)\ shew that no real values of x 
and y will satisfy the equation unless < a* + 

82. If is greater than 5^7-1 and less than 7x-3f find the 

integral value of x. 

83. If ^ is the number of integers whose logarithms have the 
characteristic §nd Q the number of integers the logarithms of whose 
reciprocals have the characteristic - shew that 


logio/’ - logw <2=^ - ? + 1 • 


A" 

g^p 


84. In how ways may 20 shillings l)d|ron to 5 persons so 

that no person may receive less tlian 3 shilling 

86. A man wishing his two daughters to receive equal portions 
when the5^ came of age bequeathed to the elder the accumulated interest 
of a certain sum of money invested at the time of his* (Jpath in 4 per 
cent, stock at 88; and to the younger he beqqpathed the accumulated, 
interest of a sum less than the former by £3500 invested at the same 
time in the 3 per cents, at 63. Supposing their ageaat the time pf 
their father's death to have been 17 and 14, what was the sum invested 
in each case, and what was each daughter's fortune ? ^ * 

H. H. A, • 82 
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86. A number of throe digits in scale 7 when, expressed ih scale 9 
has its digits reversed in ord^: find, the number, 

[Sr JoHK^s Coll. Camb.J 

87. If the sum of m tettns of an arithmetical progi^ssion is equal 
to the sum of the next n "^emis, and also to the sum of the next 2 ^ 

temis; prove that 


88. Pi’ove that 
1 

(S'-*)’ 


[St John*s Coll. Cams.] 


I j /I 1 1 y 

{x-yY~~\y'-z^ x-y) 


[K. M. A. Woolwich.] 


89. If iti is negative, or positive and greater than 1, show that 

im ^ 3«» + 5«i ^ + (2n ~ 1)"‘ > w’" + \ 

[Emm, Cull. Camb.] 

90. If each pair of the throe equations 

have a i!(mimon root, prove that 

Pi +Pi +P3+^ (?i + ?3 + iTa) = 2 +P-iPi +PiP<^- 

[St John’s Coll. Camb.] 


91. A and B travelled on tho same road and at the same rate from 
Huntingdon to London. At the 50^" milestone from London, A over- 
took a drove of geese which were proceeduig at the rate of 3 miles in 2 
hours ; and two hours afterwards met a waggon, which 'was moving at 
the rate of 9 miles in 4 hours. B overtook the same drove of geese at 
the 45*’* milestone, and met the waggon exactly 40 minutes before he 
came to the 31"^ milestone. Where was B when A reached London ? 

[St John’s Coll. Camb.] 

92. If a-}-Z» + c+ci?=0, prove that 

ahe + hed + eda + dah = V (be - ad) {ea - hd) (ah — cd). , 

[R. M. A. Woolwich.] 

93. An A. P., a G. P., and an II. P. have a and b for their first two 
terms ; shew that their (n+S)"* terms will be in G. P. if 


2>2w + 2_^2n + 2 

ha {b^ - a^) n 


[Math* Tkipos.] 


* »r 

94. She^( that the coefficient of in the expaSnsion of .-7 

. . {x-a)(x-b) 

a‘*'‘ — 1 

in ascending power of x is ; and that the coefficient of 


(1 4 - 

the exjmnsion of ^[3^4 (7424.4^+2). 
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95. Solve the equations : 


: ^^-34 j 15. 

^ , *, {St John’s Coll, Camb.] 


96, Find the value of ^ 

3+ 2+ 3+ 2 + 

ratic surd. 

... in the form of a quad- 
[R. M, a. Woolwich.] 

97. Prove that the cube of an integer may be expressed as the 
difference of two Bquarc.s ; that the cube of every odd integer may be 
so expressed in two ways ; and that the difference of the cubes of any 
two consecutive integers may be expressed as the difference of two 
squares. [Jesus Coll. Camb.*] 

98. 

P’ind the value of the infinite series 



1,2, 3 4 

1? i? if 

[Emm. Coll. Camb.] 

99. 

... a c a c 

■‘■■"6+ <i+ 6+ 


and 

c a c a 

d-\' 6-f 6+ 


then 

bx — dy^a - c. 

[Christ’s Colt;. Camb.] 


100. Find the generating function, the .sum to )i terms, and the 
term of the rccumng series 1 + 5A* + 7.r^+ 17.^’® + 31.^'*+ 


101. If a, by c are in H. P., then 


( 1 ) 


a+b , c+b . 
2a -b 2c -b^ 


(2) ?/-'(a-#c)2=2{(.‘2(6-.a)2+a2(c- W. [Pemb. Coll, Camb.] 

102. If a, by c are all real quantities, and o;^ - is divisible 

hy X- a and also by x~b; prove that either a = 6 = c, or a = - 26 = - 2c. 

[Jesus Coll. Ox.] 

103. SI lew that the sum of the square.s of three consecutive odd 
numbers increased by 1 is divisible by 12, but not by 24. 

104. Shew thaf greatest or least value ^f + ^hx+Cy 

according as a is negative or positive. * 

If 24^2: (a’+ 2/+2), aritt Xy y, z are •all 

realy shew that [St John’s Coll. CambJ 

322-2 
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105. Show that the expansion of 


V 2 


X 1.3 1.3.5.7 

2 “^ 2 . 4 * 6 ^ 2 . 4 . 0 . 8 ‘ 10 ^' 


106. If «, are roots of the equations 

x^-\-px + q=0y .r2*‘+j)^r’‘ + ^==0, 

whei*e n is an oven integer, shew that % , — arc roots of 

P a 


.r” + l+(^’ + l)’‘=0. 


[PjflMB. CoiJ.. Oamb.] 


107. Find the difference between the squares of the infinite 
continued fractions 


^ !l Jl. 

2tt ^ci + 2</ + 


, ti d d 

and C4*;, « - — . 

’ 2c4- 2rj+ 2c -f 


[OniirsT’s Coll. Camb.] 

108. A sura of money is distributed amongst a certain miralxir of 
persons. The second receives 1#. more than the first, the third 2«. 
more than the second, the fourth 3a more than the third, and so on. 
If the first Iverson gets 1 a and the last jierson £3. 7 a, what is the 
number of persons and the sura distributed ? 

109. Solvti the equations : 

c^a~ a + 

110. If « and b are positive and uneqiia], ])rove that 

71- I 

a’* - 6” > 7i (a - b) {ab) ^ . t, 

[St Oath. Coll. Camb.] 

111. Express ^ continued fraction; hence find the least 

oUu 

values of x and y which satisfy the equation 39().r — 763y— - 12. 

112. To complete a certain work, a w^orkmau A alone would take 

m times as many days as B and (J working together ; B alofie would 
take n times many days jus A and C together ; <7 alone would take 
p times as many days as A and B together : shew that the numbers of 
days in which each would do it alone are as w+ 1 : 9i+ 1 : 1. 


w + 1 n+1 jL> + l 


[R. M. A. Woolwich.] 
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113. The expenaes of a hydropathic establishment are partly con- 
stant and partly vary with the number of boarders. Ea& boarder 
pays £65 a year, and the annual proiits are £9 a head when there are 
50 boarders, and £10. 13«. 4<f. when there are 60: what is the profit on 
each boarder when there are 80? 

114. If -y, and is not greater than 1, shew that 

[Peterhouse, Camb.] 

i£ V 1 

115. If rv , — -.> = 1 * and shew that when a and c 

are unequal, 

{a^ — - h^(?‘ = 0, or + c® - 2 = 0. 

116. If (1 1 ..., 

nnd ijv 1 “ ••• ; 

prove that (1) = 1, 

|3r 

(2) 1 -V 1 +V 2 - 

[R. M. A. Woolwich.] 

117. Solve the equations : 

(1) {x-yf-^2ah = ax+hy, xy+ah^hx-^-ixy, 

(2) .r®— y® + 2® = 6, 2y0-2.r-f2.x'y = 13, x~y-\-z=% 

118. If there are n positive quantities a,, a„, and if the 

square roots of all their products taken two together be found, prove 
that 

+ V + < (% -f rtg + + <^h) ; 

hence prove thftt the arithmetic mean of the square roots of the 
products two together is less than the arithmetic mean of the given 
quantities. [R. M. A. Woolwich.] 

119. If h^3i^ + (ihf* — d^})\ and a® + 5®=ii?®-|-y®=l, prove that 

+ ay = (6 ®^ + [India Civil Service.] 

120. • Find the sum of the first n terms of the series whose r^** terms 

. 9r-H • 

T-^rlir 

[St John^s Coll. Camb,] 


r®(r+ 1)®’ 


121. Find the greatest value of 
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122, Solve the equations ; 

(1) l+,;p4*=7(l+.r)4. 

(2) 3ry+2-?=.r-c4-6y— 2ys-f 


123, If «i, a 2 > ^ 3 > ^4 consecutive coefficients of an 

expanded binomial, prove that 




[Queens’ Coll. Camb.] 


124. Separate 


.r3 -h — 8 


-r into partial fractions ; and 


(.'r^ + ;r+)) 1) 

3?? — 8 

find the general term when expanded in ascending jKJwers 

of X, 


125. In the recurring series 

5 1 

7 - r X + + Six^ -h 7^* + 

4 z 

the scale of relation is a quadratic expression ; determine the unknown 
coefficient of the fourth term and the scale* of relation, and give the 
general term of the series. [R. M. A. Woolwich, j 

126, If Xy yy z are unequal, and if 

2«-3y = fe---^*, aud 2a- , 

J y •: ; > 

i' <u — 

then will 2a-3.r=^^— , and A'-Hy + 5 = a. [Math, Trii»os.] 

127- Solve the equations : 

(1) .'t‘y+6=2:r xy -^ — 2y - y^. ^ 

(2) (rtJc)*0K ~ ( hy)^^^ ^y ^ */, 

128, Find the limiting values of 

(1) X + when x=^ cc . 

(2) , when x^a. [London University.] 

• 129, There are two numbers whose product is 192, and the quotient 
of the arithinetiiial by the harmonical mean of their greatest common 
^measure and least coiiimou multiple is : find the numbers. 

t , [B. M. A. Woolwich.] 
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130, 


131. 


132. 

the digits; prove that the same will hold for the number formed by 
the first and last digits, and also that such a number can be found in 
only one scale of notation out of every three. [Math. Teipos,] 

133. Find the coefficients of and .r** in the product of 

^ [R- M. A, Woolwich.] 

134. A purchaser is' to take a plot of land fronting a street; the 

plot is to be rectangular, and three times its frontage added to twice 
its depth is to be 96 yards. What is the greatest numlwr of square 
yards he may tfiko? [London Univeebity.] 

135. Prove that 


Solve the following equatioi^ : 

(1) i/TSte+a?- i/13^-37= ^2. 

(2) 6vrr?+<-v'r^y®=a,l 


c<Jl -a;^+a^i~z^=b, 

a V 1 - y + 6 V 1 — = <5- 

Provo that the sum to infinity of the series 
1 9 

p[| " ^ + 'iw ~ "• “ ai “ 3 

A number consisting of three digits is doubled by reversing 


(a + b-\-c+d)*-{'(a‘{-h-c-d)* + (a-b + c-d)* + {a-b-c+d)^ 
-{a+b+c-d)^- {a-\‘b-c + d)^- {a - b+c+d)*- l--a + b^c+d)^ 

= 192 abed, 

[Tbin. Coll. Camb.] 

136. Find Jhe values of «, h, c which will make each of the ex- 
pressions A^-f- 1 and .r*-f 2a.r'^ + 26A‘^-h2Ga?-f 1 a perfect 
square. [London University.] 


137. Solve the equations : 

^ i/x+nz+^-v-^ 

(2) V^'+i + V2^’l = 


V3 - 2^ 


# 


138. A farmer sold 10 sheep at a certain price and 5 others at 10«. 
less per head ; the SUm he received for each lot was e%resaed in pounds 
by the same two digits t find the price per sheep, • 



504 


HIGHER ALGEBRA. 


139. Sum to 71 terms : 

(1) (2 w-l) + 2(2w-3)+3(2%- 5)+.... 

( 2 ) The squai*es of the terms of the series 1 , 3, 6 , 10 , 15.... 

(3) The odd terms of the series in (2). [Thin, Coll. Oamb,] 

140. If a, ft y are the roots of the equation ArS-f «:r-f ^=^=0 prove, 

that 3 (a2 + /32 + ■/) (a« + /) = 5 («8 + +y ) (a« 4- +/ ). 

(St John’s Coll. Camb,] 

141. Solve the equations : ^ 

(1) .r(3^-5)= 41 (2) . 1 ^ 34 .^ + 5 : 3^495 s 

y(2.i;4*7) = 27j .r4^4*2?~ 15 1. 

a^j=sl05 ) 

* [Trin. Coll. Oamb.] 

142. If a, 5, c are the roots of the equation .^■34•^?.^'’^4•r=0, form the 
equation whose roots arc a 4 5 -* tf, 5 + c - a, <? + « - 5. 

143. Sum the series : 

(1) - l)^4(l« - 2).r2+..,_j_2^;^.n-2 + ^.n-l. 

(2) 3 - .t‘ - 2v^ “ 1C,^*3 - 28^:'^ - 676.4'^ 4 . . . to infinitj' ; 

(3) 649414423 4 404... to n terms. 

[Oxford Mods.] 

144. Eliminate Xy s from the equations 

.y~i4^“i + 2 -i==cr~i, a.‘43^4«=6. 
x^ 4 4 — c% 4y^ 4 2 ^^ = 0 ^, 

and shew that if x, z are all finite and numerically unequal, h cannot 
be equal to d, [ R. M. A. W 00 LWICH.J 

145. The roots of the equation 3cv3(.r248)4 16 ( 0 ?^ - 1)=0 are not 

all unequal : find them, [R. M. A. WooLwioH.] 

146. A traveller set out from a certain place, and went 1 mile the 
first day, 3 the second, 5 the next, and so on, going every day 2 miles 
more than h 0 had gone the preceding day. .^ter he had b^n gone 
three days, a second sets out, and travels 12 miles the first day, 13 the 
second, and so on. In how many days will the second overtake the 
first? Explainable double answer. 

^ 147. Find the value of 

* « J_ JL ^ ^ J: ..L 

34 24 1+ 34 24 14"’* 
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143. Solve the equation 'v 

+ 3 (a® - il>e) ^ + a® + 6® + c* - 3a&c = 0. 

[India Civil Skbvice.] 

149. If w is a prime number which will divide neither a, 5, nor 

a +6, prove that + ,..4- exceeds by 1 a 

multiple of n. [St John’s Coll. Camb.] 

150. Find the term and the sum to n terms of the series whose 
sum to infinity is (1 - aha^) (1 ~ ax)-^{\ - hx)~\ 

^ [Oxford Mods.] 

151. If a, c are the roots of the equation a^+p.v-\-q=0. find the 

, , 5^+6*® c‘^4-a^ 

equation whoso roots are — — , ~ — , 

[Thin. Coll. Camb.] 

152. Prove that 

{y+z — 2a')^ 4- + ■«-* ~ 4- 4- y — = 1 H (.r‘^ 4- y^ + -yz- zx - xy^^ 

[Clark Coll. Camb.] 

153. Solve the equations : 

( 1 ) - 30.'r 4- 1 33 = 0, by Cardan’s method. 

(2) a'® — 4^4 - 1 0.t4 4- 40^* + 9.v *- 30 = 0, having roota of the form 

±a, +Z», c, 

154. It is found that the quantity of work done by a man in an 
hour varies directly as his pay jier hour and inversely as the square, 
root of the number of hours he works per day. He can finish a piece 
of work in six days when working 9 hours a day at 1 a per hour. How 
many days will ho tiike to finish the same piece of work when working 
16 hours a day at 1«, 6c/. i^er hour? 

155. If «« denote the sum to n terms of the series 

^ 1.24-2.3 + 3.44-..., 

and fTn-i that to -* 1 terms of the series 

1 .2.3.4 2. 3. 4. 5 ^3. 4.5.6^ ’ 

shew that 4- 2 = 0. 

[Magd. Coll. Ox.] 

156. * Solve the equations : * 

(1) (12*:-l)(aitr- J)(43.'-l)(3a:-l) = 5. * 

1 {x+ 1) (.r -J) 1 (.ff+3)(. r-5) _ _2 (ar+ 6)(j; - 7) 92 ’ 

^ 5 (x+2)(.r-4)'^9 (a;+4)(T-6) 13 (.i--f^!)(j!-8)“'683’’ 

[St John’s OoL|i. Camb^ , 
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157. A cottage at the beginning of a year was worth £260, but it 
was found that by dilapidations at the end of each year it lost ten per 
cent, of the value it had at the beginning of each year : after what 
number of years would the value of the cottage bo reduced below £25? 
Given logio3 = *4771213. [R. M, A. Woolwich.] 


158. Shew that the infinite series 


, ] 1.4 1.4.7 

^+4^478 + 470^2 + 


1.4.7.10 
4.8, 12. 


are equal. 


2 2,5 2.5.8 2.5.8.11 

^ G 6~ 1 2 ■*“ <) . 1 2 . 1 8 6 . l'2 . 1 8 . 24 ‘ ’ 

[Peterhousk, Oamh.] 


159. Prove the identity 



“ a) 


+... 


[l + - + 


"h.?) 4- /2) 

aji afiy 






[Trin. Coll, (^amb.] 


160. If w is a positive integer greater than 1, shew that 


Tifi - 5n® + GOn* - b67i 

is a multiple of 120. [Wadham Coll. Ox.] 

161, A number of persons were engaged to do a piece of work 
which would have occujnod them 24 hours if they h«^d commenced at 
the same time; but instead of doing so, they commenced at equal 
intervals aixd then continued to work till the whole was finished, the 
payment being proportional to the work done by each ; the first comer 
received eleven times as much as the last ; find the time occupied. 

tf 

162. Solve the equations : 

( 1 ) . 

^ f/2_3 ^^2-3 

. ( 2 ) + + 

* t 4,y2 _ 2 (.«“ +y) = c®. 


[Pemb. Coll, Cams.] 
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163. Solve the equation 

a^{h-c){x-b)(3ff~-c)+b^(c-,a){x-c){a;-a) + c^(a-b)(x'-a){x--b)=0; 
also shew that if the two roots are equal 

]7a ~ JoHN^s Coll. Camb.] 

164. Sum the series ; 

(1) 1 .2.4 + 2.3.54-3. 4. 6 + ... to n terms. 

I'jt 2^ 32 

165. Shew that, if a, 6, c, d bo four positive unequal quantities and 
.*t == it + 6 + c + 0 ? , then 

(3 - a) (3 - b) (s - c) Slubcd, 

[PicterhoUkSe, CAMa] 


166. Solve the equations : 

(1) V,r+a- = + 

[Math. Teipos.] 

167. Eliminate ly m, n from the equations ; 

lx + my + = 7nx +ny-{‘lz=nx-\-ly-^7nz=^Jc^{l^-\- + 74 ®) = I . 

168. Simplify 

^ »»« + ... + ( ?<> + c - u) (c*+ a — 6) ( 06 + 6 — c) 

+ a) + ,.. + ... ™(5 + cr-a)(c + a-5)(a + 6-c) ‘ 

[Math. Tripos.] 

169. Show that the expression 

{x^ - ys)* + - zx)^ + {z^ — xyY - 3 - yz) (y® - zx) {z^ - xy) 

is a perfect square, and find its square root. [London University.] 

170. There are thi*ee towns Ay By and C\ a person by walking 

from A%i By driving from B to 6', and riding from Q to il makes the 
journey in 15J hours ; by driving from A to By riding fi|j)m B to Oy and 
walking from C to he could make the journey in 12 hours. On foot 
he could make the journey in 22 hours, on horseback in 6^ hours, and 
driving in 11 hours. To walk a mile, ride a mile, drive a mile»he 
takes altogether half an hour ; find the rates at which he travels, aigl 
the distances between the towns, , 
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171. Shew that -W+l^n^-Sn iis divifidble by 840, if n i» an 
integer not less than 3. 

172. Solve the equations : 

(1) V-*?H“l2// + VF+12.r=33, .i;+y=23. 

z-u ^ z-u ’ x-y ^ x-y 

[Math. Tripos.] 

173. If s be the sum of n positive unequal quantities a, Z», c..., then 

^ ^ ^ . [Math. Tripos.] 

174. A merchant bought a quantity of cotton ; this he exchanged 
for oil which he sold. He observed that the number of cwt. of cotton, 
the number of gallons of oil obtained for each cwt., and the number of 
shillings for which he sold each gallon formed a descending geometrical 
progression. He calculated that if he had obttiined ono cwt. more of 
cotton, one gallon more of oil for each cwt., and Is. more for etich 
gidlon, he would have obtained £508. 9^. more; whereas if he had 
obtained ono cwt. less of cotton, one gallon less of oil for each cwt., and 
Is. less for each gallon, he would have obtained i,'483. 13.s. less : how 
much did he actually receive 'i 

175. Prove that 

2 (6 + c - o - xY {h - c) (a “ .r) == 1 6 {h - c) (a -a) (a - h) {x - a) {/v - h) {X - a). 

[Jfisus Coll. Camb.] 

176. If a, [df y are the roots of the equation -ya'^ + 7*=0, find the 

equation whose roots arc [It. M. A. Woolw'ICH.I 

« P y 

177. If any number of factors of the form are multiplied 

together, shew tliat the product can be expressed as the sum of twt) 
squares. 

Given that + p ^nd q in 

terms of a, 6, c, c?, e, * [Lomdon Univeubity.] 

178. Solve the equations 

.r3-y*=9I. [H. M, A. Woolwich.] 

179. A m|in goes in for an Examination in '^hich there are four 
papers with a maximum of m marks for each paper; shew that the 
number of ways of getting 2m marks on the whole is 

• * 1 

» (w? -f 1 ) (2 ?a2+ 4m + 3). [Math. Tripos.] 
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180, If a, ar6 the roots of and y, d are the root$ 

of .r* +• + 1 — 0 ; shew that (a — y)0 - y)(a + 

[R. M. A. WooLTiiriciH.] 


181. Shew that if bo the coefficient of .r*” in the expansion of 
(1 then whatever n be, 


ao“«i + a^- 


««-i- ■ 

[New Coll. Ox.] 


182. A coii/ain number is the product of throe prime factors, the 
sum of whoso squares is 2.331, There are 7560 numbers (including 
unity) which are less than the number and prime to it. The sum erf 
its divisors (including unity and the number itself) is 10560. Find the 
number. [Corpus Coll. Cams.] 


183. Form an equation who.se roots shall be the products of every 
two of the roots of the equation - (t,v^-{-bx + c '^0. 

Solve completely the equation 

4- + .r 4* 2 = 1 4- 1 

[R. M. A. Woolwich.] 


184. l^rove that if n is a positive integer, 


- ?i (a - 2)” 4* (a - 4)*‘ - “ . 

185. If (6^04- and if F bo the fractional part of W, 
l^rove that iVjF=20^" *^h [Emm. Coll. Camb.] 


186. Solve the equations : 

(1) .v4-y4-.3 = 2, + —1. 

(2) y^--{z-xy^V\ ^2-(.r-y)2=c-^. 

[Christ’s Coll. Camb.] 

187. At a general electioji the whole number of Liberals returned 

wfis 15 more than the number of English Conservatives, the whole 
number of Conservatives w^as 5 more than twice the number of English 
Liberals. The number of Scotch Conservatives was the same as the 
number of Welsh Liberals, and the Scotch Biberal majority was equal 
to twice the number of Welsh Conservatives, and was to the Irish 
Lil)eral majority as 2 : 3. The English Conservative majority was 10 
more than the whole number of Irisn meml)ers. The whole number of 
members was 652, of whom 60 were returned by Scotcii constituencies. 
Find the numbers of each party returned by; England, Scotland, Ire- 
land, and Wales, respectively. [St John’s Coll. Camb.] 

188. Shew that rt«(c-J)+&^(«-c)+<!f>(6-a) * \ 

=* (5 - c){c ^ rt)(a - h) (Sa^ 4- 4- «&c). 
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189. Pi*ove that 


aS 3a2 3a 1 j=;(a-l/*. 

a® o2 + 2a 2a+l 1 
a 2a + l a+2 1 

13 3 1 i [Ball. Coll. Ox.] 


190. 1^ “ H — + jf + — 7 

a c a-b c-b 

progression, unless 6=a + c\ 


~0, prove that a, 5, c are in hannonical 
[Thin.. Coll. Camb.] 


191. Solve the equations : 

(1) vfc"'*- 13^-2+ 1.5.r+ 189=0, having given that one root ex- 

ceeds another root by 2. 

(2) A-* - 4;<;2 + 8.r + 35 = 0, having given that one root is 

2 + V^- P- M. A. Woolwich.] 


192. Two numbers a and h are given ; two f>thers a^, are formed 
by the relations 3aj = 2a-f-6, 36^ = a -1-26; two more a^,, 6^ are formed 
from a^, in the same manner, and so on ; find a„, 6„ in terms of a and 
6, and prove that when n is infinite, [R. M. A. Woolwich.] 


193. If X + • + w? = 0, shew that 
lox + x)^ -^-yz — x)^ 4- %tyy {w + 'y)® 

-1- zx{w - y)2 + wz{w -I- zf + xy {u- - ;?)* + Axyzw = 0. 

[Math. Thipos,] 


194. 


he- 


ri* . 

If a + -r--7o , ^ 


be not altered ’u value by interchanging a 


pair of the letters a, 6, c not equal to each other, it will not be altered 
oy interchanging any other pair; and it will vanish ifa + 6 + c=l. 

[Math. Tbipos.] 


195. On a quadruple line of rails l^etAveon two terming A and /?, 
two down trains stai*t at 6.0 and 6.45, and two up t.ains at 7.15 and 
8.30. If the four trains (regarded as points) all pjiss one another 
simultaneously, find the following equations between x^, ^4, their 

rates in miles ]^r hour, 

_?£2_ — _ 4971+10.^ 4 

X2-Xi^ Xj^+x^ ~~ 4^1+074 ’ 

where m is the number of miles in AB. [Trin. Coll. Camb.] 


196 . 


Prove that, rejecting terms of the tliird and higher orders, 


i+Va-a-)(i-y) 


1+1 (^+y) +g (ac*+a^ + 3^2). 

[Trin. Coll. CAMa] 
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197. Shew that the sum of the p^ucts of the series 
a, a-6, a-2^, ai^(n-l)6, 

taken two and two together vanishes when % is of the form - 1, 
and 2a==(3w-2)(w+l)&- 


198. If n is even, and a-^^, a-^ are the middle pair of terms, 
shew that the sum of the cubes of on arithmetical progression is 
na{a^+in^-l)0^]. 


199. If a, h, c are real positive quantities, shew that 
a h c > 

[Tiun. Colj.. GamB.] 


200. A, yi, and € start at the same time for a town a miles distant ; 
A walks at a uniform rate of u miles an hour, and B and (7 drive at a 
uniform rate of v miles an hour. After a certain time B dismounts 
and walks forward at the same pace\as A, while C drives back to meet 
A ; A gets into the carriage with C and they drive after B entering the 
town at the same time that he dues : shew that the whole time occupied 

[Pbterhouse, Game.] 


a 

was - 

V 


32? + w V 

" hours. 


201. The stJeets of a city are arranged like the lines of a chess- 
board. There are m streets running north and south, and n east and 
west. Find the number of ways in which a man can travel from the 
K.W. to the S.E. corner, going the shortest possible distance. 

[Oxford Mods.J 

202. Solve the equation +- 27 + 4^55 - :t’ ~ 4. 

[Ball. Goll.‘Ox,] 

203. Show that in the series 

(a+d?)(fi+.Ji?) + (a + 2a?)(6+2a;) + ...... to terms, 

the exces^f the sum of the last n terms over the sum of the first n 
terms is to the excess of the last term over the first as to 2« - 1, 


204. Find the 71*** convergent to 




^ ^ 3+ 3+ 3 + 

205. Prove that 4 • 

= 2 {(a -y)*(cf - zy{x -yf{x - «)- + (a -- zf {a - xf ly - z)% - xf 

[PETKRuousfi, Cams.] 
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206* If a, /y, y Hi‘e the rooty of find the value of 

'jfna + 71 7Ji^ ^ 

7na — 'ti77i^—n rny — n 

in terma of ?>?, n, r. [Queens* Coll, Gamb,] 

207. In England one person out of 46 is said to die every year, 
and one out of 83 to be born. If there were no emigration, in how 
many years would the population double itself at this rate ? Given 

log 2 -*3010300, log 1531 -3*1849752, log 1518-3*1812718. 

208. If ( 1 + — 05(j 4- + , prove that 

+( I 

unless r is a multiple of 3. What is its value in this case ? 

[St John’s Coll. Oamb.] 

209. In a mixed comi)aiiy consisting of Polos, Turks, Greeks, 
Germans and Italians, the Poles are one loss than one- third of the 
number of Germans, and three less than half tho number of Italians. 
The Turks and Germans outnumber the Greeks and Italians by 3; 
the Greeks and Gormans form one less than half the comimny; while 
the Italians and Greeks form seven-sixteenths of the company : deter- 
mine the number of each uation. 


210. Find tho sum to iuliiiity of the series whose term is 

(n -f- 1 ) w " ^ (n + 2) ^ + h [OxFOiii) Mods.] 

211. If n is a positive integer, prove that 

n{n^~-l) ?i(w2-l)('a2-22) 

' 1 ^ 13 ' ■" 


+ (- 1 )^ 


n (7i2-J)(^2-22). 


lil !.^±J 

212. Find tho sum of the series : 




[Pkmb. Coll, Oamb.] 


(1) 6, 24, 60, 120, 210, 330, to n terms. 

(2) 4 - 9^; + lar'-* - 25«r'' + 3ar^ - 49arH to iuf. 


^•5) + 

213. Solve the equation 


23 ^ 2^ 

to inf. 

4a’ 6.V-1-2 

* 8:r-t-l 

ar4-2 JU-i-3 


8,r-f"l 12.t‘ 

16ir-f 2 


[King’s Coll. Ca^ib.] 
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214 Shew that 

(1) a2(l+62)+^2(14.c2)+c2(l+aV'6a5o, 

(2) w(ai»+«+6*»+ff+c*»+«4* + + + 

tho number of qiiantities c?, &, c,,.. being n. 

215* Solve the equations 

yz=^a{y-\-z)+a\ 

!ioy—a{x+y)+y\ [Trin. Coll. Cams.] 

216, If n be a prime number, prove that 

l(2"-» + l) + 2(^3“-'+|)+3(4'>-i + l) + ... + (»-l)(^««-* + ^) • 
i» divisible by w. [Quben^s Coll. Ox.] 

217. In a shooting competition p. man can score 5, 4, 3, 2, or*0 

points for each shot: find the number of different ways in which he 
can score 30 in 7 shots. [Pbmb. Coll. Cams.] 

218. Prove that the expression a^-Kv^’\‘Ca^-\’dx-e will be the 
product of a complete square and a comxdoto cube if 

5 b ^ c (?* 

219, A bag contains 6 black balls and an unknown number, not 
greater than six, of white balls ; three are drawn successively and not 
replaced and are all found to be white; prove that the chance that 

677 

a blacic ball will be drawn next is [Jesus Coll. Cams.] 


220. Shew that the sum of the protliicis of every pair of the 

squares of the first n whole numbers is 1)(5 m + 6). 

m odU 

^ [Caius Coll. Camb.] 

221. If ^ 4- + y 7" . f - ) — 0 has equal roots, prove 

thata(6-e)±/3(c-a)±y(«-5)=0. ® 

222. Prove that when n is a positive integer, 

13 T "" • 

[CliABE CoUh CAKB.i( 

S3 


H. H. A. 
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223. Solve the equations ; 

(1) 2y2=^^+2^^==2®+2a7y + 3 = 76. 

(2) x+^+s=a + h + c 

a 0 c 

ax Jrhy'^cz=^ he -^ca+ah J 

[Christ’s Coll. Camb.] 

224. Prove that if each of m points in one straight line be joined 
to each of n in another by straight lines terminated by the points, then, 

excluding the given points, the lines will intersect ^mn{m-^V){n-\) 

times. [Math. Tripos,] 

225. Having given exi>and x in the form 

* y + ^y^ + ^y^ + c?/ + + ; 

and shew that a^d’-2ahc+2¥^ - 1. [Ball. Coll. Ox.] 


226. A fanner spent three equal suuis of money in buying calves, 
• pigs, and sheep. Each calf cost £1 more than a pig and £2 more 
than a sheep ; altogether he bought 47 animals. The number of pigs 
exceeded that of the calves by as manv sheep as lie could have bought 
for £9 : find the number of animals of each kind. 


227. 


Express log 2 in the form of the infinite continued fraction 


2. _L ^ Jl 

1+ 1+ 1+ 1+ 1+ ' • 


[Euler.] 


228. In a certain examination six papers are set^ and to each are 
assigned 100 marks as a maximum. Shew that the number of ways 
in which a candidate may obtain forty per cent, of the whole number 
of marks is 

_(} ^-^+15 !~rl. » [OXFORD MoDS.] 

i b (! 240 ‘[139^ *1^) 

229. Test for convergency 

X 1. 3.^. 7 .^7^ 1.3.5.7,9.11 

2’^2.4’'6'^2.4.e.8'10'^2.4.G.8.10.'l2' 14"^ 


230. Find the scale of relation, the term, and the sum of n 
terms of the rdcurring series 1+ 6 + 40 + 2^8 + 

Shew also that the^sum of n terms of the series formed by taking 
for its term the sum of r terms of this series is 

p(22»-l)+^j(2»‘-l)-|Y- tCAiUB Coi,i.. Camb.] 
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231« It is known that at noon At a certain place the sun Is hidden 
by clouds on an average two days out of every three ; find the chance 
that at noon on at least. four out of five specified future days the sun 
will be shining, [Queen^s Coll. Ox,] 


232. Solve the equations 

233. Eliminate a:, y, z from the equations : 

— xz -yz —yx _z^ — zx — zy 
a h " c 


[Emm. Coll, Oamr] 


, and 

[Math. Tripos.] 

234. If two roots of the equation a^+px^+qx+r=>=0 be equal and 
of opjx)site signs, shew that jo^=r. [Queens’ Coll. Camb.] 


235. Sum the series : 

(1) l + S'^+S^.r^q- 

25 52 ^ 5aHl2/i + 8 

^ ^ P . 2r 33 2^: . 43 71^ {n+ If {n + 2> ’ 

[Emm. Coll. Camb.] 

236. If (1 (1 +aV)(H-a0.rJ«)(l V2) 

== 1 4- A^X* 4 4 A ■+■ 

prove that^8„^ and vl 8 n=a^M 4 ,j; and find the first ten terms 

of the expansion. [Corpus Coll. Camb.] 

237. On a ^eet of water there is no current from Ato B but a 
current from j5 to (7 ; a man rows down stream from A to C in 3 hoims, 
and up stream from C to A in 3^ hours ; had there been the same cur- 
rent all the way as from B to C, hia journey down stream would have 
occtipied 2| houig ; find the length of time his return journey would 
have taken under the same circumstances. 


238. Prove that the convergent to the continued fraction 

3 3 3 . 3’*+i43(rrr + i 

2 + 2 + 2 + 3 n+l_(_lj» + l • 

[Emm. Coll. Camb.] 

239. If all the cpefl&cieqts in the equation • 

4y>iir" “ ^ 4/?2a?»* " ^ 4 d- Pn w/ (^) « 0, 

bo whole numbers, and if /(O) and /(I) be each odd integers, prove 
that the equation cannot have a commensurable root. ♦ * 

[London TJNrvKRsiTv.J 

t 33-~2 
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240. Shew that the equation 

reduces to a simple equation if Ja±Jb±,Jr=0. 

Solve the equation 

V 0.^■® - 1 5.r - 7 + V — 8:r — 1 i — V - 5,v + 6 — — 3. 

241. A bag contains 3 red and 3 green balls, and a person draws 

out 3 at random. He then drops 3 blue balls into the bag, and again 
draws out 3 at random. Shew that he may just lay 8 to 3 with 
advantage to himself against the 3 latter balls being all of different 
colours. [Pemb. Coll. Camb.] 

242. Find the sum of the fifth powers of the roots of the equation 

[London University.] 

243. A Geometrical and Hamionical Progression have the same 
^th terms a, 6, c respectively : shew that 

a (6 - c) log a + ft (c - <7) log c {a - ft) log c=0. 

[Christ's Coll, Camb.] 

244. Find four numbers such that the sum of the first, third and 
fourth exceeds that of the second by 8 ; the sum of the squares of the 
first and second exceeds the sum of the squares of the third and fourth 
by 36 ; the sum of the products of the first and second, and of the 
third <ind fourth is 42 ; the cube of the first is equal to the smn of the 
cubes of the second, third, and fourth. 


245. If T’n+i, Tn+i, be 3 consecutive tenns of a recurring series 
connected by the relation + j -67’,^, im)vo that 

^ =a constant. 


246. Eliminate .v, y, z from the equations : 

3S y ^ z ^ ’ 


c^+y^ + = 


xyz^(P^ 


[Emm. Coll. Camb.] 


247. Shew* that the roots of the equation 


* sE4-pa^-\‘q3(^--rx4-~^—0 

' » ^ 

' are in proportion. Hence solve .r* - 1 2.r* -f 41 - 72.r -f 36 = 0. 
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m A can hit a target four tihiea in 5 shots ; B three times in 4 
shots ; and € twice in 3 shots. They fire a volley : what is the i>ro- 
bability that two shots at least hit? And if two hit what is the pro- 
bility that it is C who has missed ? [St Oath. Coi.l. Cams.] 

249. Sum each of tho^ following series to n terms : 

(1) 1+0-1+0 + 74-28 + 79 + ; 

^ 1.2. 3. 4^2. 3. 4. 5^3. 4. 5. 6^4. 5. 6. 7^ 


(3) 3 + .f + 9.^*2 + .^*3 + 33:t7* + + 1 29.r« + 

[Second Public Exam. Ox.] 


250. Solve the equations : 
( 1 ) 


z^-^zx 

.r2 + j^+y: 
.1 .11 


3 + — - CU% \ 

:+x^=rayA 

V+y^^az.) 


(2) .^•(y + 3- a,-) = a,j 

^ y{z+x-y)^hX 
3(.r+y - z)=rc.) 

[Peteuiiousk, Ch\MB.] 


251. If - + ,- + — . , - , and n is an odd integer, shew that 

a b c a+6+c’ ® ’ 


1 + .1+1- 
a" c« ■ 


1 _ 


If M®- + — V“) + Am{i — 0, prove that 

('^2 - = 1 (1 - «») (1-^8). [Pkmb. Coll. C a m jl ] 


252. If .r+y + i; = 3^, y« + «.a7+,ty=3^, xyz^r^ prove that 
(y + s- x){z-\-x~y){x-\ry~z)^ - 27^® + Sfijy'i - Bv-, 
and xf 4 (z + x- y)® + {x + y - 27^^ - 24n 


253. Find t||B factors, linear in x, y, 3, of 
{a (6 + e) x^ + 6 (c + a) y- + 6- (ct + b) - 4abc {x^ +y® + z^(ax^ + hy^ + cz'^). 

[Caius Coll. Camb.] 


254. 


255. 


[Sr JoiiN^s Coll. Camb.] 
I. By means bf the Meiitity -fl - that 

rz=H ■ ■ ' 

% (- 1 )“- 


{n^r ^ 1) ! 

•! (r- 1) ! -r) ! 
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256. Solve the equations : 

(2) X H-y +2 - w = 12, 
z^~u^~ C, 

^ — 2 1 8, 
xy-{-zu=^ 45. 

257. If nearly, and ?^ > 1, show that 

1 

(-a + l)p + (w-l)y ^ /p'Y* 

(n-l)ji9 + (?i+l)^ \q) 

If ~ agree with unity as far as the r**' decimal place, to how many 
places will this approximation in general bo cori'ect ? [Math. Tuiros.] 

2M. A lady bought 54 lbs. of tea and coffee ; if she had bought 
five-sixths of the quantity of tea and four-fifths of the quantity of 
coffee she would have sj)out nine-elevenths of what she had actually 
spent j and if she had bought as much tea as she did coffee and vicC” 
verfsdy she w’ould have spout 5.?, more than she did. Tea is more ex- 
pensive than coffee, and tlie price of 6 lbs. of coffee exceeds that of 
2 lbs. of tea by 5ii. ; find the price of each. 



259. If represent the sum of the products of the first n natural 
numbers taken two at a time, then 


3! 4 ! 


11 

24^'' 

[Caius Cot^l. Camb.] 


ogo If .. £ 

jt?a'- + 2^a6+r52 pac+^(lfc-a^)'-mi 

prove that F,p; Q, and 72, r may be interchanged without altering 
the equalities. [Math. Tripos.J 


261. If a + ^ + 7 = 0, shew that 

[Caiub Coli. Caub.] 

262. If Of 0^ 7 , d be the roots of the equation 

-f* r.** -f « = 0, 

fii?d in terms of jthe coefBcients the value of 5 (a - /S)^(y - 3)^. 

« [London UNivasiwjiTy.] 
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263. A farmer bought a certain number of turkeys^ geei^, and 
ducks, giving for each bird as many shillings as there were birds of 
that kind; altogether he bought 23 birds and spent £10. 11#,; find 
the number of each kind that he bought. 

264, Prove that tho equation 

is equivalent to the equation 

x{;y-‘zf+ y {z — xf + .s: (a* - == 0. 

[St John's Coll. Camb,] 

266. If the equation ? +~ 7 ^ 7 ,~ +T ““:7 ^ pair* of 

equal roots, then either one of the quantities a or 6 is equal to one of 

1111 

tho quantities c or c?, or else ^ j d" ^ • Ih'ove also that the roots 
are then -a, - a, 0; - 6, 0; or 0, 0, - . 

[Math. Tiiiros.] 

266. Solve the equations : 

( 1 ) xyz^a'\ 

(2) ays + % + cs = bsx + cs + cuv = cxy + + ?->y = « + 6 + c. 

[Second Public Exam, Oxford.] 

267. Find the simplest form of the expression 

+ ^ . 

(c-aXf -^)(€ -y)(f-§) 

[London University.] 

268. In a^omx>any of Clergymen, Doctors, and Lawyers it is 
found that the sum of tho ages of all present is 2160; their average 
age is 36 ; tho average age of the Clergymen and Doctors is 39 ; of the 
Doctors and Lawyers 32^^^ ; of the Clergymen and Lawyers 36ij. If 
each Clergyman had been 1 year, each Lawyer 7 years, and each 
Doctor 6 yeiirs older, their average age \^uld have been greater by 
5 yeara : mid the number of each profession present and their average 
ages. 

269. Find the’eonditibn, among its coefficients, tfij^ the expression 

should be reducible to tho sum of the fourth powers of two liijfear 
expressions in x and y, [London UNiVEKSiTif*] 
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270. Find the real roots of the equations 

^ a*-*, cw -f M (y + 5) = 

y * + 4- — h\ mi -{'V {z+,t) = cay 

^2 ^ + ^2 + 2^ (:r + y) a=» «&. 

[Math, T|tiPos.] 

271, It is a rule in Gaelic that no consonant or group of consonants 
can stand immediately between a strong and a weak vowel; the strong 
vowels being a, o, u ; and the weak vowels e and i. Shew that the 
whole number of Gaelic words of letters each, which can be formed 

2(w+3 

of n consonants and the vowels aeo is where no letter is re- 

«4*2 

peated in the same word. [Caiub Coll. Cams.] 


272. Shew that if = where .v, y, z are integers, then 
2a;=r{l^+2lk--k‘^)y 

where r, and h ar-e integers. ( Oaius Coli>. CAiWB.] 


273. Find the value of , ^ to inf. 

14* 1+ 3+ 5-H 74* 

[Ohkist’b Coll. Camb.] 


274. Sum the series : 

2.3”^3.4'^4.5‘^ 


to inf. 


LI '1 

(5+T)(«+'2) 


+ 


. 

(rt 4- 1 ) (a 4 2) . . . (a+ ?i) 


275. Solve the equations ; ^ 

(1) 2;iy^4-3=(2.r- ])(3y + l)(4.&~l)4-12 

= (2.r+l)(3y-l)(4M 1)4-80=0. 
c 

(2) 32a'-2A7y = v,r4-?<y==3M^4-2«>*^=14; x^^liOuv. 


276. Shew that 


iisilivisible by X® and find the other factor. [Cokpus Coll. Camb,] 


a« + X 

ab 

ac 

ad 

ab 

b^+\ 

he 

" l>d 

Sic 

be 

c*+X 

cd 

ad 

bd 

cd 

Cf2 + X 
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277. If ay hj Cy,,. are the roots df the equation 

+PiX^ + . . . + /?n - i-JP +Pn = ^ ; 

find the sum of + 6® -f- 4 - . . and shew that 

. c* . . Ph-i(Pi-^F2) 

Pn 

[St John’s Coll. Camb.] 


a* . c* . , 

b a c a c b 


1 -4- 2:f 


278, By the expansion of > or otherwise, prove that 

(3m- - 1 ) (37i - 2) (3yi-2)(3>i - 3) (3/i - 4) 


1 — 3/1 -f* - 


1.2 1.2.3 

(3_h -_3) (3» -^) (3« -6) (3» - 6) 


1 . 2 . 3. 4 &c.-{ 1 )“, 

when n is an integer, and the series stops at the first term that vanishes. 

[Math. Tripob.] 


279. Two sportsmen A and B went out shooting and brought 
home 10 lurds. The sum of the squares of the number of shots was 
2880, and tlie product of the numbers of shots fired by each was 48 
times the product of the numl)ers of birds killed by each. If A had 
fired as often as B and B as often as Ay then B would have killed 5 
more birds than A : find the number of birds killed by each. 


280. Prove that 8 (a^ 4, 4. c;3)‘i > 9 (^2 4. -4- ca) ah). 

[PjEMB. Coll. Camil] 

281. Shew that the convergent to 

246 . „ 2»+A 

3- 4- 5- ^ 2„“>(n-r)! • 

What is the limit of this when ti is infinite? [Kino’s Coi;L. Cams.] 

5^2. If — is the w*** convergent to the continued fraction 
Sfn 

1 1 1 1 1 ^1 

a+ &+ c-h a+ 6-h c+ *’* 

shew that jt?3„+3=^>ji/g« + (6<y-bl)^3 „. [Quejsnb’ Coll. Camb.] 

* 

283# Out of n straight lines whose lengths are l,|^/3, ... w inches 
respectively, the number of ways in wlj^ €our may be chosen which 
will form a quadrilateral in which a circftj|iay be inscribed is 

i {2« (w - 2) (2w - 5) - 3 + M - 1)**} . * [Math. Tbipqs.] 
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284. If 142) ^8 ^ respectively the arithmetic means of the sqiiares 
and oul)es of all uuml>ers less than n and prime to it, prove that 

unity being counted as a prime. 

\ [St John's Coll. Camb.] 

Hit * 

285. If n is of the form 6m - 1 show that (y - .-»?)« +■ (jv - y )« 

is divisible hy and if n is of the form 

shew that it is divisible by 


(.r2 4- y2 + ^2 _ 

If S is the sum of the powers, P the sum of the ijroducts 
together of the n quantities « 2 ) ^8) ••• shew that 


■ I . P, 

[Oaius Coll. Camb.] 


287. l*rove that if the equations 

-r^O and — 2^V-5^nr~2^*^ -r-s=0 

have a common root, the first equation will have a pair of equal roots ; 
and if each of these is «, find all the roots of the second equatitui. 

[India Civil Skbvice.] 

288. If a; 

where sbinds for prove that 

(.r + y + 2) ( - .'r + y + ;s) (x* - y -h ^:) (.37 + y - r) = 0. 

[Thin, Coll. Camb.] 


289. Find the values of which satisfy the following 

system of simultaneous equations : 

^|_ ^ ^ _£!L_ ~ “I 

Ui^ - hi — Ik^ it., — ’ 


[London University.] 


290. Shew tiiat 

yz ~ 

zx~~y^ 

xy-z^ 

= 

1 7-2 

^2 

1 

c 

zx-y^ 

xy-z^ 

yz-0^ 


1 

^2 



xy-z^ 

yz-x^ 

zx-y^ 



u'^ 

y.2 1 


wfiere'/^^jc^-fy^.g'-*, and u^^yz’\-zx’\-(cy. 

^ ' [Thin. Coll. Camb,] 



MXSCGLLA17E0US EXASlPtES. 


m 

291. A piece of work was done^by A, JB,€; at first A worked alooaf 
' but after some days was joined by and these two after some days 
were joined by C, The whole work could have been done by £ and (7, 
if they had eaoh worked twice the number of daj^s that they actually 
did. The work could also have been completed without 7?’s help if A 
had worked two-thirds and O four times the number of daj^s they actually 
did ; or if A and B had worked together for 40 days without (7; or if 
all th1:ee had worked together for the time that B had worked. The 
number of days that elapsed before B began to work was to the 
number that elapsed before C l)egau to work as 3 to 5: find the 
number of days that each man worked. 


292. Shew that if Br is the sum of the products r together of 
1, .r, .r-*, 


then 




= By . .r- 




^ [Si John’s Coll. Camb.] 

293. If 6, c are positive and the sum of any two greater than 
the third, prove that 

[St John’s Coll. Camb.] 


294. Resolve into factors 

(o5 -1- 6 -h c) (ft -f c - a) (c -f- « ~ ft) {a+b- c) (tt‘^ + + c^) - 

Prove that 

(a + /3*f y)*} =0 + y)^-|-(y-f-a)*-h(rt-H/3)^ 

+ (i{^ + y'f(y + a) 2 4* C (y + a)^ (a 4 + (i (a -f- J3)^ (ff 4- y)*^, 

[Jesus Coll. Camb.] 


295. Prove that the sum of the homogeneous products of r dimen- 
sions of the mteibers 1, 2, 3, ... 7i, and their powera is 

^ [Emm. Coll. Camb.] 

296. Prove that, if « bo a positive integer, 


• 1 o , 371 (3n - 3) 3n {Sn - 4) (3n - 6) 
l«37i4-~^-2- - y:2.3 "" 


fOxFOBD Mods.] 


297 . If a;(2a-^)=y(2a-2;)=‘z(2a-u):^?c(2a-a;)==b^, shew that 
unless o^^2a% and that if this conditSI)n is Satisfied* the 
equations are not independent. [Math. Triii&s.] 
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298 . Sb«w that if a, c are jxisitive aiid unequal, the equations 

ax+yz+z=Oy zj! + b^+z==Oy 

give three distinct triads of real values for Xy i/y z; and the ratio of the 
products of the three values of x and y \^h{h- c) : a {c- a). 

[Oxford Mods.] 

299 . If d = cu; - by - czy I)^bz+cy, 

B—hy~cz~ axy E~cx-\- azy 
O—cz- ax - hyy ay + bxy 
prove that ABO- AD^-BK^-CF^^-^DEF 

= (tt^ + 62 4. ^2) +hy + cz) (.a;2 4-^2 ^ 

[Second Public Exam. Oxford.] 

300 . A certain student found it necessary to decipher an old 
manuscript. During previous experiences of the same kind he had 
observed that the numlxir of words he could read daily varied jointly 
as the numl>or of miles he walked and the number of hours he worked 
during the day. He therefore gradually increased the amount of dady 
exercise and daily work at the rate of 1 mile and 1 hour per day 
respectively, beginning the first day with his usual quantity. He found 
that the manuscript contained 232000 words, that he counted 12000 
on the first day, and 72000 on the last day ; and that by the end of half 
the time he had counted C2000 words : find his usual amount of daily 
exercise and work. 



ANSWERS. 


I. Pages 10 — 12. 

1. (1) 54&;a. (2)9:7. (2) hxiay. 2. 18. 3. 386,660. 

4 . 11. 6 . 5:13. 6. 5:6 or -3:6. 

10. f «6c + 2/</7i-a/«-6//2„c7*2=0. 

20. 3,4, 1. 21. -3, 4,1. 22. 7,8,2. 28. 3,4,1. 

25. ±a(62-c2), ±?j(c«-a2), :tr(a2-fe2), 

26. he (h - c), ca (e - a), ah (a - 7>). 


n. Pages 19, 20. 


1. 45, 


IS. 0, 5, ; 
18. 8. 


a. (1) 12. (2) 300a>i. S. 


14. 0, 3, 8. 


16. 


a(??+c) 


19. 6, 9, 10, 15. 


cm - hm - 2an ' 

20. 3 gallons from J ; 8 gallons from B, 


21. 45 gallons. 28. 17:3. 24. a =45. 

20. 64 per cent, copper and 36 per cent. zinc. 3 parts of brass are taken to 
5 parts of bronze, 26. 63 or 12 minutes. 


M 4 

1. 5^. 2. 9. 

^ 8 

9 . f/ = 2iB--. 

a? 


in. Pages 26, 27. 

3. IJ. 4 . 2. 

10. y=6x+^. ^ 11. 4. 


7. 60. 


22 2 

12. a; « . 14. 86. 16. 1610 feet ; 306*9 feet. 

^ 15 16z 

16. 22)^ cubic fee}. 17. 4:3. ^ 

18. The regatta lasted 6 <fays; 4‘^, 6*, 6*** days. ^ 

20. 16, 25 years; £200, £250. 21. 1 daj 18 hours 28 minutes. , 

22. The cost is least when the rate is 12 miles an houi^; an^ then, the^oost 
per mileis and for the journey is £9. 7f?. 6d. ^ 
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IV, a, Pagks 31, 32. 


1. 


2. 

153. 


3. 0. 

4. 

n(10. 

8 


6. 

80. 

6. 

-42. 

7. 

-185 

• 

8. 1326./S. 9. 

75^6. 

21 M, 

-2- (11a 



10. 

820a -16805. 


11. 

M (n-|- 1) a 

-n^h. 

12. 

-95).. 


as. 

1 8 
i’ ~l 


9i. 

14. 

1, -li,... 

,-39. 

15. 

— 33ac, - 

3125, 

., as. 

16. 


r 

2a; 4 2, 


05. 17. 

71^. 

18. 

3. 

19. 

5. 

20. 

612. 

21. 

4, 9, 

14. 

22. 

1, 4, 7. 

23. 

495. 

24. 

IGO! 

26. 

p(p + l) 
Sa 

+j)b. 



26. 

?t (7i -f- 1 ) 

a — . 
a 





IV. b. Pages 35, 36. 

1. 10 or - 8. 2. 8 or - 13. 3. 2, 5, S, . . 

4. First term 8, number of terms 59. 

6. First term 7^, number of terms 54. 

6. Instalments £f51, £58, £55,... 7. 12. 8. 25. 

10* 12. -(p + g). 

13. 3, 5, 7, 9. [Assume for tlie numbers a - 3J,, a -d, a dj a+ 3<I.] 


14. 

2, 4, 6, 8. 16. p + q-7n. 

16. 

12 or - 17. 17. 

6r-l. 

20. 

lOjp-8. 

21. 

8 terms. Series IJ, 

8, 4J, 

22. 

3, 5, 7; 4, 5, 6. 

23 

r^=(w + l - r).r. 






V. a. 

Pages 41, 

42. 




2059 


1281 


191i. 


t 


1. 

i458* 

2. 

512 * 

8 . 


4. 

-682, 

5. 

1098 

45 ' 

6. 


7. 

Ii>- 

(ri 

. 8 . 

364(^34-1). 

9. 

1(686^/2-292). 


10. 

463 

192 


11. 

^ 1? 

2* *8’ 

12. 

8,.. .,£7. 

'18. 

-7,’ .... 

7 



cl4. 

64 * 


^ f 


* 2* 

’ 32’ 



65’ 

15.* 

27 

58 ‘ 

16. 


17. 

1 

2’ 


18. 

8 (8 + ^/8) 

2 

19.' 

7(74-^742). 

ltd. 

2. 

21. 

16, 24 

>36,... 

22. 

2. 

28.' 

2. 

c 

24. 

8, 12, 18. 

25. 

2, 6, 18. 

26. 

6,-3, 14,... 
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V. b. ftiaBS 46, 46, 


1. 

1 - 

8 


3. 

1 + x 

(1 - a)* 1 - a * 

8* 


(l-xf 

«. 

A n 

* “ 2”** " 2**“^ * ' 

6. 


6. 

1 

(!-*)»• 

9. 

-- 4 .. . 10. 

40, 

20, 10. 

u. 

4. 1,1.... 

12. 

ar(a;’*-l) n(n + l)rt 
x-l 2 * 


13. 

^2 

a;- - 1 

ay(jy-l) 

(cy-l 

U. 

4?»a + |(l-l). IB. 

11 

16. 

23 

48- «• 

„.2»+!>_2»+> + 2. 

20. 

{l + a) (a^c^-l) 
ac-1 


21. 

a jr(f2« 

r-1 I'r^- 

.t”-4 ' 


VI. 

a. 

Pages 

52, 53. 


1. 

(1) 5. (2) 3J. (3) nil 


2. 

6J. 72. 

2 2 2 2 
5* 7’ 9’ n 

4. 

6 and 24. 


5. 

4:9. 

10. ?i2(77-hl). 

11. 

?«(w4-l)(»* + 7i4-3). 


12. 

+ (271 + 7). 

13. 

(7t + l) (7i2 + 3n+l). 


14. 

i(8»+‘+l) 

_2«+^ 

15. 

4n+l _ 4 _ ^ ^ |,j2 _ Yj , 

-1)* 





18. The term= 6 + c (27i — 1), for all values of 7i greater than 1. The first 


term is a\-b + c; the other terms form the A.P. 6 + 3c, 6-)- 5c, 6 4- 7c,,.., 


19. 

v\ 

22. “(2a + «-id)|a’+(n-l)a<I+— 





VI. b. Page 56. 


1. 

1240. 

2. 

1140. 3. 16C46. 4. 2470. 

5. 21321. 

6. 

62. 

%• 

11879. 8. 1840. 9. 11940. 

10. 190. 

11. 

300. 

12. 

18296. 14. Triangular 304 ; Square 4900. 

15. 

120. 

16. 

n-1. 





VII. a. Page 59. 


1. 

333244. 

2. 

798620. 3. 1740137. 4. e7074. 

5. 112022* 

6. 

334345. 

7. 

17832126. 8. 1625. 9. 2012. 

10. 842. 

11. 

««9?)001.. 

12. 

231. 13. 1456. 14. 7071. 

15. eee. . 

16. 

(1) 121. 

(2) 192000. . “ 

!> 

0 




Vn. b. Pages 65, 66, 


X. 

20305. 

9. 

4444. 3. 11001110. 4. ^XieOOO. S. 733% 

6. 

34402. 

7. 

6687. 8. 8978. 9. 26011. 10. 37214i 
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u. 

30034342. 

12. 

710te8. 18. 2714687. 14. 

•4646, 

10. 

iB'ite. 

16. 

20-78. 

17. 

125-OlSi. 18. 

5 

8* 

19. 

2 6 
8’ 8' 

20. 

Nine. 

21. 

Four. 22. Twelve. 28. 

Eight. 

24. 

Eleven. 

25. 

Twelve. 

26. 

Ten. SO. 2^1 + 27 + 26. 





31. 38-38-37-. 3« -35 + 3S+32+I. 

Vm. a. Pages 72, 73. 


1 . 

3. 

5. 


2 . 


6. 


2 + ^/2 + ^6 
4 

a^Jh + hsja - J ah {a + h) 

2a6 

3^30 + 6^15 - 12 - 10^ 2 

"7 ‘ 

8 4 1 2 3 1 5 

7. 33 + 3* . 22 + 3 . 2 + 3‘^ . 22 + V . 2^ -f. 2^ . 

B4I323 145 

8. 6«- 6« . 23+ 5« . 23- r)« . 2 + 5® . 2»- 23. 

11 10 1 9 1 1 10 11 

9. a® -a^M + a^^- ... + a*6* - . 

1 18 

11. 23- 22. 7H 2. 72- 7^. 

Ij 10 1 S 1 10 11 

12. 53 + 53 , 34 + 58.3^+. .. + 63. 34 + 3‘4. 

6 8 4 6 2 * 1 7 

14. 17 - 33. 23 + 33 . 22- 3 . 22 + 3» . 23- 33 . 2=. 

1 5 4 8 2 6 1 

16. 32 . 22 - 33 . 2 + 33 , 22 - 8 . 22 + 33 . 22 - 33 . 23. 


3 + ^6+^15 


6 


^ a-l+ -*ya2-l + ^2a(a-l) 
a- 1 


iy/2 + (^3 + ;^i> 


2 1 

10. 33 + 334 1 . 


13. 


2 1 
l-3’3+38 


/ fi 4 8 2 1 >. 

16. 3«-3fi + 3«-3« + 3«-lj. 


18. 


8 6 1 
3^+3« + 38 


17. 2* 4- 2 « + 2« + 2« + 2« + 2« + 1 
„ 


ao. V6-V7 + 2V3. 

28. 2 + 

26. 2+^6. 


19. ^/6 + ^/7-2. 

21. l+^3-^2. 22. 14^ 


VIV: 


34. 8-^,/7+V2-V8. SB. 1 + ^/3. 

27. 8-2J2. 38. ^14 -2^2 . 


29. 2^/8+ 1^6. 80. 8,^3 -.ye. 

m. li + 66V8. '* 30. 289. 


1%1 + x , /® 

V 2 V 2*’ 

/l + a+a* _ /i-a+a’ 

V 2 V "^2 * 


87. jVS- 



AMSWEItS. 
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M. 8^S+6. 

«. 8+^5= 6-38607. 

3o+JP^^. 


89. 3. «. 8;^3. 

43. x‘+l+i/i+x-x^i+^^. 

g- 1 
2 ' 


4 A . 


Vm. b. Pages 81, 82* 


1. 

6 - 2*^6. 


2. 

-13. 

3. 


4. 

a:®“X + l. 


6. 

B + J'^ 

11 ‘ 

6. 

-19-6^/10, 

7. 

8 

“29* 


8. 

4aa; \/ - 1 
a® + a:® 

9. 

2(3ar’-l) J~1 
a’+i ■■ ■ 

10. 

3a®- 1 

2a 


11. 


12. 

100. 

13. 

± (2 + 3 — 

!)• 

14. 

±(5-6 V -l)- 

16. 

■±(1 + 4 V - 3). 

16. 

=L2(i- v: 

!)• 

17. 

±(a + ^-]). 

18. =fc 

{(0+6) -(a -6) 

1 a 

9 19. 


4A 


oi 


lif. 

“i3‘^13** 



7 U 

iSXft 

t. 

22. 

1 .3. 

“5 + r* 


23. 

2& (3a’ -5=) . 

S’ +5* '• 






IX. 

a. Paoeb 88 

—90. 


1. 

35a:® -f- 13a; - 

12=0. 


2. m/ 

tar®4-(w®- 

-7»®) a;-mw=0. 


d. ~ g®)x* + 4pga; -jp® + 3^=0. 

5. xH10a; + 13 = 0. 

7. ^3 + 6a: -f 84=0. 

9. a;3 4-a3— 2a6 + 2>“™0, 

11* 2aa;3 + (4 - a®) a;® - 2aa: = 0, 


4. .r® - 14a: + 29 = 0. 

6. x3 + 2j?a;4-j?3- 8(^=0. 

8. x ^ + 2 ax -\- a “ + h ‘^=0, 

10. 6a;3 + lla;a-iar + 6=:0. 
12. a:®-8a:3 + 17a;-4 = 0. 


14. 

18. 

21 . 

26. 

28. 

29. 


3 , 6 . 

&3 -- 2ttC • 


16. 2,-^. 
19 


16. 


a-h 

a - i - b ’ 


20 . 


l>3(63-4fflc) 


7. 


22 . 


- 16. 


(1) 


( 2 ) 


27. ri63=:(l+«)®ac. 


23. 0. 24. a;3-2(p3-2(/) a;+273(2>®-4g)=0. 

b { b '^-3 ac ) 

a^c* ' ' a*c® * • 

- (6® - 2ac) (a® + c®) a; + (6* - 2ac)3 = 0. 
a:® - 4TOnar - (m® - w®)®=:0. 

•JL • • 

IX, b. Pages 92, 93. o 

2 and -2. 5. 6a;®-2a»+4=0. 


( 1 ) 

H, H, A, 


ra» P^V?+88* • 
( 2 ) .- .. 


ll. 


3 ^* 
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IZ. c. 1‘aub 96. 


1 . - 2 . 




X. a. Pa«es 101, 102. 


1. 

6 . 

9. 

18. 

17. 

80. 

23. 

26. 

29. 

32. 

36. 

' 88. 
41. 
43. 

46. 

4^ 

• 

V 


1 1 

4’ 2* 

2. 


*■ ‘4- 

4. 

4 1 

9* 4* 

3“ 2«. 

1 26 

6. 

1, 22». 

1 

’■ <r 

8. 

9 4 

13’ 13 

9’ T* 

.*10. 

-'• -32- 

11. 2, 0. 

12. 

±1. 

-4. 

14. 


16. 0. 

16. 

g,4S0. 


9 , -7, li ^~ 24 . 18 . 2, -4, -1±^1. ig, 
4 7 1±^65 

’ ~2’ — 4 — • “• 2> -8, -3i3^5. 22. 

S,l, 24 7 7±v'37 

’3’ 3 • ”■ '’ “f ’ — 6 • 

r 7 8±^415 

-g. — . 27. 1, 3. 


8, ®=^\/-i7 

3’ 


2 ’ 4 
3. -®. ?±A^0 


■ 3’ 3 • 

1 6±./201 

’ 2’ 4 • 


1. 9, 


18 

'S' 


a a 


'■ -¥■ 

1 -3±^5 
’ "2* • 

2. 6, - 

0, 1, 3. 

3 2 

2 * 3 ' 

13. 


2 * 3 • 

38. 0, 5. 

36. 3,^, - 

39. 3a, ~ 4a, 

42. 


28, 
31. 
34. 
. 87. 
40. 


2 

44. 3, -I 

47. 4. 


1V17 -ld=^/2 

- -^2 “• 


1 W^--\) ^^P + 4 

1 

“a* ~r— • 


46. 

48. 

61. 


54. 

-1 

r 

6. -^. 

2±v/3. 


± 1 . 

C3<t 


-1± J-i 


®’ W’ 

6, -4, 



AKSWEfit;. 


X b. PAjpEH 10(1, 107. 




8 

15 



8 



1. 

a;=5, - 

gi y=4, 

" 2"* 


a; =2, -* 

19’ 


“'lO* 

3. 

j;s=l, - 

53 , 

88’ ^ 

25 

’ 722' 

4. 

a? — i 6j 

±3 

; 2^ 

= d;.S, i6. 

5. 

a:=8, 2: 

! J(=2. 8. 


6. 

a;=46, i 

5; y 

= 5, 

45 . 

7. 

a; = 9, 4: 

; y=4, 9. 


8. 

ar=±2, 

±3 

; y 

-±i. ± 2 . 

9. 

a;= i2, 

A3; y= 

dt3, dt4. 

10. 

a;= ±6, 

±3 

; y 

=?=fc8, =1=4. 

11. 

a:=:=fc2, 

±1; y = 

±1, i3. 







12. a;=±^/3, Sr=0, ±6;y/i. 

18. 1=5, 8, 4± V-97; y = 8, 5, 4 tn/-97. 

14. x=4, -2, ±,7~15 + 1; y=2, -4, JkJ'^5-1. 

15. a:=4, -2, *=^-11 + 1-, j/=2, -4, ±,^-11 -4. 


16. 

4*1 » 

*=|. 5; y=20,5. 

17. 

a: = 2, 1; i/ = l, 2. 

18. 

= 4; ^ = 10, 15. 

19. 

a; = 729, 343; y=343, 729. 

20. 

a; = 16, 1; 3/ = l» 16. 

21. 

a; = 9, 4; ^-4, 9. 

,6 0 2 

22. 

-H 

II 

Wb 

It 

23. 

a?-l, g; y-2, g. 

24. 

26. 

a;=9, 1; y = h 9. 

*= 6 . 2 . 4 , 3 ; J, = l,8, ?, 2 . 

26. 

a;= ii=25; y= =t 9. 

27. 

j;=.-t5, ±4, ± 2 ' 

±4, 

Jr 10, 4:8. 


, 107 , 4H 

28. 3; 4, y y — • 

- Inj-Ui .. l±3V-l43 

2 ». a = - 6 , — >2 ; K = - A. -4 


30.. a; = 0, 9y 8 ; y=0, 3, 9. 

c A o ^ 

82. a;=6, 0; ?^-8, 


81. aj— 0, 1, 22 » y — 22 ’ 

88. ®=2,.{'4,2: y=2, 24(4,6. 


^=1. yy|;!(=2.Sy^ 


35. .r-=sdL3, =fc^- 18; y= dbS, Tiy-^lH. 

36. a;»y=±2, 

87. ir=o, . ;;jefr;76 - S' -®> ^o+.^‘6 ’ • 

88. *="6, J/=a, o(lW3)* * 

ff® a(2&''a) h{2a-’b) 9 

»*• *=6- i- -*'=«’ “S 


84—2 
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40. a:=0, *0/^18, ASo, ±a; y=0, =p6\/7, ^b, ^86. 

2a® a 

Cl. a;=si.l, A --y — — ; «/t::^rt2a, T — ^ * 

VlBa*-o»-l ^/l6a*-o>-l 

X. c. Taueb 109, 110. 

1. a;- ±3; y= i5; ;8= =fc4. 2. a: = 5; y= - 1; -8 = 7. * 

3. 4: = 5, - 1; 2/ = l, - 5; z=:2. 4, a; = 8, - 3; 2/ = 3; j8 = 3, - 8. 

. ^ „ 2±Vijri „ . 2Tiv/f51. „ 11 

8. * = 4,3, g , 2/-3, 4, g — , i_2, . 


6. j; = 3 ; y = =F 2 ; « = i 6. 


7. a;= =fc5; y= il ; 2-=- dLl, 


i:=8, -8; j/ = 5, -5; * = 3, -3. 0. x=.H; j/ = 4 ; * =^; u= ^ 


10. *=1; J/ = 2: i = 3. 


’ "-’'23 
11. a: = 5, -7; 2/=i3, -5; 2!=--6, -8. 


12. a;=l, -2; y = 7» -8; 2 ;= 3, 

13. ij; = 4| y = 0, y ; «-=2, ~0. 14. a;=:--a, 0, 0; '// = 0, a, 0; i=>0, 0, a. 


__ a -d a 

“• *= 73 - 6 “= 6 

a ^/.3 i- ,y - 9 


16. aJ=a, -2a, 




«; y=4a, tt, 


-11=1= 15 


2: = 2a, ”4a, (1=1=^- 15) a. 


X. d. Page 113. 


1. 

2. 

a: = 20, 21, 13, 5; y=2, 5, 8, 11. 
ar = l, 3, 5,7,9; y-2d, 19, 14, 9, 

4, 

*=9,20, 81; y=27, 14, 1. 

$. 

^-20, 8; y=l, 8. 

4. 

5. 

a:=30, 6; y=9, 32. 

6. 

a; = 50, 3; y = 3, 44. 

7. 

a:=7p-5, 2; y=:5p-4, 1. 

8. 

.r=:13p-2, 11; f/ — 6p-l, 5. 

9. 

fl?=21p-9, 12; y=8p“-^, 8. 

10. 

ar=17p, 17; y^lSp, 13. 

11. 

a?=19p- 16,-3; y=2Sp-19y 4. 

12. 

a; = 77p-74, 3; y = 30^-25, 6. 

13. 

11 "horses, 15 cows. 14. 101. 

10. 56, 25 or 16, 65. 


16. To pay S guineas and receive 21 half-crowns. 

17. 1147 ; an indSaite number of the form 1147<{' 39 x 5Cp. 

18. To pay 17 horins and Receive 8 half-crowns. 
iW 87, 99; 77,59; 117, 19. 

20# ^ rams, 1 pig:, 11 osen; or 13 rams, 14 pigs, 13 oxen. 
2|» $ sovereigns, 11 half-crowns, 13 shiUingB. 



ANSWEM. 





XXc Bit 

PAiJiES 

122—124. 



1. 

12, 

2. 

224. 

3. 

40320, 6376600, 10626, 11628. 

4. 

6720. 

6. 

16. 

6. 

40320 ; 720. 

7. 

15, 'm. 

6. 

6. 

9. 

120. 

10. 

720. 

11. 

10626, 1771, 

12. 

1440. 

13. 

6375600. 

14. 

860,* 144. 

15. 

230300. 

16. 

il40, 231. 

17. 

144. 

18. 

224, 896. 

19. 

848. 

20. 

56. 

21. 

360000. 

22. 

2052000. 

28. 

369600. 

24. 

21600. 

26. 

\i5 

]l07i5“j20 ' 

26. 

2520. 

27. 

6760. 

28. 

3156. 

29. 

29030407 

30. 

25920. 

82. 

41. 

33. 

1956. 

34. 

7. 








XI. b. 

Pages 131, 132. 




1. 

(1) 1663200. 

(2) 129729600. 


3326400. 

2. 4084080. 

3. 

151351200. 

4. 

360. 

6. 

72. 

6. 125. 

7. 

n*-. 

8. 

631441. 

9. 

p^. 

10. 80. 

!a+fb+3c + J 

11. 

1260. 

12. 

3374. 

13. 

455. 14. 


16. 

4096: 

16. 

67760000. 

17. 

1023. 18. 

720; 3628800. 


19. 127. 20. 81fi. 21. 

24. (1) 

\ / 2 2 ^ ’ 


(|m)” [?i * 


22. Gi;825. 


2d. 42. 


/2) (j^-2 ) g(g-l )(g-.2) 

' ^ 6 “6 ’ 


26. ? -^ ><y-.^) _ g(7 -l)(7-2) 

6 6 * 

27. 113; 2190. 28. 2454. 29. 6666600. 


(l> + l)n-l. 

30. «199960. 


1 . 

2 . 

3. 

4. 
0 . 
6. 

7. 


xm, a. PaOES 142, 143. 

it" - 15ic* + 90iK» -270ip^ + 406ic - 243, 

81.r^ + 216ar»y -f 2UxY + + Uy\ 

32ic» - 80a?*i^ + SOxY - ^Ox'Y + I0xy*^y\ 

1 - 18a* + U5a* ^ 54Qa« + 1215a® - 1458aT“> #729rt^». 

-f 6a» + lOjr® + lOx^ + 5ic® + it«. 

X~7xy + 21it*y* - + 85a; V « 21x^y^ + 7xY - 

16 -*48a;* + 5ia^ - 27it« . 


729a» - 972a8 ^ 540^4 .. igoa* + ~ 9i^ 4. 

3 27 ^'7‘XV 


7it 21it* 85a;3 SSiC^ 2lic» 7 .t« 

9. 1+ ^ __ ^ 


720 ’ 



HIGHKR ALGEBRA. 


64** »2*< ^ 729 

729 ~27‘‘'' 3 8x‘‘*'64ai«‘ 

, 10 45 120 210 .252 210 120 45 10 


■ + rff — z-r + 




-36750®’®, 14. -112640®*. 

10500 * „ 70®V* 

ar3“ • as?>6 ' 

2x (16x^-20A2 + 5fl4). 


24. 2 (365 - 363a; + 63a;2 ^ x^), 

27. 110565a^. 28. 

189ai7 21 


26. 252. 


iiosasa^. 

189ai7 21 „ 

-8 “ ■ - 16 " • 



|l(7t-r) li(» + r)' 


28. 84a*6«. 

- k- 


®* 5®^ ^ *’® ‘ 

18. - 312®*. * 

21. 2a7^ + 24x3+8. 
23 . 140 ^/ 2 , 

«. 

29. 1365, -1366. 
32. 18564. 

|3n 


1 . The 9^’^. 


XIII. b. Pageb 147, 148. 

2 . Them 3. Thc6‘»'. 4. The lO^** 11* 


6. The 3'''^ = 6§. 6. The 4* and 6* = a? = 2, y = 3, w = 5. 

10. 1 + 8a; + 20a:® + 8a:® - 26a;^ — Bx'* + 20a;® - Bx"^ 4- 

11. 27a;® - 54aa:8 + llTa^a;^ - 116a»T» 4- llTa^ar® - 64aBa; 4- 27a®. 

;2n4'l 

12. I 13. (- !)»’ ,- 

I r - 1 jw - r 4' 1 ' |y -h 1 \M -p 

14, 14. 16. 2r-n. 


16. 2r — n. 


XIV. a. Page 1.55. 


1 . 


2 , 

.3 3,1, 

l + 2 * + 8 * -iO^' 

3. 

- 2 3 . 8 „ 

l-6*-25*^-i25*- 

4. 

1 - 2a;® 4 - 3a;^ - 4a;®. 

6 . 

1 t 3*. Q 

6 . 

14 

1 4- a; 4- a®® 4- - 5 - jr®. 

0 

r. 

« 

l-® + |®*-|.T*. 

3. 

i-®+|^-g®*. 

§. 

, ®= 

■ 6-54- 

10 . 

in 5 a 6 „ 

1 - 2a 4- 2 a® " g a®. 



AKBWEE8. 


11. 

18. 4^1 + rt- 

.. 10^0 1 . 

18. 

21. + ^) t** • 

as. (- 

24. - 1848.r'" 


14 

12. 3 

H- 

1 S. 1 

162® ■‘‘1468 

“■)■ 

wi 

fl + .r + gX»+|*»V 

' 6 x5\ 

! + 2'W' 

16. - 

420 . 
16 

77 


" 81 • 243a* ‘ 

(r + l)(r+2 )(r + 3)..,. 

1.2.3 ® 


20. (?• Hh 1) x"'. 


22. i)r-iLl: j -: Jgr-g),r 

' ' 2** In* 


11 . 8 . 1 .4...(3r-14) 


19712 „ 
25. — 3 - 


XIV. b. Pages 161, 162. 


' ' 2X^ 


. (r+l){r+2)(r+3)(r+4)_, 

2. ^ X. 


( _ 1).. ) xr. 4. ( - ir 


(■l)r (r ± M ± j . ) x°r. 

2.1.4...(3r-6) x'*’- 
“ ■“S'lr ‘o*-*’ 


. 3.6.7... (2r+l)_, 

*• F 

8 . 


2 .5 .8... (3r-l) _ (n + 1) (2n + l) ... (r-l.n + l) 

11- j7 “• ^7- •^^• 

13. The 3"*. 14. TheS*. 16. The 13»>. le. The 7•^ 


The4*'‘an46»'. 18. Tho3"'. 


19. 9-89949. 


34. 

28. 


21. 

10 00999. 

22. 

G-99127. 

as. -19842. 

25. 

•00796. 

26. 

600096. 

27. 1— g- 

29. 

Bx 

8 ‘ 

30. 

4 6^' 

81. 

120 


3 


36. l-4x + 13x“. 


36. + 


1. - 197. 

4. (-l)«(n« + 2« + 2). 


XIV. c. Paoes 1C7— 1C9. 
a. 142. 3 . 


3. (-I)»-i. 

..'.-(‘-ir- . 
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MioUKR A<l!xje»RA. 


’• ('-r-('-r’ - II 


14. Deduced from (I^x3)-(l-ar)»=3;c-3.r3. 16. (1) 45. (2) 6601. 

18. (1) Equate coefficients of in (1 4- .r)*‘ (1 + = (1 4 

(2) Equate absolute terms iu ( 1 4 .'r)’‘ 4^^ ^ (14- ic)**'®- 

20. Series on the left 4 ( - 1)’^ q^^^=coe^[^cicnt of a;-" in (1 - 
1 |2n 


21. 22»‘“i 


2 ‘ ]n jxi 

[Use (Co 4 4 q. 4 . .c^f - 2 (<Vi 4 4 . . .) == Cq® 4 4 Cg® 4 . . 


XV. Pages 173, 17\ 


1. 

- 12600. 2. - 168. 

3. 

33(i0. 4. -1260o»6V, 

6. 

-9. 6. 8085. 

7. 

30. 8. 1905. 


9. 

1 

»-* 

p 

0 

1 

11. 

-1. la. -gi. 


13. 

g. 

15. 

211 , 1 

3~‘ 

-?x» 

8®‘ 

17. 

l-2.x®44a;3 4 5.T4-20.ri*. 

18. 16 1 



XVI. a. 

Pages 

178, 179. 


1. 

8,6. 2, 2,-1. 

3. 

16 1 

8 ’ ~2‘ 

3 

2* 

0. 

4 4 c 2 1 


7.42 


3’ “5* 5’ 2’ 

3’ “ ' ■’3 ’ 3’ 


8. 

6 log a4 9 log 5, 

9. 

2 3 * 

^logo+^logb. 


10. 

-iloga + ^logS. 

11. 

"Ilogo-glogi- 


12. 

7 ' 

-jg logo -log 6. IS. 

l^oga. 

14. -51ogc. 16, 

logs. 

18. 

logo 

19. 

61ogc < 

1 

loga-log'^* * 

2 log a«f 3 log 6 ' 


20. 

loga4log6 t 

21. 

41og7n logwt 


21ogc-loga4log5' 

log a ’ log 6 * 


22.< 

* 1 * 1 

^ logfl;=g(a436), logy*g(a 

-26). 

04 

log{a46)‘ 








XVL b.‘ Bages 186, 186. 

1. 4,1, 2, 2,1,1. T. . * ", 

2. *8821259, 2*8821269, 8*8821259, 6*8821269, 6*8821259. 

8. 6, 2. 4, 1. 

4. Second decimal pla^e; units* place; fifth decimal place. 


5. 

1*8061800. 

6. 

1-9242798. 

7. 

1-1072100. 

8. 

2-0969100. 

9. 

1*1583626. 

10. 

•6690067. 

11. 

•3597271. 

12 : 

•0563520. 

13. 

1*6062973. 

14. 

•44^92388. 

15. 

1-948445. 

16. 

191663-1. 

17. 

1*1998692. 

18. 

1-0039238. 

19. 

9 076226. 

20. 

178-141516. 

21. 

9. 23. 

301. 

24. 3-46. 

26. 

4-^9. 26. 

1*206. 

, 27. 14-206. 

28. 

4*562. 

29. 

log‘8 

log 3 -log 2* ^ 

_ log 2 
~ log 3 -log 2 

• 

4 


30. 

32. 

1 . 

9. 

n= 

12 . 

14. 

16. 

24. 


31og3-21og2^ log 3 

4 (log 8 - log 2) * 4 (log 8-1 


-log 2)* 

21og7_ 


(log 8 -log 2)* 


31. 1*0465. 


^.?=a781: ^--''V=6-6H. 
2 log 7 log 2 


-197. 


XVn. Pages 195- 
log. 2. 2. log.8-loge2. 6. *0020000006006670. 

- ev®. 10. *8450980 ; 1*0418927 ; 1*1139434. In Art. 225 put 

50 in (2); ?i=:10 in (1); and n=1000 in (1) respectively. 


. ixr-l 2*-4-1 .. 

(- - X^. 

2ll + <2^)%(2.t)<, ,(2xp 

/r« n-4 

|g+...+(-l) j^+ 






j4' 


18. 


1 — ar 


+ log,(l-*). 


•69314718; 1-09861229; 1-60943792; a= -log, (l -105360516; 



6=-log*(l- 

^^) = -040821995; 

<;=log. (l + = -012422620. 



ZVin. a. Page 202. 

1. 

£1146. 14«. lOd. 

2. £720. 

• 3. 14*2 years. 

4. 

£6768. 7«. lOJd. 

5. 9*6 years. 

8. £496. 19®. 4frf, 

9. 

A little less than 7 years. 10. 

• 

£119. 16®. 4|d. 


• 

XVm. b. Page 207. * ^ * 

1. 

6 per cent. 

2. £3187. 2*. 2}d. • 8. £110. . • 

4. 

8 per cent. 5. 

28} yeois. 6. 

£1276. 7. £926. 2*., 

B. 

£6766. 13®. 9. 

£183. IBs. 10. 

8i per cent. U. £617. 6«. JOd. 

13. 

£1308. 12®. 4id. 

U. £4200. 

• 
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HIOHEE ALGEBRA. 


ZIX, a. Facies 213, 214. 

8. + 26® is the greater. 12. or <r « + 2, according as x > or <2, 

14. The greatest value of x is 1. 15. 4; 8. 

22. 4^ . 6®; when a; =3. 23. .j^whena;=l. 

XTT. b. Pages 218, 219. «• 


3® , 5 
2« 




XX. Page 22h. 



10 9 


2. 9 ; ^ . 

3. 

1 0 

1. 

7 ’ 4* 


2' 8* 


16 « 




3 

4. 

-8=®- 

5. 

1; 0. 

6. 0; -30. 

-2 

8. 

log a -log 6. 

9. 

2. 

10. me”^, 11. 

1 

2Vrt* 

12. 

1 

3‘ 

13. 

-1. 

14. . 

a^3 + r 

15. nja. 




3 

9 


16. 

0. 

17. 

2* 

18. e«. 



XXI. a. Pages 241, 242, 

1. Convergent. 2. Convergent. 8. Convergent. 

4. a; < 1, or a; = 1, convergent ; x > 1, divergent. 

5. Same result as Ex. 4. 6. Convergent. 7. Pivergent. 

8. a; < 1, convergent ; a; > 1 , or a; - 1, divergent. 

9 . Divergent except when 2. 

10. a; < 1, or a;= 1 , convergent ; ar > 1 , divergent. 

11. If a; < 1, convergent ; a; > 1, or a? = 1, divergent. 

12. Same result as Ex. 11. IS. Divergent, except wheu2>>l. 

14. a?<l, or a?=l, convergent; a?>l, divergent. 

16. Convergent, 16. Divergent. 

17. (1) Divergent. (2) Convergent. 

18. (1) Divergent. (2) Convergent. 


XXI. b. Page 252. t 

® * • • 

1, a; < 1, or a; =Jl, convergent ; a; > 1, divergent. 

.2. , Same result as Ex. 1. < ^ 8. Same result as Ex. 1. 

.1 1 X 1 

4. • a; <•- , or xsr- ^eonvei^esit; , divergent. 

€ C C 

8. as < f , convergent ; a? ><?, or a? = c, divergent. 



ANSWEUS. 


6 . a: <1, convergent; a: >1, or :r-pX, divergent. 7 . Divergent. 

8 . ® < ~ I convergent ; a: > ^ , or a: = - , divergent. 

9. a; < 1, convergent ; a; > 1, divergent. If a? = 1 and if 7 - o - /S is positive^ 
convergent ; if 7 - a - is negative, or zero, divergent. 

10 . a:<l, convergent; aJ>l, or a;=:l, divergent. The results hold for all 
Values of g, positive or negative. 

11 . a negative, or zero, convergent; a positive, divergent. 



zxn. a. 

Page 266. 

1. 

3n(4n>-l). 

0 

1 

2. ^ n (n + 1) (n + 2) (n + 3). 

3. 

n (w + 1) (w + 2) (3n + 5). 

4. n*(2n5-l). 

S. 

~ n (n + 1) (2n + 1) (3w2 + 371 - 1). 

6. p'=q’‘. 

7. 

6»=27a2d, c3=27acP. 

8. ad = bfy 4a2c - 62 = 8a3/. 

13. 

ahc + 2fgh - a/2 - hg^ - c^2=:0. 



xxn. b. 

Page 260. 

1. 

iH 3x + 4x2+7a;3, 

2. 1 - 7x - x2 ~ 43a:3^ 


11 3 „ 1 , 

^36 11 , 21 , 

3. 

a + +r6®'- 

4 . . + 

6 . 

I~aa: + a(a + l)x 2 -(rt* + 2 a 2 “- l)a;3. 

6 . 

a. = I, 6 = 2 . 

7. a = l, 6 = - 1, c = 2. 

9. 

The next term is + *00000000000003. 

11 . 

a" 


(l-«)(l-a«)(l-a») ( 1 - 0 ") 



1 . 


4. 


6. 


7. 


8 . 


xxm. Pages 265, 266 . 


4 5 Jl_ 5 4 3 

i ~ 3a? 1 - 2a: ’ * 3 a: - 6 4a? + 3 * ’ 1 - 2a; 1 - a; ’ 

234 ® 

a;-l'^a;-2 a;-3' 5 (a: - 1) 5 (2a; + 3) ‘ 

113 


a?->l a; + 2 '(a; + 2')«* 

• 17 11 17 

“‘“16 (a;-tl) 4^ar + l)a 16 (a? -3)* 


/ 3 _ 3a;~41\ 

^ \a; + 6 a;“ + l / 

L. 

(a? -1)4 (a; - 1)3 ^(x- 1)2 


9. 



x2 + 2x -6 



x-l* 


10 . 
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HIGHER ALGEIJRA. 


1 1 4. » 3 2 

12. ^ ; ii!! (4 . T** - 4»‘) a:’’. 

3(1 -a:) 3(2 + a:)' 3 2^-^ ) ‘ 

^ 3(a; + 6) ” W(^+2) * 3 (5>+‘ " 2^^) ' 

“■ .-<i^-9-(ib)+(r?sj>' 

”■ 4(1^, + 4)1-4,)- 

2 3 6 / 3»‘+^ \ 

"• 2^1) + 2CfS)= rcven, ^ {(-])'» -3) r odd, - {H (- l)'^J)r^ 

“• (1 -®)s " (1^* r^i’ 

t ar+^ I 

1 (a - 6) (a - e) ■*■ (6 - c) (b -a)'^ {iT-a) (c - h) 

4 W. S 2,1 2 ( „ 5r-|-9) 

“■ (2-a)s i{-»'*'(l-*)--‘'^r-a:’ f ' 2.H« ( * ' 

a:(l-x) |l-|-x"+i l + x| 

,„. ^ j 1 1 1 _1 ) 

(1 ~ a)^ j 1 + a”a; i + 1 -f a; ^ 1 4- a.i) 

1 ^ X x’**+ ^ ^ 

x(l- x)(i-.T-)’ ‘ (i“x)‘^ (1-3* ]-x- 1 - ^ 1 


XXIV. Paaf. 272 . 


* _J-3x ,12,,^, 4 7-20X . 127 . 8') 

l-3*+2a:9’ ' ^ l-2x-8!t“’ U' 

7. .(2.S“-J-3.a^’)a!»-i;' ® I!®"?”) - ® r.^"?*) . 


r-^te+TTai-- 



AMSWKU». 


541 


9. 


(1+8*-' -2*-') x*-': 


l-x» 4-3»»" 
i-x 1-8* 


!-«»*» 
1 - 2 * ■ 


10 . 

11. «*-87Vi + 3«»-2-“»-s=0; «»-<“n-i + 6“i.-a-4»v«+“n-4=®- 

13* where 2 = sum to infinity beginning with + term. 

Thiecnay easily be shewn to agree with the result in ^t, 825. 

18. (2» + l)2 + |(25*+i + l). 
o 


XXV. a. Pages 277, 278. 


1 . 


2 . 


3. 


4. 


5. 


6 . 


7. 


8 . 


10 . 


11 . 


16. 


2 

13 

15 

28 323 

G74' 


1 ’ 

G ’ 

■7 

’ 13’ 150’ 

313 


3 

2 

7 

9 43 

95 

G13 

2’ 

5’ 

17’ 

22’ 105’ 

232’ 

i497 

3 

10 

13 

30 85 

121 

ai74 

i’ 

3’ 

4' 

’ 11’ 2G’ 

37 ’ 

"359 

1 + 

1 

1 

111 

1 

1 17 

2 *+* 2+ 2+ i+ 1+ 2 + 

2 ’ 12 

5 ~f- 

1 

1 

1 1 1 

157 


4+ 3> 2+ iV 3’ 

‘30 * 


1 

1 

1 

111 

1 

33 


3+ 8+ 3-T 8+ 3+ 3+ 3*’ 100* 

Jl JL ,L .L .1 y 

3+ D-t" 14* S-f" 2'{- 1+ 5^ 35 

} A 1 3^ 1 1 . 7 i J_ JL L ^ 

2+ 1+ 2+ 2+ r+\V 10* ^'^'7+ 5+ 6+ 1+ 3’ 223* 

1 _i JL Jl_ J. Jl- L ^ . J?. 

3+ 3+ 3+ G+ i+ 2+ i+ 10' 208’ 

11 259 Ki 1 ^ ® 

■^'3+(r?3’ GO* ^* 4’ 29’ 33’ 161’ 194* 

^ ^ ^ ^ (' 11 " +^) + (n -\) + tT^’ three convergcnts are 

n~l «* - n® + w - 1 

1 ’ 7t + 1 ’ 


• XXV. b. Pages 281 — 283, 

1 *1 * « 1^1 
(203)5^ ® 2(12“50)»' US’* 

1 1 1 . aH 3a + 3 

a + (tt + 1) + (u + 2) + a + 3 ’ o® -f- 3a^ + 4a ■+• 2 
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HIGHEH ALOKBRA. 


1 . 

2 . 

3. 

4. 


7. 

8 . 
11 . 

13. 

14. 
10 . 
17. 
16. 

19. 

20 . 
21 . 


1 . 


6. 

7. 

8 . 

9. 


U. 


12 . 


18. 

•14.- 

18 ^ 


XXVI. Pages 290, 291. 

a;=711< + 100, y=775e + 109; a!=100, y = 109. 

»=519«-73, j^ = 455e-G4; a:=:446, y=391. 
a; = 398M-320, y = 436« + 355; a:=320, i/ = .S55. 

5 4 

Four. 5. Seven. 6. , 

5 3, 11 7. 1 ^5 7 

12’ 8’ 12’ 8’ “ 8’ i2’ 8’ 12' 

£6. 13s. 9. *=9, y=8, s: = 3. 10. *=6, y = 6, 2-7. 

af=i4, 2/ = 2, 2Tr7. 12. x=2, j/ = 9, 2=7. 

®=3, 7, 2, 6. 1; 2/=:ll, 4, 8, 1, 5; 2 = 1, 1, 2, 2, 3. 
a;=l, 3, 2; t/ = 6, 1, 3; 2 = 2, 4, 3. 

280e + 93. 16. 181,412. 

Denary 248, Septenary 503, Nonary 305. 
a = 11, 10, 9. 8, 6, 4, 3; 6 = 66. .30, 18, 12, G, 3. 2. 

The lO?*** and 104** divisions, reckoning from either end. 

50, 41, 35 times, excluding the first time. 

425. 22. 899. 23. 1829 and 1363. 


XXVn. a. Pages 294, 295. 


1 1 

26 


2. 



2889 

r+ 2+ ’ 

15' 


... , 

1292 * 

1 1 

485 


4. 

-iV 

1 

. 

2+ 4+ 

198 


4 + 

' ’ 35' 

1 1 

3970 



1 

1 

1 1 1 

3 + 6 + 

1197' 


6. 

3 + , 

X + 

1 + 

1+1+6 + 

111 

1 

IIG 





1+ 2+1+ 6+ 

“81 ' 





1 1 1 

1 1 

1 

197 




1+ 2+ 4 + 

2+ 1 + 

8+ *■ 

• ’ 42 ' 




1 1 

1351 


10. 


1 

1 1 

2+ 6+ ”■ ’ 

390 ' 


1 + 

3+ 10+ •'* 

111 

1 1 

1 

161 




1+ 2+ 2 + 

2+ 1+12 + 

’ 24 ' 





119 
• ’ 33 ’ 


198 

35^* 


12+ 1 i L L±± ^ 

^^■^ 1 + 1 + 1 + 5 + 1 + 1 + 1 + 24 +’ 20 ’ 


Jl. «L iL -L -L Jl. . 1 ^- 

4+ 1+ I't 2+ 1+ 1+ 8+ 55' 

5+ 1+ 2+ 1+ 10 f "‘’ 270* ■^10+ ‘2+ *’ 4830' 

^ L J- 'L- 1 JL ^ Jl- Jl. . ??? 

i+ 3+ 1+ 16+ 1+ 3+ 2+ 3+ 1+ 16+ ^ 351 



ANSWEHS. 


54S 


17. 


19. 


24. 

26. 


20 . 


1677 
'436 * 


'(66)» 2(5!Wy>' 

40^ 

401 • 

**. 4 + i-JLJ__L 

^ 1 + 1 + 1 + 4 + ' 

1 1 , JL J_ A JL 

"8+ 3+ ■■■’ i+ 2+ 3+ 3+ 3 + 
Positive root of a;’* + 8a? - 8 = 0. 27. 


23. 


4+c 


28. 4^2. 


30. 


(191)» 2 (240)«' 

21. -IJLJL 

2 + 2+2 + 

-L L J_ 

■‘‘2+ 3+ 1+ ••• 

26. ,J10. 

Positive' root of 8a?* - 10a? -4=0. 
1 

2 * 


XXVn. b. Pages 301, 302. 

^ _i i . + 

“■^2a+ ^-i- 2a+ ■■■’ iia?+'ia'‘ 

1 1 1 1 8a®-8a+J^ 

2. “-l+flj: 2+ 2(a-l)+ ■■■’ 8a~4' 

,1 1 1 1 2a»-l 

3. + 2(a-l)+ 1+ 2(a-i)+ 2o ' 

1111 . 8a«+8a+l 

r ^■'‘2a+ 2+ 2o+ 2+ •••’ 8o»+4a * 

1111 . 2aS6H4aft + l 

“■ “■*■&+ 2a+ b + 2a+ 2a6^+26 ‘ 

, ,1 1 1 1 2a«-l 

*• ® ^ + 2(„_1)+ 1+ 2(a-l)+ •••' 2n" ■ 

432a»+180a» +15a 
144a^+86a*+l 


XXVm. Page 311. 

1, a?=7 or 1,^ = 4; a?=7 or 5, y=6. 2. a; = 2, y = l. 

5. a?=3, y = l, 11; a?=7, y=9, 19; a?=10, y = lSy 22. 

4. a?=2, 3, 6, 11; y = 12, 7, 4, 3. 6. a; ^S, 2 ; = 1, 4. " 

6. a? =79, 27, 17, 13, 11, 9; 2/=167, 61, 29, 19, 13, 3. 

7. ar=15. y = 4. 8. a?=^170, y=89. 

.9. ai = 82,y=5. 10. a;=164, 2^=21. 11. aj=4. 2/ = l. 

12. 2a? = (2 + ^3)*^ + (2 - ; 23^8 . y = (2 + ^/3)»‘ - (2 - ; n being any 

integer. 

18. 2a?=a(2 + 3^6)" -k (2-^/6)’*; 23 ^ 6 . y=( 2 +V 6 )"- ( 2 -(^ 6 )*S » being any 
even 3K>sitive integer. a 

14. 2a?=(4 + 3yi7)«t(4-^/17)»‘; 2^17. y=(4+Vl7)~-(4-,/17)**; n being* 
any odd positive integer. 

The form of the answers to 16 — 17, 19, 20 will vafy according to the 

mode of factorising the two sides of the equation. * 
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HlGHSinmaEBRA. 


10 . 

17. 

19. 

21 . 


ar = - 8n®, ^n. 16. a? - w- -f 2mn + «* ; J/ = t»“ -- »®. 

a?»2»wn, y=i!6m®-w*. . 18. 58, 52; 19» 16; 13, 8; 11, 4. 

2»in; m^ + ri®. 20.. 2jnn + n^, 

Hendriek, Anna; Claan, Catriin; Cornenus, Geertruij. 


XXIX. a. T'a«ks 821 , 322 . 


2. in (n + 1) (n 2) (h + 3) (w + 4). 


jn(n+l) (n + 2 ) (n + . 3 ). 

1 'SA n 

~ (371 2 ) ( 3 » + 1 ) ( 3 n + 4 ) (3n + 7 ) + ^ ^ ( 27 /i» + 00 n®+ 45 n - 50 ). 

12 4 

~ (n + 1 ) (n + 8 ) {n + 9 ). 

1 

3 * 

i 1 1 


4 . 

~(n + l)(7i + 6) (n + 7). 

0 . 

6 . 

1 

n + 1* 

1 1 1 

7 . 

8 . 

12 4 (2nf 1) (277“ ^7^j) *12' 

5 2n + 5 5 

9 . 

10 . 

4 ~ 2 (n"+ 1) (7< + 2) ’ 4 ■ 

3 2 1 3 

11 . 

12 . 

4 “ n + 2 2 (n + 2) ’ 4 ' 

13 . 

14 . 

ins(n«-l). 

16. 


24 6 ( 3 n + l)( 37 i-f 4 ) ’ 21 ’ 

1 1 1 
6 ”■ 77+ 3 (n + H) ( 77 + 4 ) ’ 0 * 


10 

n 

10 


[ii + 1 ) ( 7 t + 2 ) + 3 ) ( 2 n + 3 ). 

(n - 1 ) (n + 1 ) (n + 2 ) ( 27 i -f 1 ). 


16. 

17. 

19. 


II (^ + 1 ) 

(n ~ 1 ) 71 (n + 1 ) (n + 2 ) 

6(^1) 

n (n-i-3 ) ^32 1 

2 


7>,(n+l)(n + 2) 7t 

18 . "",7 + l ’ 


'^2 ~n + 2 ( n + l)(ii + 2 )' 


20 . n 4 1 - 


71+1 ‘ 


XXIX. b. Pagks 332 , 333 . 


1 . 377 ® + 71 ; 7t(72 + l )®. 


2 . 57t ® + 37 *; i 7 *( 7t + l ) (571 + 7 ). 


n®(ti + l); (71 + 1 ) (n + 2 ) ( 371 + 1 ). 

-471®(7i- 3); ~n (7i+l)4n®-37i- 2). 

n(n + l) (n + 2 ) ( 7 i + 4 ); n (ti+I) (n + 2 ) ( 7 i + 3 ) ( 4 n 4 21 ). 


6. 

i+*» , 

(!-*)»• , 

7. 

9; 

(!++■ 

id. 


26 • 


12( 

64‘ 



l-a! + 6.T®-2a;® 
l + lla? + llic® + .r» 


8, 


2 - ar + a:® ‘ 
(l-a)a ’ 


... i. 


(!-»)» 

18. S-Z^+n+Si «(2»-l) + 


n(n+B) 
S * 



ANSWERS. 


14. 

16. 

17, 

18. 
20 . 
22 . 
24. 
26. 

28. 

30. 

32. 

1 . 

3. 

6 . 

8 . 

11 . 

14. 

15. 

19. 

20 . 

22 . 




n*-(fi + l)^ ~(3n3 + 2wa-15»-26). 15. 8«-i + n; ^ 

2»‘+i-n2-2n; 2«+2-4- Li (n+1) (2»+7). 
o 


8 »-l+^m(n + 3); |( 8 “+i- 8 ) + 

1 -o;" no^ 

(1 - x f ” ' 

i-JL.l. 

n + l 2 « 

ri (n + 1 ) (Sji* + 27)1=“ + 58n + 2 ) 

' 15 ■“ ' 

n {n 4- 1) {dn^ 4 

12 * 

2«4i 


(«-l)3«-^i4H. 

-^-. 2 «. 

W4l 

1 r<4l 

2 |w 42 ’ 


n(/i4l)(n45) ^ 

6 

nx^ n{n+l)x^ 
"2(l--a:) ’ 

w-1 4*^+1 2 

“• n + 2' 8 ■'■3* 

n (n 4 1) (12n* 4 33n® 4 87« 4 8) 

23. ^ . 

11 1 1 _ 

2 2‘iT3.5.7 (2n + l)' 

27. (n2-7i44) 2"-4. 

1 1.3. 5 (2n4l ) 

2'’2.4:6 (27142)' 

.111 

4“2(n4'l)(7i42) 

33 _..L 

(7i4l)(n42) •2«+i' 


7 , ^ 


XXIX. C. Pages 338—340. 




2 . l 4 ^^^ 1 og(l-.T). 


(r-2)|r-~r 


w( 2 m- 1 ). 
. . 1 


6 

|r 

9. 0. 

12. 3(e-l). 


13. c*-log(l 4 .T). 


Tl? 7lfi 7i» 71® n 

7^ 2 2 6 42 


In^ W 

8 2 ■*“ 12 ' ^'*’ 12 * 
17. (1) n4l. 


a) iii+. .4i)r.-4 m 

3 r^ 2 »M + (_l)»+i/ • 2 | 2 ^'-, ' (j + l)(n + 2 )j' 


H. H. A. 
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HIQUEH ALGEBRA. 


XXX. a. Pages 348 ^ 349 . 

1 . 3, 6, irj, 42. 2 . 1617, 180, 1859. 6 . 48. 

7. 22. 33. 8987. 

XXX. b. Pages 356—358. 

20. X “ 139i 4 61 , where f is an integer. 

XXXT a. Pages 307—369. 

2. 3 4- ^ . 18. 1 ; it can he shewn that 1 


XXXIL a. Pages 376, 377. 


1. 

(Dg-; 

« k- 

2. 

8 3 

663 • 

1 

56’ 

8 

*• 8- 

6. 

2 to 3. 


6. 

^ 8 

270725 ' 

43 to HI. 

9. 36 : 30 : 2S. 

10, 

2197 
20825 * 


11. 

952 to 715. 14. 

1 

6' 

- ? • 

16. 

11 

4i(i5 ' 


17. 

« (w - 1) 

{m + ?^) {in + M ~ 1) ' 






XXXn. b. Pages 

383, 384. 



1. 

5 

16 

. 3. 

5* 77 


pc 

8 

36' 

^* 552i 

21 ' 

0. 

f5' 

6. 

72 

289* 

7. (1) 

2197 2816 

20825'^ 4165' 

4651 

7776' 

9. 

209 

843 

10. 

1 

7' 

91 

11. 

10 

. 13. 

14. ^ 

256 

15. 

1 

32’ 

16. 

16 12 
37 ’ 87 ’ 

9 

37* 

85’ 35* 

18. n - 

3 to 2. 

19. 

13 to 5. 


. 45927 

50000’ 






, , XXXn. c. Paokb 

389, 31^0 
« • 


t 


2138 
3125 ' 

A- 

■ - ‘r 

4. Florins. 

6. 

1 

2* 


17fi. 2f(l. 

7.* ±. 
' 63 

k- 

9. 11 to 5. 

10, 

1 

8' 



ANSWERS. 


547: 


11. 

A £h ; B £11. 

12. 

27 

13. Bhillingd. 

14. 

(1) . 

' ' 7770’ 

(2) 

^ * 7776 

16. ^d. 

16. 17. il/4:Vm. 

4 2 


• 

xxxn 

. d. Paoeb 399, 400. 

1. 

2 

5‘ 

^ k- 

12 
’■ rv 

2 4 

6. 

2 

n (rt 4 1) ■ 

«■ n- 

’• il- 

8. 2^\ 3d. 9. 1 

5 

10. 

1 

?r 

40 

11- 41- 

'd- 

13. £4, 14. (l)g; 


16 . £ 8 . 


n-1 n~l n 

imi - 1 ^ mu - 7‘?i - 1 ’ ' H ’ 


XXXn. e, Paoks 405—408. 



7 t<J 5 



1 


12393 


^ 275 


1. 


2. 

126’ 

3. 

12500 ■ 


“• 504 


6. 

'4- 


(') 


1 

7. 

16 

2i* 

8. 0; 

; each equal to ^ , 


13 



343 


11 to 5. 


, 169 

155 

9. 

28’ 


10. 

1095’ 

11. 

13. 

324' 

’ 324 ‘ 


1 

1 


25 


149 

18. 

33 

1 

14. 

168’ 

126 ‘ 

16. 

216 ■ 

17. 

2401 ■ 

1000’ ^ 

[>0* 

20. 

One guinea. 

22. 

HO 
141 ’ 

23. 

V (a 4 1 ) 
2 ' 

shillings. 26- 15 to 1, 


1 



1 


1265 

5087 

31. 

/a - by 

28. 

4‘ 


29. 

4’ 

30. 

1286’ ^ 

5144' 

y-) 

32. 

If 6> 


chance is 1 

-(v)' 

t 





If 6- 

the 

uhanco is ^ 







Xyxm . a. Pages 41 5, 420, 421. 


1 . 

6 . 


10 . 


20 . 


7. 2. 0, 8. 1. 4. ahc-\-2fgk^aP~hu^-‘ck^ 

3 +x^ + 3 /® + ^f% ^6. ary. 7. 0. 8# 4<i?>c. 9. 0. 

3. 11. Sahc->a^-h^-€^=0. 13. (1) x = (f^orh; (2) a; = 4. 

Z/Hc“ . 22. X®(\®4 a* + 6**c*)». 

ha f a* 6c I • ’ • 

ca cb + I • 

• • ^5— 2 
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HIGHER ATiGEBIU. 


26. The determinant is equal to 

ai" <i 1 

X 

1 ~2x x^ 


6» ft 1 


1 -^y y^ 


c» c 1 


1 -2z 


u 

w' 

d 

= 0. 

28. 

w 


d 

-r- 

U 

id 

d 

a 

w' 

V 

d 



w' 

V 

d 


W* 

V 

d 

h 

v' 

d 

w 



• v' 

d 

w 


d 

d 

n 

c 










a 

b 

c 

0 


XXXm. b. Pages 427 , 428 . 

1 . 1. 2.0; add first and second rows, third and fourth rows. 

3. (a + 3)(a-l)^ 4. - 2hc ~ 2ca - 2ah, 

5. 6 ; from the first column subtract throe times the third, from the second 
subtract twice the third, and from the fourth subtract four times 
the third. 


, 1 1 1 1 \ 

6. ahcd( l + - + i-+ - + ll- 

\ abed/ 

7. -(.r+2/ + a) (y + z - x) {z + x --y) {x -^-y - z). 

8 . (ax-hy -k-ezY^ 


9. a\ 


a (a - 6) (a - c) 


(a — h) (a - c) 

(a - 6) (a - c) (rt “ d) 


XXXIV. a. Pages 439, 440. 


1 . 

3. 

6. 

6. 

7. 

8 . 
10 . 
11 . 

13. 

14. 

28 . 


30 . 


-102. 2. Ba + b = 27. 

2a:“ + a; + l ; -15.r+ll. 4. «=3. 

x~* + 5x~^ + iSa;”*'’ + 54ar7 ; 147jr * - 356.r“® + 90.'c“® + 432.r'^. 
{h-c} (c-a) {a-h} (a + b + c), 

- (b-c) (c-a) (a- h) {b + c) (c + a) (a + 6). 

24abc. 9. (b + c) (c + a) (a + b). 

(6-c) (c-a) (a - &) (a*+b^ + €^ + bc + ca + ab). * 

3abe (b-f~c) (c + a) (a + b). 12. 13fl6c (a+ 6 + c). 

SOabc + 

3(b-c)(c- a) (a - i») (ac - a) (x -b)(x~ c). 

* __ " 29. 2. 

(a? - a) (jc - b) (a: - c) 


(a+x) (br^‘x)(c+x)' 

i 

yxyiV, b. Pages 442, 443. 


32* a + ft + c dm 


if. 0.* t 

2tf. {d^ + he) + ca) (c*-^ + ab ) . 


7. A^ax-^by + ay, Jisshx^ay. 



ANSWEUS. 
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XXXIV. C.7 Pages 449, 450. 

1. ar* t"aj^ + ay'‘*=0. 2. a: + a = 0. 3. itr-h-y-‘=aK 


4. i/^=:a(x- 3a). 6. 

7. b^c* + c^a* + 

9. a^- 4ac® + 36^ = 0. , 

11. + r- +if -.=^- “• 6«“i® = 6c“- 

1 + a 1 + 6 1 + c 1+d 


6. x^ + y‘‘=^2a^. 
8. 2/'** - 4aj; = (.* + a)®. 

10. a*-2an/^~h* + 2c*==0. 


13. tt6 = 1 + c. 

16. (a + i)*-(a-J)^=4«^. 

17. abc = (4 - a - 6 - c)‘^. 

20. c® (tt + 6 - 1)“ - c (a+ 6 - 1) {az ~ 2ah + 6^ - a - 6) + ab = 0. 

1 11 


14. + 6^ + + a66‘ = 0. 

16. ft® + 6^ + c® i 2ft6c = 1 . 

18. a? - 4fl6c + ac^ + 46* - b‘^c~ — 0. 


22 . 


23. 


(ft - 6) cr + (ft - <•) bq ^ (6 ~c)ap+ {h- a) cr ^ {c - a)bq + (c -- b) ap 

1 

~ bcqr + carq) + ahpq ' 


ah' - ft'6 ‘ftc' “ a'a ad' - a'd 

ac' - a'c ad' - a'd + be' - b'c bd' - b'd 
ad' - a'd hd! - b’d cd' - c!d 


= 0. 


XXXV. a. Pages 45G, 457. 

1. 6®^ - 13a;* - 12a;® + 39 ,t - 18 = 0. 2. a;« + 2 j:« - 1 la;'* - ] 2.r* + 36 j;® = 0. 

3. a;« - 5ar’ -Sa^ + 40a;3 + 10a;® - 80x = 0. 

4. a;* ~ 2 (a® + 6®) a;® + (ft® - 6®)®. 6. 1 , 3, 5, 7. 


6. 

3 3 . 

2’ 2’ 

7. 

r-l 

, -6. 

8. 

6,2,|. 

9. 

® -2 4 
-g. -^4- 

10. 

3 

2’ ■ 

3 1 
”4’ 3* 

11. 


12. 

8 2 1 

9’ 3’ 2' 

13. 

1 1 
4» 2’ 

3 

4' 

14. 





8 4 

2, 3. 


4 3 5 

16. 

-4, -1,2, 6. 

16. 

9’ 3’ 

17. 

3 ’ 2 ’ 3 

18. 

(2) 

p®-2g 

r®"'* 


19. (1) - 

6g; 

(2) 

20. 

-2g, -3r. 



21. 2g®. 




XXXV. b. Pages 460, 461. 


2 l=!=^/-3 

1. d, Vg •» 

8. -1±^2, -1± V“ l. 
5. -li =*=s/3» 1 ±2 n/ “ 1. 
7. a;* -8a;® + 36 = 0. 


2. -g, 

4. W~l. 

6. a;^-2j;® + 25=0. 

8, a;4 + 16=(f 
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9. 10. - lOx®^ 19a:* +480aj- 1392 = 0. 

U. a;4-.6a:« + l8a?2-26a; + 21 = 0. 12. a:^- 16a:« + 88ar<4-192a;*+ U4=0. 

1 $. One positiTo, one negative, two imaginary. [Oompare Art. 654.] 

16* One positive, one negative, at least foiu imaginary. tOomparo Art. 554.] 
16. Six. 17. (1) ( 2 ) p^r=q^. 20 . q^-2pr. 


21 . pq - r. 22. — - 3. 

r 

24. pr-4a. 26. p*-^4p^q + 2q^ + ipr- A h. 


23. pq - 3r 


XXXV. c. Pages 470, 471. 

a;-* - ()X^ 4 - 15,t* - 12^ 4- 1. 2 . x*-87x^ - 123a: - 110. 

2a;'‘4-8x»-a:--8a:-20. 4. a;* - 21a:* - 1. 

IGaxh + 7xVi- + 7xyi^ + //•') 4 - 2bk (tix* 4 - 10a;2;r 4 - k*) + 2ch, 

2. 2, - h -3. 11. 1, 1, 1, 3. 12. 3, 3, .3, 2, 2. 


l=*=\/~3 1 ^ fj -8 




1, 1, 1, -1, -1, 2. 16. ±^3, 

n,a,-a,h. * \/2 ’ ' 2 ' * \/2 ’ 4 " ' 


0, 1, - f - 0, 1, - 3 , -f.. 20. n’V»-“=4j.i»(fi-2)’>-*. 

2 2 2 o 


(1) -2; (2) -1. 


28. 39, 795. 


XXXV. d. Pages 47rt, 479. 


2/»-24r + 9i/-2i=0- 

1.1, -2. 

~2 ’ 2 ’ 


4 , 2 , J. 


8 . 0, 3, 2. 


2. 4- 3t/- - 9 V 4 27 = 0. 

4. 3d:: 2(^/2, 2i^I4. 

0 . 2 , 2 , 

,A 1 1 *• 1 1 

“■ 4’^’ 2’ 6’ 


j/“- 2i/ + l = 0. 12. 2/<-4 j/“ + 1^0. 

y" - oby* - 5520!/' - TlTf/-* - 773y - 42 = 0. 
■, 9?/\ ]3j,_15_„ . „ 


-7j/“ + 12jfS-7y=0. 


■ 2" 2 '4 ' 


16. ^» + lly* + 42j/» + 67j/’-18y-C0=0. 


j(3-8j/= + 19y-15=0. 18. y 

2 /* 4- 33j/* + 122/^-4 8 = 0. 20 . r? 

2/3 - gfy -*2|;r*y --i'^ = 0. 22. ri 

7 y* 4- (1 - r) ^/* 4 " (1 - 0 . 24. 1 / 

4 - 3ry* 4* 4- 3r‘^) y 4- = 0. 

fl.3^3 ^ -I- ( 3 fa ^ ^ (^a ^ 27 ®) = 0 . 


18. y^4-32/34-42/*4-32/4-l = 0 
20. ry^ + kqy^+1^^0. 

22. ry* - - 1 ='0. 

24. i/«- 2^2/2 + = 


8* ^Ij d 2) 5> 
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1 . 5 , 


ZXXV. e. '^AGES 48B, 489. 

“ . 2. 10, 5 ± 7 V~3. 3. 4, - 2 =t 6^ - ¥. 


^ 1 

' ®* ' 4 * “7 " * 


XO. 

13. 

16. 

17. 

22 . 

25. 

28. 


- 6 , 3 i 4 ^- 3 . 

• 

-I' -—“i—- »■ -5(3±N/-m 

4,-2, 

1 ±^ 2 , 

2 * 2 * 


6. 11,11,7. 


2 ' 

11. il, -4±^6. 12. 1,2, -2, -3. 

14. 1, -8, 2:fc^5. 

2 " ' 


16. 1, 4 ±^15, 

18. ,. + 8r-0;|,-?4V^. 

(l-«)=*2/‘ 

5 ±^13 


-4, -4, -4,3. 

-2±^6, *8^2, 2i^2. 23. + + ■■ = 

2i.J3. ‘ 26. 


X* ~ Bx^ -i- 21a?2 -20x + 5 = (x^ - 5x + 5) (x^ - 3.r + 1) ; on putting a? = 4 - y, 
the^ expressions x** - 5x -f 6 and or- - 3ar -f 1 become t/^ - 3y -f 1 and 
jy 2 _ 5 y ^ 5 respectively, so that we merely reproduce the original equation. 


2 . 

4. 

6 . 

8. 

9. 

14. 

16. 

16. 

17. 

19. 


MISCELLANEOUS EXAMPLES. Pages 490—524, 

6, 8. 3. Eight. 

(1) liV'^; l=t2^5. 

(2) a; = l, y = 3, z= -5; or x^ -1, i/:i= -3; ^ = 5. 

(1) 1 , . (2) 3. 7. First term 1 ; common difference i . 

' ' a + b + al> ' ^ ' .3 

2 ^-^; -p(p^-^)\ (p^- 7 )(/>®-%). . " 


±{ah-ha-H-^). 


10 . 


13' 


13. A, 7 minutes; B, 8 minutes. 


a* + b* + + a^b^. 




^ • or — — — ^•* 


2208. 


a + b + c' c - a~~ a - b' 

where {a^ -+- b'^ + c' -be- ca ~ ah) = cl. 

One mile per hour. • 

(1) (6 + c)(<! + a)(aHi). ( 2 ) ig. 

(1) . (2) ^=j,= * or — =^(34-2^ = *=. 

where F(6a + 8i)=2(3tf + 6). * * • ‘ 

22. lets ; nine. 23. | ((1 + 2 + 3 + ... + »)•■'- {l*+2»+3“+ ... +«2)}. 


t 
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Wages 15«.; loaf 6c2. 


26. 6, 10, U, 18. 


1 c{a-h) . .ah{c + d)-cd[a-^b) 
ah~~cd~ 


»=3ft, i/ = 4fc, z=^6k\ where P=l, so that /c = l, a», or w*. 
Either 33 half-crowns, 19 Bliillings, 8 fourixinuy pieces; 

or 37 half-crowns, G shillings, 17 fourpenny pieces. 
a=6, 6=7. 33. 40 minutes. 


28. 88^ miles, 
or ofK 30. 480, 


t 1 o 1 . 13 , 
*^^ ^2 2 8 
-i±J-8 li^/ai 

. — ^ .or — — 

2 * 2 


37. - 2 

38. a=8; 
41. 13, 9. 
«. (1) 3, 


33. 40 minutes. 

[x* - .1 - 5 (a;- a: + 1) = 0. ] 
40. The first term. 


1 + 46 V** f -|- <r’6“ 

42. a^~9^+V‘ 


3, -2, 

39 

[Add .t-4-4 to each side.] 

‘'C-1, -g, 

- 1, 

0, 

0; 

.t = l, -2» 

0, 

“1. 

0; 

^ = 1* “2? 

0, 

0, 

- 1. 47. 5780, 


150 persons changed their mind; at first the minority was 250, the 
majority 350. 60. 930 men. 

/i\ o S”*-! . ad -he 

' ^ ’ 2«*-f 1 ^ ' a-h-c + d 

[Put {a - c) (6 - d) = {(.'c - c) - {x - u) \ { (.r - d) - (ac ~ 6) ] ; then square. ] 

- 161 *2bJa %tjb 


*^hja *2ajb 

65. m = ',, , n - 

tja-htjh 


(1) 1. (2) =fc4V2[puttinga;‘''-16=?/^, wefindy^-lG^^vOy^- 4)=:0.] 

S)¥ males; females. 63. 0, a-H6, , 

o-c b-c a-rb 


Common difference of the A. P. is ^ ; common diiferenec of the A.P. 
• a-h 

which is the reciprocal of the H. P. is - . [The term is 

a(n-r)-\ b{r-l) , . ivm. ^ • fl6(w-l) , « 

n-1^ * ' ' a(»-r)-f6(r-l) ■* 

19, 69 , £78. 

• ’ • 2 ’ , 2 

« I(a 4- 6)* - a* - 6* = 3a6 (a 4- h)^ and (a - 6)® - a® 4- 6^ — - 3a6 (a - 6),] 

• • . 



ANSWEIIS. 




(‘4 


72. ID x==t;g=^.C14. 

73. 7, 2. 74. 8 hours. 

<J/ S' /< -L 7« _L /• 

(2) .r = 2/r=2=:l. 

80. ^-3, &=1. 81. [I^ut a; - a--?i and y- 6 = ?;.] 82. 84. 120. 

85. Sums invested were £7700 and £3500: the fortune of each was £1400. 

86. 503 in scale seven. 91. 25 miles from London. 


79. (D = 

tt 6 c* ' aOc 


,s i 15±6^-1. 3 25±10^/-i /5 

96. x_6, I, gg. ^y— • »«• Vs- 


98. i. 

e 


100. Generating function is ^ ^ Bum= — — .. . 

^ 1 - .r - 2x2 ’ 1 - 2x 1 + a; ^ 

71^^ tcrm= {2’‘ + ( “ 1)'^} 

107. 108. 12 persons, £14. IB.'*. 

109. (1) .r = fl, y = hj z—c. (2) x = 3, or 1; y = l, or 3. 




113. £12. 15jf. 


117. (12 x=a, 7j=:b\ x=a, 7j = 2a; ,r=^^2,b, 7j~b 

It-x/2;) 


120 . ( 1 ) 1 - 


L2 x=:a, 7j=:b\ x=a, y = 
i) ;r^3or 1, </ — 2, ^=1 
-ltv/20 a 

JV iy — - 3 : Z =: 

1 


•T= - 7 2/= -3; z=:- 


(n + 1)- ’ 




121. :: 


122 . ( 1 ) 


-5i V- 11 


124. 

125. 


6 2 
(2) x = 0, J/ = 0, z = 0; x=±2, y=±l, z= J--3. 

13X-23 i^^-1 ._r + 4 

3V'' -3.'j-l) .3 V’+.t + I)*’ ' 

7=1; scale of relation is 1 - x - 2x*‘^ ; general term is { 2^^ * ^ + (- 1)*‘~^ ) 


127, (1) X = -'(), 2; ;v=^0, -3. 


(2) 


128. (1) “ . (2) 
130. (l).r=±7. 


2^/3 
0 ‘ 


129. 12, 10; A 48, 4. 


fe) ? = •- = ~ = A — ^ , where /c^ = 2bh^ + 2c^a’-^ + 2#-//'^ -xa'^-b^- c*. 
' ' a & 2r*i>c • 


133. 11, ?’-l. 


134. 384 sq. yds. 


/= J= 


9 


137. (1) (2) . 

138. £3. 2s. at the lirst sale and £2. 12s. at the second sale. 


^136. 

JIO 


a=:^lte, 6 = 3, c=±% 
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139. 


m. 


142. 


143. 


146. 


146. 


147. 


150. 


161. 


163. 


166. 


167. 


162. 


^43. 

« 

164^ 


(1) ? /i{ft+l)(2ii I 1). (2) + + 

(3) gw(;i + l)(4w-l). 

/.V 1 14 15 

(1) x-l or -g ; = 8 or ^ . 

(2) X, y, z may have the pcrmutatioiiB of the values 3, 5, 7. *• 


y3 + 32/2 - qhj - 3^ ~ 8r=^ 0. 

. X {x^ - 1) u 3 + 14.r - 1 o7x~ 

' ' ■(.r-lj2 .c-l‘ '' 1-f 5 j:- 50x^-8.r*’ 

( 3 ) i ?i (n + 7) - 2 . 144. 2 {b^ - (P) = 3 (5^ - c-) (h - a). 

A 

- 2 , - 2 , - 2 , 

<1 walkn in successive day.s 1, 3, 5, 7, 0, 1 11, 13, 15, 17, 19, 21, 23, j miles, 

Ji walks 12, l.S, 1 14, 15, H>, 17, 18, 19, 20, ’ 

so that 1) overtakes .1 in 2 days and passes him on the tliird day; A 
subsequently gains on i>* and overtakes him on i>’8 9*^ day. 


^/6-l 


term is -- - , - • 

a - b 


148. - (u + 6 + c) , - (a 4- tub 4- wV), - (a 4 H wc). 
Sum = .'l-R, 


, (Z (1 •• /irf’Kr*’) ^i-.r (1 - ar*‘ in, , 

where A = — ' -I r. » and Ji denotes a oorre- 

1 - cu' (1 “ a.r)- 

.sponding function of 1>. 


qif - - 5p32/ - 2p=* - =- 0. 

(1) 7,'^*''^^---. (2) il, iH, 4. 154. 3 (lays. 

2 


(1) ^ [(12x-l)(12a--2)(12.4-3)(12*-4) = 120.] 


(2) lie'll)- 


1 


L585 5 9 ■ fa • J 


22 years nearly. 


161. 44 hours. 


— 7 iJr /til7 

(1) (r»=i/2= 41, i2: j/=+2. Tl. 


(2) x=k{b* + c*-n?U^-a^c"), &o., where 2fc2((/,« + W>+c«-3aW) = l. 
[It is easy to shew that + c-.£r=:.0, and « 

a^j + + c^x =:j^+y'^ + z^~ hxyz = + 5^.r 4- .] 

2 (rt + & + (^x~ (5c + ca - 4 - ah) i J {he + ca + ab)^ - Aahc (a + 5 i- c). 
[Equation reduces to (a + 6 + c) a;® - (5c*f ca + ah) x + <i5c =0.] 

(1) iM(n + :^(» + 2)(3n + 18). (2) 2.;- 5. 



AJSISWEKS. 


16 e. ( 1 ) ^ — pilimiuate j;.] 


(2) X, 1/, z arc the pertnutationc of the quantities 2, 


1 + 1 - v/-3 


167. (x-l-f/ + zy^ = 3k^» 168. ' 2. 169. a;* + + z* - 3jcy^!. 

170. ••He walks 8} miles, drives 74 miles, rides 10 miles per hour. 
fi0 = 80, C.4 = 15mUes. 

172. (1) a;-- 13 or 10, y = l0 or 13. 

/.q 

' a- c a -c a ~b a~o 

m. £3200. 176. r|/3 + 3n/9 + (3r-p»)?/ + r*=0. 

177. p (ac i ) (et/ (he adl (fg^eh)\ 
q (&c ^ ad) (eg ±///) - (<atc =t M) (/rji t= e/q. 

r r ISM J- 47 -UmJ-74 

178. .'C = 6, - 5; y — ; : 

. -VAmJ~7 
,y = i>, -ti; y ; - — ^ ■- • 

[^Jjit X - g = u and xy = then + 2i? =r 61, a (01 ■ ; »;) = 91 .] 


182. 8987. 


183. y’* - hy^ + acy - 0. - 1, - 2, 


1 3dh./5 


, l + ^/-S l-J-5 


186. (1) Xy ?/, z are the permutations of the quantities 1, — ^ ^ 

187. Conservatives; English 280, Scotch 19, Irish 36, Welsh 11. 

Liberals; English 173, Scotch 41, Irish 68, Welsh 19. 

m. (1) 7, !l, -3. (2) 2±^/-3, -2±v'~l- 

. a-b . a-b ]m + n-2 

192. ‘2a,-.a-rb + -j^--. 26,.=« h 6 - -3-- . 201. 


n 4»<'J + 4(-1)»*+i 


202. 64, ~ 20, 14i840V-L 204. 

20$. 207. 81 years nearly. 

rf/r -i- nnrq + 7r • 

209. 7 Poles, 14 Turks, 15 Greeks, 24 Germans, ^20 Italians. 

1 .r l-i-.r', ,, . 

210. ‘ -;j-- 2--log(l+.r). . ^ 

1 4 4- 3x + r® 

212. (1) -^»(7. + ])(«+2)(n + 3): (2) 5 ,>) 


216. x=aM . ,* &c. 217. •420. 

V «' + a 
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226. 

230. 


231. 


233. 

236. 


236. 

237. 
2M. 
267. 


(1) j:=y = i(±16±^-3), «=g(±lC=F2 V-3); 

orj;=4, 6, -4, -6; 

y=C, 4, -6, -4; 

J2 = r>, 5, -6, -5, 

' ' tt (6~c) Z>(c--a) c(a^-^) ' 

where (6 - c) (c ~ a) (a - h)\ = a^ + b'^ 4- - be - ca - rt/>. 

12 calves, 15 pigs, 20 sheep. 229. Lim convergent. 

Scale of relation is l-12j + 32.r8; terra = {4”"^ -r 8” ^}; 

= +'^- -21* 


11 

243* 


232. 2.r = ± n/a- - //■' H- <•“ ± ,J <i‘ + A" - ifco. 


a*+i» + c»=a=(?-+c)+ 6^ (c4 a) 4 <!-'(a+i). 

(1) (1 - .t)*S =: 1 4- 4a: 4- - (n 4- 4- (.3«“ + On® - 4)j;" * ‘ 

- (3»*4-3n“- .3>i + l)a:"+‘-‘.+ «V-'-“. 

8 “ (ir+lpli+'a)’’ 

1 + a^x* + -f -j- 

1 


3 hours 51 min. 
3, 4, 5, 6, 

2, 6, 1, 3. 


240. 2 or ~ , 


242. ” 140. 


246. a® (c» - 3rf»)2= {alr^ + 2rf») [ab'^ - 
6 

248. 


249. 


(1) 2«-^i-2-g7i(n + l)(2w + l) 


(2) 


2 * 1+1 


(n4-lj(w + 3) 3’ 

l-x«+i 2(1-2V) , . l~a;«+i 2 (1 - 2’*-^i .x*+i) 

(3) + -V ! ^vhen n is even; — — — + 

' ' 1-a: i-‘4a;2 “ 

when n is odd. 


l-o: 


1^4x=i 


260 . 


(1) x=y=:z=0 or Jf however x'^-ty‘^ + !i^-\-yz + zx + xy=0, then 


< 2 ) 


x + y + z= -a, and the solution is indeterminate. 

X _ y z 

(I (-a + 5 .-c)”* 5 (a~6 + c)”” c(a + 6-c) 




1 


^ ^ & + c)1(a -b + c) (a + 6- c) 

- (i4x + J5|/ + C2) (- Ax + Ry + Cj?) (Ax - Ey + C7^) (Ax + J5y - 6^;?) where 
A= tja {b - c), &o. 
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266. (1) .r = l, 

z=. - (a + h)t — (aw + bw^), - (aw® + bw). 

(2) i»=8. or 7 ) j!: = 6, or -4 ) 

2/=:7, or3) w=:4, or-Oj* 

267. j»To at least 3r-2 ptacea, 268. Tea, 2«. (Sd.\ Coffee, 1ft. 8r2. 

262. 2</®- (]ipr + 24K. 263. 11 turkeys, 9 geese, 3 dncka. 

266. (1) .r, 2 /, ;2 have the permutations of the values 

a, ifl(b-l + 2b ^), |a(b-l- 

(2) = — 2 — 1; = tfec. 267. 0. 

' ' ^ a-b-e 

268. 16 Clergymen of average ago 45 years ; 

24 Doctors of average age 35 years ; 

20 Lawyers of average age 30 years. 

269. (ao«2 - ^1^) (^'2«4 “ *. 

or + 2a^a,/i^ - ay« 3 ® - aj 2 a 4 - a./ = 0- 

270. .T=: A ~--rr=r_, <fec. Uar =fc — ^ — _ &c 273. 

• \/a® + b® 4- + b® + c® 

276. (1) x=l, ?. 2; 

- 1 ; 


2 - 1 , 


3 3 


4* 4* 

(2) .r=i4, t/— 4.5, 7^= 4-2, ?;=rfcl. 

276. a® + b®4^® + d® + \, 277. -jp/ + 3pi7>2~ ^J^s- 

279. Aj 6 birds; 4 birds. 281. 2. 

SB7 a -5a -5a 289 (& i-ai) (&i-aa )-(&i-«„) 

291. A worked 45 days ; B, 24 days ; C, lOidays. 

294. (b® + c® - a®) (a® - b® + c®) (a® 4- b^ - c®). 

300. Walked 3 miles, worked 4 hours a day ; 
of walked 4 miles, worked 3 hours a day. 


OAMBllIDOE : 


PltlNTEI) BY C. J. CI.AY, M.A. AND flONS,^AT UNlVIiRSItY PRESS. 




^ By the same Authors. 

ELEMENTARY ALGEBRA FOR SCHOOLS. 

Fourth Edition. Beviaed and enlarged. Globe 8vo. (bound in 
m|i||^pon coloured cloth), 3fl. 6d. With Answers (bound in green 
cloth), 4«. '6J. 


PBEFAOE TO TIIE FOUBTH EDITION. 

^^^Kthe Second Edition a chapter on the Theory of Quadratic 
B^ftions was introduoed ; the book is now further enlarged by the 
addition of chapters on PennutaiionB and Combinations, the Bino- 
mial Theorem, Logarithms, and. Scales of Notation. These have 
been abridged from our Higher Algebra^ to which readers are referred 
for a fuller and more exliaustive treatment. Tlie very favourable 
reception accorded to tlie first three editions leads us to hope that 
in its present more complete form the work will be found suitable 
as a first text-book for every class of student, and amply sufficient 
for all whose study of Algebra doe» jmt extend beyond the Binomial 
Theorem. ^ 


The SeJioolmeuier Bays ; — “ Has so many points of excellence, as compared vdili its 
prcc^essors, that no apology is noedod for its issue ..The plan always <Mluptud by every 
jjoo<ncaclior of frequently recapitulating and making additions at every recapitulation, 
IS well carried out.” 

The Educational Tima says : — ** .. A, very good liook. The explanations aro concise 
and clear, and the examples both numerous and well dioson.” 

JN'ature says; -“This Is, In our opinion, the best Klomcntary Algebra for school use... 
We confidently recommend it to niatheniatical teachers, wh5, wu feel sure, will find it 
the best book of its kind for teocluiig purposes.’* 

Tin* Accutemj/ says:—*' Muy or Ixirrow tlie book for yourselves and judge, or write a 
better. A higher text-book is on its way. This occupies sufficient ground for the 
generality of boys.” 


ALGEBRAICAL EXERCISES AND EXAMINA- 

TION PAPERS. To accompany “Elementary Algebra.” Third 
Ition. Globe 8vo. 25. 


the SMoolmaster says * As useful a collection of ozaniination papen Ic algebra 
^ k we ev^^Biuot witli.^. . . Each 'exercise’ is calculattKl to occupy about an hour in its 
'Solution. Hesides these, there are 35 examination papers set at various competitive 
examinations during the lost three years. The answers are at the end of the book. 
We can stro^^ly recommend the volume to teachers seeking a well-arranged series of 
tests in algebra.’^ 

The Educational Tima says:-'" It Is only a few months since we spoke in high 
praise of on Elementary Algebra hv the same authors of the above papers. Wo can 
speak also in high praise about tliis httlo book. It cousists of over a hundred iirogressive 
imsccllaneoua exercises, followed by a collection of papers set at recent oxammationa. 
Thu exercises are timed, as a rule, to take an hour. . . Messrs Hall and Knight have 

ha^lenty of experience, and have put that expericnw to good use ” 

■nio Spectator says:— “The papers ore arranged for about an hour’s work, and will 
be found a useful adidition to the school toxt-hook.” 

The Irish Teachers' Journal says; — “Wo know of no wetter work to place in tlie 
hands of junior teachers, monitors, and senior pupils. Any person who works caixifally 
anA Btea<iily through this book could not possibly fail in an examination of J<llemeniary 
Algebra. . . . We congratulate the authors on the skill displayei in |lie selections of 
examples." • • ^ 

MACMILLAN ANQ CO., JLONDONjf 




ARITHI^tCAL EXERCISES AND EXAMINA* 

With an Appendix: oontaitiing Qaeations in 
AKD MSKSUBATXOK. Witte Ansitiera* By 
8^.6. HJl., and S. B. KNzaar, B.A. Beoond 

te.6d. 


'Xhe laqrs :—**Aa excellent book to put into ibc banda of ar 

or for me jptkm teacbera. It covers tbe whole ground of arithmetic 
■ppmdixowfal^^ numerous and well selected quosUoiia iii logarithms atu 
t£>n, hk to tliose good features there is a colli'ction of fifty i»aKi 

various paldio eXamlnatioiui during the laat few years.** 

The CtmiMdiOit Meview says: -**All the naathematical work these geutloinen iui»t. 
given to titf) pubuc is of gentuue wortli, and these exercises lire no excepnon to the rule, 
addltloii td il» logarithm and mensuration questions add greatly to the valua*’ 


The SdmaHonixl Timu s^;— “The questions havo been selected from a great 
variety of sources: liOndon university Matriculation; Oxford Locals dunlor end 
Kenior; Cambridge LocbIs— Junior and Senior; Army i*reliuunary I^ammatlons, etc. 
As a preparation mi exaxnji.iatioii the hook will bo found of the utmost value." 


The School Bifumxt Chronicle Ba>B : -“The work canuot fail to bo of immense utility *’ 


i 

A TEXT BOOK OF EUCLID’S ELEMENTS, 

iQGluding Alternative Proofs, together with additional Theorems 
arid Exeibisee, elasBiiied and anangod. By 11. S. Hall, M.A., 
and E. H* Stbvbks, M.A., Musters of the Military and Engineering 
riide, Clifton College. Books I. — VI. Globe 0vo. 4», 6d. 

* 4 ,* Or in Two Parts. Parti. Books I, and 11. 2s,; PartQ. Books 
III,— VI, 3«. 

The Smdow says:-* “To tcaci ore and students alike wo can heartily 

recommend little edition of Euclid's JDJcinojits. I'hc proofs of KucHd are wild reiy 
few axoiqillonA tis^ned, but the unm cessarlU’ compheutod expression is a' •^Mdi d, aud 
the steps of dm proofs are so arranged as readily t«» catch ttio oyo. I Vop. It jjonk IV., 
is a good examme of how a long proposition ought to be written out *1 ho ididatc for 
mathematical mmOure frill find introduced m their prop* r placos short sk(A-^ of such 
subjects as the PbdSl Maxmia and Minima, Harmonic Jlivisiou, (;onrurrent Lines. 
Ac., quite enoura uf eat^ rar all ordinary requirements. 1 r sefUl notes aud easy examples 
are scatiered iwffm«gho«it each book, and sets of Imrd examples are giioii at tlie end. 
The whole Is $o mmomty the work of practical teachern, that we fuel sure it must soon 
display evevy oliicr Buclld.“ 

Tho Jounvd Off JSdUcaium says: -“Tlie most coiuplotu Intr' ductiou to l^loih 
Cleometry ba^ on Euclid's Elements that we have yet seen." 

The Practical says:— "One of the most attractive books on Geometry tha< 

has yet fallen Into our lumds " ^ 

Tho JAUrarp World says “ A distinct advance on all previous editions. '* 

The Irish T<m<:her«’ JedawU says “ It must rank as ope of tlie very best editions o 
Euclid in the language.** 

% 

t ‘ . 

IKACMILIiAN and CO., LONDON. 








